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Dynamics of open quantum systems based on three quantum features ! K psim

1. Schrodinger (h = 1): wave funct. |¢) € H, density op. p ~ |[¢) (¢

d _ .
E|¢>:71H|¢>, H = Ho + uH; = HT, —i[H, p].

i
2. Origin of dissipation: collapse of the wave packet induced by the
measurement of O = O with spectral decomp. 2, APy
» measurement outcome y with proba.
P, = (¢|P,|y)= Tr(pP,) depending on |¢), p just before the
measurement
» measurement back-action if outcome y:

__ P _ PypPy
[P) = [¢)4 = /7<1/1|Py|¢>’ P py Tr (oP,)

3. Tensor product for the description of composite systems (S, C):
» Hilbert space H = Hs @ Hc
» Hamiltonian H=H, ® I, + Hsc + |s ® H.
» observable on sub-system C only: O = I3 ® O..

1S. Haroche and J.M. Raimond (2006). Exploring the Quantum: Atoms,
Cavities and Photons. Oxford Graduate Texts.
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Diffusive stochastic master equation? . psLm

- --—— e
- " A decoherence™
. Hilbert space . yi 7\ (dissipation) S CLASSICAL WORLD
# |quantum state p (24 1
Pl [+t 4 (Ranl ~ Y i) —‘—) dy =/ Te(Lmp + pL},) dt + dW
N | (Ewoth = Lo+ oL L)) it V(Lo + p L= Te(Emp + L)) aW
~ '
-~ UANTUM WORLD
N - - Q— -—m ==

t — p; continuous time function (not differentiable), solution of

dpt:—i{Ho—i—qu,pt} dit [ S Lopel] — M(LiLupe + pelfLy) | dtt...

v=d,m

st \/ﬁ(LmPt + pell, — Tr(Lmpe + PtL:rn)Pt> dW,

where 1 € [0, 1] and the same Wiener process W; is shared by the state
dynamics and the output map

dy: = /1 Tt(Lmpe + pell) dt + dW,.

2A. Barchielli and M. Gregoratti. Quantum Trajectories and Measurements

in Continuous Time: the Diffusive Case. Springer Verlag, 2009.
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. . 24
Jump stochastic master equation 3 &, 1oLz

t — p; piecewise smooth time function, solution of
dpe = (—i[H, pe] + VeV — 3(VIVp, + pVIV)) dt

Op: + Vpe V1 B ) (7= T
() (- (15770 ) )

where § > 0 (shot-noise rate) and 7 € [0, 1] (detection efficiency) and
where the counting detector outcome dy; € {0,1} with

> dy, = 0 with probability 1 — (9‘+ 7 Tr (VoY) ) dt and then

Pt+dt = Pt + ( —i[H, pe] + thVJr - % VTVPt + p:VTV)
+a(Tr (thvT) pr — thVT)) dt
» dy, =1 with probability (§+ 1 Tr (VpeVY) ) dt, and then

Ope + 7V pe VT
0+7 Tr(Vp V)
3see, e.g., J. Dalibard, Y. Castin, and K. Mglmer. Wave-function approach

to dissipative processes in quantum optics. Phys. Rev. Lett., 68(5):580-583,
February 1992. 5/53

Pt+dt =




LKB photon box* &, 1oLz

> Dispersive qubit/photon interaction: Hine = —x(|e)(e| — |g)g]) ® n (with
X a constant parameter) yields e~ THint  the Schrédinger propagator
during the time T > 0, given with 6 = xT by
Up = Ig)gl @ e

» resonant qubit/photon interaction: Hin = i%(\g}(e\ ®al —|e)g|® a)
—iTH

+ le)e| ® ™.

(with w a constant parameter) yields e it the Schrédinger propagator
during the time T > 0, given with § = wT /2 by

Us = |g)g| ® cos(8v/n) + |e)e| ® cos(dv/n + 1)

+laxel & ot — ey a T,

4LKB for Laboratoire Kastler Brossel. ,
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Photons measured by dispersive qubits (1)

Ry

U= (((252) el + (1242) (el) @)

(Ig)el @ e ™ + [eXe| @ ")

(((53) 6l + (7552 el) 1)
applied on |V) = |g) ® [¢) yields

U (Ig)l)) = lg) cos(On)]sh) + [e) isin(6n))).

