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Quantum state tomography based on POVM Zj =1
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» Tomography of p via N independent measurements Y
associated to POVM: probability Tr (pm;) of each measurement
outcome j given by ;; for Nj the number of j outcomes,

Y = (N;) with 3>, N; = N, the number of measurements.

» Several estimation methods:

MaxEnt: pye maximizes — Tr(plog(p)) under the
constraints | Tr (pm;) — N;j/N| < € (BuZek et al,
Ann. Phys. 1996).
Compress Sensing: pcs minimizes Tr (p) under the constraints
| Tr (pmj) — Nj/N| < € (Gross et al PRL2010)
MaxLike: pp maximizes the likelihood function,
p (Y | p) =TI (Tr(pm))" (see, e.g.,
Lvovsky/Raymer RMP 2009)
Bayesian Mean: pgy o [ pP(Y | p)Po(p)dp Where Py is some
prior distribution Py(p)dp (see, e.g., Blume-Kohout
NJP2010).
Low rank, high dimensional systems: see, e.g, key contributions
of Robert Kosut and also of Madalin Guta.



Quantum filtering versus tomography based on quantum traJectorles\fW

Filtering: estimation of the quantum state p; at time ¢ > 0 from
the measurement trajectory [0, {[> 7 — Y. and the
initial state po; see Belavkin semilar contributions (links
with Monte-Carlo quantum-trajectories).

State tomography: estimation of the initial state p = po from a
collection of N measurement trajectories: Y = (y,("))
withne {1,...,N}and t € [0, T].

Process tomography: estimation of a parameter p from a known
initial state pg and a collection of N measurement
trajectories Y.

Focus on quantum state tomography: decoherence, exp.
imperfections during the measurement duration T can be included via
the adjoint state E already introduced in quantum smoothing ’
Talk contribution: how to compute the likelihood function P(Y/po)
from the stochastic master equation governing filtering.

1Tsang PRL 2009, Gammelmark/Julsgaard/Mglmer PRL 2013,
Guevara/Wiseman 2015. ..
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Discrete-time models of open quantum systems

Four features:

1. Bayes law: P(u/ /) = P(u/u)P(1') / (X, B(u/V')P(V)),
2. Schrédinger equations defining unitary transformations.

3. Randomness, irreversibility and dissipation induced by the
measurement of observables with degenerate spectra.

4. Entanglement and tensor product for composite systems.

= Discrete-time models?
Take a set of operators M, satisfying >_ , MLMH = land aleft
stochastic matrices (7y,,,). Consider the following Markov process of

state p (density op.) and measured output y:

K t .
Pre1 = S oy With proba. By, (pr) = T (Ky,(p))

with Ky (p) = S, ny..M,pM,. It is associated to the Kraus map
(ensemble average, quantum channel)

E (pes1lon) = ZK pt) Z’%pr”’ﬂ
m

2see, e.g., the book of Haroche/Raimond and the publications around the
LKB photon box.
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Continuous/discrete-time Stochastic Master Equation (SME) e
. o A . . Ky’(pt) .
Discrete-time models: Markov chains p; 1 = (Ko ()’ with
Ky (pt) = X0y 1yo.M,upeM},, and proba. Py, (pr) = Tr (Ky,(p1)).
Ensemble averages correspond to Kraus linear maps
E (p1111p0) = K(pr) = Z Ky(p) =Y MM, with > MM, =1
Iz H

Continuous-time models. stochastic differential systems (see, e.g.,
Barchielli/Gregoratti, 2009)

dpr = (—;;[H, pl+ > Lopell — L(LiLype+ prLfL )) ot

+ Z \/UT(LVPT +plf — Tr ((Lu + LI)Pt) Pt> aw,

driven by Wiener processes dW, ;, with measurements dy, ,
Ay, = /i Tr ((LU +L) pt> dt + dW,,, detection efficiencies
1, € [0, 1] and Lindblad-Kossakowski master equations (n, = 0):

d ; 1
M+ Y Lt~ el L)
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Continuous/discrete-time diffusive SME 9
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The Belavkin quantum filter
j 1
dpt = | —#[H, pe] + Z LuPtLZ - E(LILuPt + Pt’-ll—u)> at