Markov process induced by the passage of qubit number k:

isin(6n)|Y,) . _ . e . 2 )
m if yx = e with probability (k| sin®(6n)|vyx) ;

where y, € {g, e} classical signal produced by measurement of qubit k.

es) { % if yx = g with probability (1x| cos®(fn)|¢x) ;
k+1) =

| PSLB8

MINES PARIS
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Photons measured by dispersive qubits (2) AT |psLa

MINES PARIS

The density operator formulation (p = |¢)(¥] ):

M, pi M7 . . e
e _I_r(;gi:k;;) if y« = g with probability Tr (MgpxM]) ;
- MepkMZ . _ . o 1 .
7Tr(MepkMz) if yx = e with probability Tr (MepkMe) ;

with measurement Kraus operators M, = cos(6n) and M. = sin(fn). Notice
that M{Mg + MIM. = I.

For 0/ irrational, almost sure convergence towards a Fock state |ii) (7| for
some 7 based on the Lyapunov function (super-martingale)

Vip)= > Vmlplm)(nlp|n2)

0<n1<nz

that converges in average towards 0 since

E (V(pk+1) ‘ pk) < ( max |cos(f(ny + n2)|) V(pk).

0<n3<nz

Probability that a realisation converges towards |){f| given by its initial
population (f|po|)
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Photons measured by resonant qubits (1) AT |psLa

5

Wave function |W) of the composite qubit/photon system just before D:

<Ig><g| cos(0v/n) + |e){(e| cos(0vn + 1)

vn vn

— &) cos(OvA)Y) — |e) a S'“(“’fﬂ )

Resulting Markov process associated to the measurement of the observable
o, = |le)e| — |g)g| with classical output signal y € {g, e}:

M f — th b bl 2 9 .
(i | cos?(0+/n)[1y) Yk & with probability <'¢k| cos ( \/ﬁ)"l/]k) )
[Yrg1) = 2SO

VWil sin2(0v/m) k)

+ lg)el SOV o |e><g|as‘"("ﬁ)> 1£)19)

if yx = e with probability (¢x|sin®(6/n)]k) ;
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Photons measured by resonant qubits (2) AT |psLa

MINES PARIS

Density operator formulation;

:
Mgpikmg,( if yx = g with probability Tr (MgpkM;) ;
o= | T
MePkMe . _ . o 1 .
Tr(MepkMI) if yx = e with probability Tr (MepkMe) ;

with measurement Kraus operators M, = cos(6+/n) and M. = aSi"(\gff). Notice
that, once again, M;Mg +MiM, =1

For 6+/n/m irrational for all n, almost surely towards vacuum state |0)(0].
Results from the following the Lyapunov function (super-martingale)

V(p) = Tr(np)

E (V(Pk+1) ‘ Pk) = V(px) = Tr(sin’(0v/n)px) -
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.
Measurement errors (1) AT |psLa

MINES PARIS

With measurement imperfections, use Bayes rule by taking as quantum state,
the expectation value of pxi1 knowing px and the information provides by the
imperfect measurement outcome.
Assume detector D broken. From

M, p M7 . . .
e Tr(;gi:k;;) if y« = g with probability Tr (MgpxM]) ;
o MeﬂkMZ . _ . - " .
7Tr(Meple) if yx = e with probability Tr (MepkMe) ;

we get the quantum channel:

prei = K(p) £ E (pm

Pk) = MgpiME + MepiML.
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2%
Measurement errors (2) . psLm

When the qubit detector D, producing the classical measurement signal

vk € {g, e}, has errors characterized by the error rate n. € (0,1) (resp.

ng € (0,1)) the probability of detector outcome g (resp. e) knowing that the
perfect outcome is e (resp. g), Bayes law gives directly

(1*77g)MngMT+7lsMePkMT
E (Pk+1 Yk=8g pk) = £ <
’ Tr((1-g)Mg pkMf +1eMepiMI

with probability P(yx = glpx) = Tr((1— ng)MgpME + neMeple) ,

Pk+1 =
ngMg kM +(1—7¢)MepM]

E (Pk+1 Y= e’pk) - Tr(’ngngMg+(1*7le)MePkMi)
with probability P(yx = e|px) = Tr (ngMgpiM] + (1 — ne)MepiMY)

Notice that a broken detector corresponds to ne = 1, = 1/2 and one recovers
the above quantum channel.
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Stochastic Master Equation (SME) in discrete-time FALt

General structure of discrete-time SME based on a quantum channel with the
following Kraus decomposition (which is not unique)

K(p)=>_ MupM], where > MM, =1
H iz

and a left stochastic matrix (n,,.) where y corresponds to the different
imperfect measurement outcomes. With Ky (p) = >_, 1y,uM,.pM},, ones gets
the following SME:

I ELSACONS where yx = y with probability Tr (K, (p«))

Tr (Ky (pi))
Notice that =} K, since 7 is left stochastic.

Here the Hilbert space H is arbitrary and can be of infinite dimension, the
Kraus operator M, are bounded operator on H and p is a density operator on
‘H (Hermitian, trace-class with trace one, non-negative). When the index y or
1 are continuous, discrete sums are replaced by integrals and probabilities by
probability densities.
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Qubits measured by dispersive photons (discrete-time) (1) . psLm

Probe photon in the coherent state \1%) with o > 0. Just before D the
composite qubit/photon wave function |W) reads:

(IgXgle™ + leXele™ ) [0)1i 55) = (gl 4) lg) lie™™ 25) + (el ) le) lie” 25).

Measurement outcome y € R corresponding to observable

a +3T +oo ’ ’
Q= A= qlq)qldg where (qlq") = 6(q — q').
gt asin 6)2
2

400 _(
f elae cosGe

ii6l>_

55 = |g)dg, we have

Since |ie —i/a

(&) lg) lie™" 55) + (el v) le) lie” 55)

too (g—asin 0)2 (q+a5|n9
iqocos O — _—
= rl/a/ e (e T (glY) g +e 2 (el e )) lg)dq
—o0
Thus
e — aslne (e +

asin0)2
_ iyy o cos 6 e 2 <g|1/1k> |g>+€ 2 <e|1/1k>| >
"l/fk+1> e \/e (yx—csin 0)2 | <g| T/Jk> |2 + e~ (yx+orsin 0)2 | <e‘ w > ‘2

S0P (gl et O e 2

™

where yi € [y, y + dy] with prob.
19/53



Qubits measured by dispersive photons (discrete-time) (2) . psLm

Density operator formulation
MYkpkM}tk

o where yi € [y, y + dy] with probability Tr (MypkM;) dy
Tr (M.Vkpk M}/k)

Pk+1 =
and measurement Kraus operators

(y—asin 6)? (y+asin 6)2

My =—Sze 2 [g)lgl+ ame = le)el
Notice that

—(y+asin )2 <

1 —(y—asin 2 1
Tr (MypM}) = ——e™0 7" (glolg) + e elple)

and [T MIM, dy = |g)g| + |e)e| = I.

For o # 0, almost sure convergence towards |g) or |e) deduced from Lyapunov
function

V(p) = VVgloleg) (elple] with E (V(piea) | ) = e V(p).
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Qubits measured by dispersive photons (discrete-time) (3) FALt

Detection imperfections: probability density of y knowing perfect detection g is

v—a?
o for some error parameter o > 0. Then the

1 e
o

above Markov process becomes

a Gaussian given by =€

_ ’CYk (Pk)
P = T (K ()

where

o0 _=a?
Ky(p) :/ \/%e 7 MqPML dq

—o0
Standard computations using

(g—asin 0)2 _ (q+asin6)?

1 —

M= me 2 laXgl+ =me 2 le)el

_(y—asing)? +asin 0)2

Ky (p) = 2 ( 2 g le)eNel - e U ERT (elole) Nl

+e7ﬂ%7(asin0)2(<e|p‘g>|e><g| + <g|p\e>|g><e|)) :
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Continuous-time diffusive limit (1) . psLm

Density operator formulation (perfect detection)
MYkpkML
Tr (MYkpkM;k)

and measurement Kraus operators

Pkt1 = where yx € [y, y + dy] with probability Tr (MypkM;) dy

_ (y—asing)? _ (rtasin6)?

My=Sme 7 leXegl+ Zme” 7 leXel.
Since
]E( — )Af, i 2 — )22 = in )2
Ye | pk=p) =y =—asind Tr(op), E(yi | pr =p) = y? =1/24+(asinh)".

When 0 < asinf = ¢ < 1, we have up-to third order terms versus ey,

MypM]  (cosh(ey) — sinh(ey)az)p(cosh(ey) — sinh(ey)oz)

Tr (MyPMD cosh(2ey) — sinh(2¢ey) Tr (ozp)

~ P—Y(@p+pa) + ()’ (p+ 0zpc)
1—2ey Tr(ozp) + 2(ey)?

= p+(ey)? (Uzpaz fp) + (Uzp+p0z —2 Tr(ozp) p) (*6)/*2(6)/)2 Tr(czp) )
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Continuous-time diffusive limit (2) . psLm

Replacing]Lezy2 by its expectation value one gets, up to third order in ey and e:
M, pM
_MyPMy p—|—§ (azpaz—p)+(azp+paz—2 Tr (0zp) p) (—ey—e2 Tr (0zp) )
Tr (Myplvl;)
Set ¢ = 2dt and ey = —2 Tr(ap) dt — dW. Since by construction
E (eyk ‘ Pk = p) =—€ Tr(op) and E ((eyk)2 ’ Pk = p) =&+

one has E (dW ‘ p) =0and E (sz ’ p) = dt up to order 4 versus €. Thus

for dt very small, we recover the following diffusive SME®
Pride = pr+dt (szfaz — p) + (Uzpt +peoz —2 Tr(czpt) p) (dyt —2 Tr(ozpt) dt)

with dy; = 2 Tr(cp:) dt + dW, replacing —ey and dy? = dW? = dt (lto rules).