+ Z \/UT(LVPT +pell - T ((Lu + LI)Pt) Pt> dw,, ;

with dW, ; = dy,.; — /i, Tr ((L,, L) ,o,) dt given by the

measurement signal dy,,;, is always a stable filtering process.?
Using Ito rules, it can be written as a "discrete-time" Markov model*

prrat = Kay,(pt)/ Tr (Kay, (1))
with "partial Kraus maps"
Kay, (1) = MderfMLy, +2,00 - nu)LupthT/dt
May, =1+ (~iH -4 (3, LIL)) ot + X, yindy.L
where the probability of outcome dy; = (dy, ;) reads:
P (dyt S Hy[gllﬂéy + dfu] / /01‘) = Tr(Kﬁ(pf)) Hu ef.fi/Zdt\;%
3H. Amini et al., Russian J. of Math. Physics, 2014, 21, 297-315.

PR, J. Ralph PRA2015; see also PR Int. Congress of Mathematicians
at Seoul 2014, and PhD of Ph. Campagne-lbracqg at ENS-Paris, 2015. 7




Computation of the likelihood function via the adjoint state (1) 7

» Denote by P,(p) the probability of getting measurement

m K (")

t+1 — n
Tr<Ky,(") (P(t ))>

of having detected y,(") knowing pﬁ”), a direct use of Bayes law

yields Pn(p) = [1, Tr (Ky'(n) (pﬁ”’)). Some elementary
computations show that:

» Since p with Tr (Ky'(n) (pi”)» the probability

Pn(p) =Tr (Ky(Tn) 0...0 Kyé") (p)) .

» The adjoint map K, of Ky is defined by
Tr (AKy(B)) = Tr (K} (A)B) for all Hermitian operators A and B.
Thus

Py(p) = Tr (Ky(rn) oo Ky (p) l) =T (p Ko o...oK;(T,,)(I)).
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Computation of the likelihood function via the adjoint state (2)

K;t(n) (Ez(ﬂ)

Tr<K;t(") (E}ﬂ )
with E(T'L = I/ Tr (1), defines a family of Hermitian and
non-negative operators (Et(")) on unit trace depending only on
the measurement data Y.

> We have K’ o...o K’ (I) = gn Y)ES" with
0 T

» The normalized adjoint quantum filter, Et(”) =

gngy) =Tr (K;gn) 0...0 K;(T,,)(I)> independent of p.
> Thus Pa(p) = ga(Y) Tr (pEg”)) and

N
P(¥/p) = g(¥) ] T (oEL")

n=1

where g(Y) = [T\, gn(Y).
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MaxLike quantum-state tomography revisited

» MaxLike tomography based on POVM 7;: py. maximizes
P(Y | p) = H (Tr(pmy)) H Tr (pmj,)
J

with Y = (N;) derived from j,, the measurement outcome
numbern=1,..., N.

» MaxLike tomography based on the adjoint states: pjp; maximizes
P(Y | p) H Tr (pE )

where E(M = E{") is the adjoint state at t = 0 associated to
measurement trajectory (y,(")) number n.

Convex optimization problem: the set D of density operators is
convex; the log-likelihood function f : D > p — log (P(Y | p)) is
concave (see Robert Kosut talk .. .)
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Gradient and Hessian of the log-likelihood function

We have

f(p) £ log (B(Y | p)) = log(g(Y)) + Zlog (T (oE™)).

n=1

The gradient of f,
N
E(n

f, = —_.

i HZ:; Tr (E(Mp)
and its Hessian V2f (self-adjoint super-operator)
N

Tr (E(M¢)
Em VPO = =D —p s
n; T (E(p)
result from the following second order expansion:
f(p+0p) — f(p)
N < Tr (E) 5p) , T2 (EMsp)

¥ 2
T (EMp) — 2 T (Emp) > +o(Tr(o77))

EM,

n=1
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Circuit QED: the LPA qubit with fluorescence measurements® /5/75

record
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Nodrive H=0,v € {1,2,3}

Two fluorescence measurements Ly = 21—T10: and L, = iL; with
Ty = 4 ps and efficiencies 1 = 2 = 1/4.

Dephasing channel Ls = /5707 with T, = 35 s (3 = 0).