5Convergence in distribution when dt — 07: tightness property

2 2
¥T > 0,3M > 0,Vdt > 0,k ki, ke € {0, ..., [T/dt]} E (llpkg — pkll®ll lloky — pkll® | po) < Mlka—ka) dt,

1E<f(pk+1 ‘ pk:p> —f(p)

7t towards E (dft ‘ pt = p) /dt for any

and (Markov generator) convergence of
C? real function f.
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Continuous-time diffusive limit (3) . psLm

With measurement errors parameterized by o > 0, the partial Kraus map

)2

Ky(p) = —=2 (e—%<g|p|g>\g><g| +e T (e|ple)eNe]

7(1+0)
e ((elplg)leNel + <g|p|e>|g><e|))

yields E (yk ’ pk) 2y=—€Tr(op)and E (y,f ‘ pk) Ly2—(1+0)/2+¢€.

Similar approximations with €2 = 2dt and dt very small, yield an SME with

detection efficiency n = 5

Pridt = Pt + dt(Uzptoi - p) + \/ﬁ(azpt + pro; — 2 Tr(ozpt) p) dW;

with dy: = /7 Tr(gzpt + proz) + dWe ~ —ey/V/1 + 0.
Convergence towards either |g) or |e) (QND measurement of the qubit) based

on Lyapunov fonction V(p) = 1/1 — Tr(czp)? and Ito rules:

zdz dz* _ zdz
Vi—zz 201-2z2)32 J1_2
where z = Tr(&p), dz = 2n(1 — z2°)dW and dz* = 4n*(1 — z*)?dt. Since
E (dz ‘ z) =0,V,=E (V(zt) ’ zo) solution of 4V, = —27*V/.

dv = — — 20 Vdt
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Diffusive SMES A | psL

MINES PARIS

General form of diffusive SME with lto formulation:
. 1
dp: = (:[H,pt] +) Lupel) - E(LlLypt + ptLJLLy)> dt
+ Z Vv (Lupt + ptL:L - TI' ((Lu + Lj‘/)pt) pt) dWV,ta

dyl/,t =/ U Tr (Lupt + ptLl) dt + dWV’t

with efficiencies 7, € [0,1] and dW, ; being independent Wiener processes.
Equivalent formulation with Ito rules:

May, peMY, + 37, (1 = mw)Lopel ] dt
Tr (Md“ptMLyt +, (- nl,)Ll,ptL‘,:dt>

with Mgy, = 1+ (—=iH — 13> LIL,) dt + 3, \/ivdys,eLo. Moreover
dy,,: = s,,+V dt follows the following probability density knowing p::

Pt+dt =

P((suc € [s05 + ), [ pe) = Tr (Msm peMi > (1 - nu)l-uptl-ldt> [1=7
v v

®A. Barchielli and M. Gregoratti. Quantum Trajectories and Measurements
in Continuous Time: the Diffusive Case. Springer Verlag, 2009.
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. . . 24
Kraus maps and numerical schemes for diffusive SME’ K psim

Linearity/positivity/trace preserving numerical integration scheme for
. 1
dp: = (—/[H,pt] +> Lupel] — E(LZLth + ptL,tLV)> dt
14
+ v (Lupe + peld = Tr (Lo +LE)pt) pe) dWie,
v
dyv,e = /m Tr (Lupt + PtL:r,) dt + dW, ¢

With Mo = I+ (= iH = 330, LiL,)de, S =M{Mo+ (X, LIL, ) dt set

Mo = MoS™/2, [, =L,5~ /2
Sampling of dy,,:+ = s,+V dt according to the following probability law:

N ""tN
Al
N

IF’((SV,,_» € [sv,su +ds]), \pt) = Tr < s\ﬁpt + Z(l — nl,)L,,ptLTd > H e _2dsy

where I\7Idyt = Mo + > /Twdys,tL,. Exact Kraus-map formulation:

daye T >, (1= r]l,)L,,ptL dt
Tr (mdytpthyt +3,0 - ny)LthL,tdt)

detptM

Pt+dt =

7A. Jordan, A. Chantasri, PR, and B.Huard. Anatomy of fluorescence: quantum trajectory statistics
from continuously measuring spontaneous emission. Quantum Studies: Mathematics and Foundations,
3(3):237-263, 2016. 29 /53
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Qubits measured by photons (resonant) (1) A, psLz

Probe photon is in the vacuum state |0). Composite qubit/photon wave
function |W) before D:

<Ig><g| cos(0v/n) + |e){e| cos(0v/n + 1)

+ el Yl |e><g|a5‘"(fﬁf”)> ¥)10)

= ({&l¥) lg) + cost (e|v) €))]0) +sin 0 (e[ ) |g)[1).