5Ph. Campagne-lbracq et al., Phys. Rev. Lett., 2014, 112, 180402.
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Two quantum filtering trajectories (experimental data) 4?5/
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MaxLike tomography from p ~ (I + oz)/2 (experimental data) fj

» N = 3000 trajectories of length T = 3Ty, with dt = 35 T4
» Two measurements of efficiency n = }:

dyy = \/;Tr(pax)+dW1, dyz = \/;TV(PUy)+dW2

For each trajectory, the data corresponds to 2 x 50 real
values (dt = 200 ns).
» The resulting pa

Xy = 0.0134, YmL = 0.0213, 2z = 0.9997

is pure since it satisfies xZ, + y2, + 22, = 1.
» Gradient and Hessian of the log-likelihood function f

0.12 -2411 36 0.4
Vi, =020, V3, = 36 2357 14
9.22 0.4 14 235
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Experimental likelihood function corresponding to p ~ (I + 0z)/2 7
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N = 3000 fluorescence trajectories of length 2T;.
Cross section passing through the center of Bloch sphere

zy-axis aligned with pyy, close to z-axis, xy -axis close to x-axis.
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MaxLike tomography from p ~ (I + %az)/Z (experimental data)
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» N = 3000 trajectories of length T = 2Ty, with dt = 5 T1.

» Two measurements of efficiency n = %:

_ /- = /=L
dys = \/;Tr(ﬂtfx)erWn dyz \/;Tr(f’”y)+dw2

For each trajectory, the data corresponds to 2 x 40 real values
(dt =200 ns).

» The resulting pa
XML = —0.04657 Yme = 0.0625, ML = 0.6787

is mixed since it satisfies x2, + y&, + 22, < 1.
» Gradient and Hessian of the log-likelihood function f:

2316 -26 17
Vi =0, V2, =| —26 -2275 —04

1.7 -04 -216
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Experimental likelihood function corresponding to p ~ (I + %a’z)/2
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N = 3000 fluorescence trajectories of length 27'1.
Cross section passing through the center of Bloch sphere
zyL-axis aligned with pyy, close to z-axis, xy -axis close to x-axis.
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Bayesian mean tomography for p ~ (I + 0z)/2 /f/?j

» Another possible estimation is given by
pam < [ pP(Y | p)Po(p)dp with some prior distribution Po(p)dp.

» With Bloch variables (x, y, z) and Po(p)dp o dxdydz we have,

Xgy = H e syeszs xe'*-¥-2) dxdydz o
e fffx2+y2+zzg1 ef(x’y’z)dXdydz ’ BM .

» With the normalization f = Nf with N > 0 large , we have
approximation of xgy via the asymptotics

N NFOLYMLZmL)
fffx2+y2+22§1 g(xayvz)eNf(X”V’Z)dXdydz = eMLN# (CO + % + % +.. )

where ¢y, ¢1, ¢ ...depend on the derivatives of f and g at
(XmL, YmL, Zme) 6

SFor an elementary theory see Bleistein, N. Handelsman, R. : Asymptotic
Expansions of Integrals. Dover, 1986.
For the general recent theory called Singular Learning see Watanabe S.,
Algebraic Geometry and Statistical Learning Theory, Cambridge University
Press, 2009.
See also Shaowei Lin, Algebraic Methods for Evaluating Integrals Bayesian
Statistics, PhD thesis, University of California, Berkeley, 2011.
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Concluding remarks
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1. Another validation on the experimental data of the LKB photon
box underlying Rybarczyk et al: Past quantum state analysis of
the photon number evolution in a cavity, to appear in PRA.
Compensation of photon life-time 1/x comparable with the time
during the QND measurement of photons.

2. In the near future: application to Wigner tomography of a cavity
field based on the measurement protocol used, e.g., in Leghtas
et al.: Confining the state of light to a quantum manifold by
engineered two-photon loss; Science, 2015, 347, 853-857.
Compensation for initial thermal state of the probe qubit, qubit
measurement errors, cavity field damping and several nonlinear
Kerr effects.

3. Extension to parameter estimation (quantum process
tomography) where the adjoint state simplifies the gradient
computation of the log-likelihood function.

4. Correction to low-rank puy via pay < [ pP(Y | p)Po(p)dp and its
approximate computation via asymptotics techniques developed

for multidimensional integrals of Laplace type.
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