With measurement observable n =3~ n|n)n
(density operator formulation)

, outcome y € {0,1} reads

MopkME . . -
s 7“('\:2;&;) if yx = 0 with probability Tr (Mopkl\/lg) ;
+1= My peM] . ) .
W if yx =1 with probability Tr (MlpkMI) :

measurement Kraus operators Mg = |g)(g| + cosf|e)(e| and M; = sin8|g)e|.
Almost convergence analysis when cos®() < 1 towards |g) via the Lyapunov
function (super martingale)

V(p) = Tr(le)elp) since E (V(psa) | i) = cos™0 V(p).
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Towards jump SME (1) FALt
Since Tr (Mong) =1—sin*0 Tr(apoy) and

Tr (MlpMI) =sin? 0 Tr(c.poy), one gets with sin?@ = dt and y ~ dN, an
SME driven by Poisson process dN; € {0,1} of expectation value
Tr (o-pto4 ) dt knowing py:

dpr = (a_pta+ — %(a+apt + pfa+a_)) dt

0-Pt0+
_ — dNy — | Tr (o .
+ ( Tr(oproy) pt) ( ! ( r(apta+)) dt)
At each time-step, one has the following choice:
» with probabilty 1 — Tr(a.p:oy) dt, dNy = Nepgr — N =0 and
Mop:M{

Ptrdt = —F
Tr (MoptMg)
with Mo = | — £oy 0.
» with probability Tr(cp:o4) dt, dNy = Neygr — Ny =1 and
MipeM]
Pttdt = 19t 74

Tr (MlptMI)

with M; = +v/dt o.
33/53



Towards jump SME (2) AT |psLz

With left stochastic matrix ( 1 gdetdt 1 % K > including shot noise of rate

6 > 0 and detection efficiency 7 € [0, 1]:
> dN¢ = Nerge — Ne = 0 and

(1 — 8dt)Mop:M] + (1 — 7)My1 peM]
Tr ((1 — dt)MopeM§ + (1 — ﬁ)MlptMD

Pt+dt =

MopeMI + (1 — 7)MqpeMT
_ 0ptM, :'( 7)M1peM] + 0(dt?).
Tr (MoptMo 1 ﬁ)MlptMD

with probability
1—((§+ﬁ Tr (cr_pta+))dt - T ((1 — 0dt)Mop:M + (1 — ﬁ)MIptMI)+O(dt2)
and where Mg =1 — %a.m_ and M; = Vdt o.

> dNt = Nt+dt — Nt =1 and

0dt MopeM{ + iM1peME  Bp; 4 o peoy

Pt4+dt = - = =
Tr <9dtl\/|0ptl\/lg+ﬁl\/|1pt|\/|1) 0+ 7 Tr(cproy)

+ O(dt)

with probability

@+ Tr(a_pta+))dt =T (e'dt MopeMJ + ﬁMlptMI) + O(dt?)
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Towards jump SME (3) FALt
Jump SME with shot noise rate 8 and detection efficiency 7

dpt = (oproy — 2(oy0pr + peoyo)) dt

Op: + o peoy
Tr (Gpt + Tjo peoy

) - Pt> (dNt - (9_+ 7 Tr (cr.pta+)) dt) )
corresponds to the following choices
» dN; = Niyar — Ne =0

Mop:M§ + (1 — 7)M1p:M]
Tr (MoptMg (- ﬁ)MlptMI)

Pt+dt =

with probability 1 — (§+ il Tr(opeoy ) ) dt,
> dNt = Nt+dt — Nt =1 and

Ope + flo.proy

P = 0 T (apeoy)
with probability 1 — (5—1— il Tr(opeoy ) ) dt,

where Mo =1 — %(oy.0 + 1) and My = Vdt o.
35/53
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Jump SME in continuous-time® (1) . psLm

General structure of a Jump SME in continuous time with counting process N; with
increment expectation value knowing p¢ given by (dN;) = <€_+ 7 Tr(VpeVT) ) dt,

with 6 > 0 (shot-noise rate) and 77 € [0, 1] (detection efficiency):

dpe = (—i[H, pel + VeV — L(Vivp, 4 ptVTV)> dt
Ope + VoV (.- :
(TN ) (et (7 (Vo)) ).

Here H and V are operators on an underlying Hilbert space H, H being Hermitian. At
each time-step between t and t + dt, one has the following recipe

> dN; = 0 with probability 1 — (é+ 7 Tr (Ve ) dt
MopeM{ + (1 — 7)VpeVidt
Tr (Moptlvlg T ﬁ)thVTdt)

Pt+dt —

where Mg = I — (iH + 3VTV) dt.
> dN; = 1 with probability (9‘+ 7 Tr (VpeVT) ) dt,

Ope + Vpe V1

Pt+dt = T Tr (Voruh) T (thVT) .

J. Dalibard, Y. Castin, and K. Mglmer. Wave-function approach to dissipative processes in

uantum optics. Phys. Rev. Lett., 68(5):580-583, 1992,
q p y: (5) a7/53
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General mixed diffusive/jump SME (1) AT psim

Combine in a single SME Wiener and Poisson noises induced by diffusive and counting
measurements:

dpe = (=ilH, pr] + Lpel T — 2(LTLpe + pel L) + VorVT = 3 (VIVpe + eV TV)) it

+ \/ﬁ(Lpt + ptL1L — Tr ((L + LT)pt> pt) dW;
Opr + GV peVT —_—
R dNe — (047 Tr (VpeVT) ) dt
+ (9+’V_]Tr(thVT) pe < ! ( t r( pe )) >
With dy; = /7 Tr (L + LT) p¢) dt + dW; and dN; = 0 with probability
1-— (0_4— 7 Tr (Vp:VT) ) dt. Kraus-map equivalent formulation:

> for dN; = 0 of probability 1 — (9‘+ 7 Tr (VpeVT) ) dt
My, peMb + (1= n)LpelTdt + (1 — 7)VpeVidt

Tr (Mdyrﬂtl\/lgyt +(1—n)LpLidt+ (1 — ﬁ)thVTdt>

Pt+dt =
with Mgy, = I — (iH + 2LTL 4+ 2VIV) dt + /ndy:L.
> for dN; = 1 of probability (9‘+ 7 Tr (VpeVT) ) dt:
May, 5eM], + (1 = n)LpeLTde + (1 — 7)VpeVTde
Tr (MdytﬁtMZyt +(1—n)Lpltde+ (1 — ﬁ)V,BtVTdt>

Opt + Ve VT
6+17 Tr (Vp:eVT)
39 /53
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General mixed diffusive/jump SME (2)° & |psiz

MINES PARIS

dpe = (fi[H, pel + > Lupel] — Lo pe + el Sl
v

)+ ZVuPtVL - %(VLVuPt + PrVLVu)> dt
n

+ DV ('—uﬂr +pel] = Tr((Lw +L])ot) Pt)qu,r
V

Oupe+ 3,0 A, VeVl
" w' M p” ! 5 _
_ - L= | [N — (9“ A3 e Tr (v#,ptvl,) ) dt
o\ O+ 2 Ty T (vu'ptv;d) !

where 1, € [0,1], §M7 ﬁpy ! > 0 with 'r_]“/ = Z“ 7_7;; w! < 1. The equivalent Kraus-map formulation

» When Yy, dNy, + = 0 (probability 1 — ZM (éu + i Tr (VﬂptVL) ) dt) we have

Mdy:PtMZ}/t +2,0 - WU)LVPtL}Ldt+ Eu(l - ”_Iu)vuptvldt
Pt4dt =

Tr Moy peM, + 52, (1 = o)l pel bt + 30, (1 = )V eV o dt)

with Mgy, =1 — (iH + % > LI,L,, + % Zu VLV“) dt + 3, \/Mvdyvtl, and where
dyve = Vit Tr ((Ly + L)) pr) de+ aWo,r.

If, for some u, dN;, + = 1 (probability (9_“ + Eu/ ! Tr (Vu/PtVL/) ) dt) we have

May, eMY, 4+ 3, (1= mo)lu el fdt + 30,/ (1 = 7,V eV de
Pt+dt =

Tr (May 5eM Y, + 50, (1= mu)lo feblde + 55,0 (1 = 7,00V 0 eV de)
e_u Pt+zul "’lﬂyul VH/ Ptvll

with j; = — Y

9H. Amini, C. Pellegrini, and PR. Stability of continuous-time quantum filters with measurement
imperfections. Russian Journal of Mathematical Physics, 21(3):297-315—, 2014. 40 /53



Outline K psim

Conclusion
Filtering and parameter estimation
Feedback schemes
41/53



Discrete-time models of open quantum systems . psLm

Four features!®:

1. Bayes law: P(u' /1) = P(u/ i )P(') / (5, B/ )P(")),
2. Schrédinger equations defining unitary transformations.

3. Randomness, irreversibility and dissipation induced by the
measurement of observables with degenerate spectra.

4. Entanglement and tensor product for composite systems.

= Discrete-time models with parameter p

Take a set of operators M}, satisfying ZH(MZ)TMZ =l and a left
stochastic matrices (7} ,). Consider the following Markov process of
state p (density op.)and measured output y:

KZ, (pe) ,
Pl = Wﬁwd), with proba. Py, (p:) = Tr (KP (p¢))
with K9 (p) = ZZ’Zl 7% ,MPp(MP)T. It is associated to the Kraus map

(ensemble average, quantum channel)
)ICD pt) Z’Cp pt) Z Mupt

10Gee the book of S. Haroche and J.M. Raimond.

E (Pt+1\,0t
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Computation of the likelihood function via the adjoint state (1) & psi

» Denote by P,(p, p) the probability of getting measurement
trajectory n, (ygn))t:o,“.,r, knowing the initial state pg”) = p and
parameter p.

K;P (p("))
n (m) t . n .y

» Since p(tJr)l =—2 ~ _ with Tr (IC"(,,) (pg ))) the probability

p n) Ye
Tr (K:yi") (Pg )>>
of having detected yﬁ") knowing p(t") and p, a direct use of Bayes
law yields

T

P.(p,p) = H Tr (IC;,,) (p&"))) = Tr (ICP(") o...0K", (p)> .

t=0

44 /53



Computation of the likelihood function via the adjoint state (2) X 1psim
> With adjoint map K§* (VA, B, Tr(K}(A) B) = Tr (A K{*(B))):

Pa(p,p) = Tr (/c;’(,,) o KF (1) |) = Tr (p /cP;)o...o/cP;,)(l)).
T Y,

Yt

icP* (g
) o ) 11 () FORS )
» Normalized adjoint quantum filter'* E;”” = —*———— with
Te{ 7 ( fﬂ))

ET+1 =1/ Tr(l), we get

w(p:p) = H Tr (’Cp* ( ti)l)) Tr (/)Eé")) 2 gn(Y,p) Tr (/)Eé"))»

» A simple expression of the gradients:

£ T Tr (Ef+1 (vp/c;(“) (pgm) .5p>)
0 Vp logP,-dp = Z :

Tr (pEé")) ’ t—0 Tr (Et(ﬂ ’Czﬁ") (pgn)))

M. Tsang. Time-symmetric quantum theory of smoothing. PRL 2009.
S. Gammelmark, B. Julsgaard, and K. Mglmer. Past quantum states of a
monitored system. PRL 2013.

Vp logP, =

)
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MaxLike tomography based on N trajectories data Y = {y(" Loees Nw K psim
From Pa(p,p) = ga(Y,p) Tr (/)EO ) we have

p) £ [[Pnlp.p) = (H g,,(Y,p)> (H Tr ([)Eé"))>.

n=1

> MaxLike state tomography: p is known and p,, maximizes

oo 3 log (T ()
n=1

a concave function on the convex set of density operators p:
a well structured convex optimization problem.

» MaxLike process tomography: p is known
and pp. maximizes p — f(p) = log P(p, p) those gradient is given by

(e (o)

N T {

fo(p) 0p = Zn:1 Zt:o . >
Tr(E}Ql ’Cypgn)(Pr")))

The Hessian V2 can be computed similarly (Fisher information).
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Stability issues AT |psLm

MINES PARIS

>

>

For pr+1 = K(p«), contraction for many distances'? (nuclear norm,
fidelity,. . .)

Adjoint map (unital map) A1 = K*(Ax) contracts spectrum®:
)\min(Ak) S )\min(Ak+1) S )\max(Ak+1) S Amax(Ak)-

Ky, (k)
Tr(Ky, (5x))

Pt = =P ek B # po: fidelity Tr ( \ﬁ,akpk\@) is always a
Te(Ky, (p1))

sub-martingale'*

Quantum filter pyi1 = where yj is governed by

Convergence issues around filtering and parameter estimation along
quantum trajectories: seminal works of Belavkin in continuous-time,
Van-Handel thesis at Caltech 2007. See also recent works of Nina Amini,
Maél Bompais, Tristan Benoit and Clément Pellegrini.

12D, Petz. Monotone metrics on matrix spaces. Linear Algebra and its
Applications, 244:831-96, 1996.

13R. Sepulchre, A. Sarlette, and PR.. Consensus in non-commutative spaces.
In Decision and Control (CDC), 2010 49th IEEE Conference on, pages
6596-6601, 2010.

14PR. Fidelity is a sub-martingale for discrete-time quantum filters. IEEE
Transactions on Automatic Control, 56(11):2743-2747, 2011.
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2%
Measurement-based feedback K psim

CLASSICALWORLD e —
classical - ~
reference classical 4 " = i\
classical |ineuttly Eﬂlf:trﬁripitc:tz{p
controller 1 SME
classical & QUANTUM WORLD 7
output{y N o o o -
» P-controller (Markovian feedback!®) for u; dt = k dy:, the ensemble

»

average closed-loop dynamics of p remains governed by a linear Lindblad
master equation.

PID controller: no Lindblad master equation in closed-loop for dynamics
output feedback

Nonlinear hidden-state stochastic systems: Lyapunov state-feedback'®;
many open issues on convergence rates, delays, robustness, ...

Short sampling times limit feedback complexity

15H

. Wiseman, G. Milburn (2009). Quantum Measurement and Control. Cambridge University Press.

16 . . .
See e.g.: C. Ahn et. al (2002): Continuous quantum error correction via quantum feedback

control.

Phys. Rev. A 65;

M. Mirrahimi, R. Handel (2007): Stabilizing feedback controls for quantum systems. SIAM Journal on

Control

and Optimization, 46(2), 445-467;

G. Cardona, A. Sarlette, PR (2019): Continuous-time quantum error correction with noise-assisted
quantum feedback. IFAC Mechatronics & Nolcos Conf.
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Coherent (autonomous) feedback (dissipation engineering)

A | psLm

MINES PARIS

Quantum analogue of Watt speed governor: a dissipative mechanical
system controls another mechanical system 17

CLASSICALWORLD
’ - EE N BN B B
' 7decoherence
Hilbert spaceH,
] . Hilbert space
I /g\quantum é H="Hs @M
E mteractlonv
1 quantum L~ decoherence
1 controller 7
Hilbert space ..

N QUANTUM WORLD ¢
~ -

---—

Optical pumping (Kastler 1950), coherent
population trapping (Arimondo 1996)

Dissipation engineering, autonomous
feedback: (Zoller, Cirac, Wolf, Verstraete,
Devoret, Schoelkopf, Siddiqi, Martinis,
Mglmer, Raimond, Brune,. .., Lloyd, Viola,
Ticozzi, Leghtas, Mirrahimi, Sarlette, PR,

)

(S,.L,H) theory and linear quantum
systems: quantum feedback networks
based on stochastic Schrodinger equation,
Heisenberg picture (Gardiner, Yurke,
Mabuchi, Genoni, Serafini, Milburn,
Wiseman, Doherty, ..., Gough, James,
Petersen, Nurdin, Yamamoto, Zhang,
Dong, ...)

Stablllty analysis: Kraus maps and Lindblad propagators are always
e diffusion and consensus).

17J.C. Maxwell (1868): On governors. Proc. of the Royal Society, No.100.

50/53



Coherent feedback involves tensor products and many time-scales ., psim

The closed-loop Lindblad master equation on H = Hs ® He:

d .
ap = —I |:Hs ® Ic + Is & Hc + Hsc ) P] + ;DLS,V®IC(p) + ZDls@Lc,u’ (p)

with D (p) = LpL" — L (LTLp + pLTL) and operators made of tensor products.

o Consider a convex subset D; of steady-states for original system S: each
density operator g, on Hs belonging to D; satisfy i[Hs,5,] = > D, , (5;).

e Designing a realistic quantum controller C (Hc, L. ,/) and coupling
Hamiltonian H,. stabilizing D is non trivial. Realistic means in particular
relying on physical time-scales and constraints:

> Fastest time-scales attached to Hs and Hc (Bohr frequencies) and
averaging approximations: |[Hs]|, |[Hell > |[Hsc]|,

> High-quality oscillations: |[Hs|| > ||LI,Ls. || and [[He| > |ILT Lo
g y ks, )

c,v’

» Decoherence rates of S much slower than those of C:
LI Lol < ||LI Lcwr||: model reduction by quasi-static

approximations (adiabatic elimination, singular perturbations).
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Quantum feedback engineering for robust quantum information processing X 1psim

’ S
Y4 system S =) decoherence
CLASSICALWORLD - \dilbertspacers.}
Hilbert space

l Aquantum E H=H;DH.
classical H interactionv
reference classical = decoherence
quantum y

1
1
1
1

quantum measurement

1

input U

controller
1

Hilbert space ..

classical
controller

\
classical & QUANTUM WORLD V4

outputyy N o =

To protect quantum information stored in system S (alternative to usual QEC):
> fast stabilization and protection mainly achieved by a quantum controller
(coherent feedback stabilizing decoherence-free sub-spaces);
» slow decoherence and perturbations mainly tackled by a classical controller
(measurement-based feedback "finishing the job")
Underlying mathematical methods for high-precision dynamical modeling and
control based on stochastic master equations (SME):
» High-order averaging methods and geometric singular perturbations for coherent
feedback.
» Stochastic control Lyapunov methods for exponential stabilization via

measurement-based feedback.
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