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Continuous-time measurement

A single atom within a Paul trap is addressed by an external
optical field and the spontaneously emitted photons are
detected by surrounding photodetectors.

Optical Field
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Spontaneous emission and its modeling (1)

State space: {p € C2*2 | pt =p, p>0, Tr(p) = 1}
Probability of having a jump in [t, { + dt]:
Pump = (e | p(t) | &)t

I': decay rate of the system which is equivalent to the inverse of
the atomic lifetime of the excited state |e).

Associated measurement operator:
Mjymp = VIdto_, o- =1g) (el

As soon as we detect a photon, the density matrix collapses
into the ground state:
Miumpp( t)MjTump

Jump

Pt+dt =

=19) (gl
)



Spontaneous emission and its modeling (2)

Question

What happens to the density matrix when we do not detect any
photon?

Answer: some information is gained on the state; with a larger
probability we have been in |g); We call the associated
measurement operator My jump; We have Mg jump # 1.

POVM requirement:

MT Mjump + MT Mno-jump == 1

jump no-jump

How to compute Mng-jump?



Spontaneous emission and its modeling (3)

Generic form of Mpe.jump: it must be of the form 1 + O(dt),
Muojump = 1 — TdtA — idtH,

where A and H are Hermitian matrices in C2*2,

POVM requirement+ 1st order development:

1
A= 5040 oL =0l

=le) (gl
No-jump dynamics:

Mo jumpp M jump
T (Moo ump() MEg o)

=p(t) =ty (oo p(t) + p(t)0) + AT (o p(t)+ ) 1)

p(t + dt) =

—i dt [B, (1)),

H implies a unitary evolution and can be added to the usual Hamiltonian of
the system: a corrective Hamiltonian due to the coupling to the vacuum
modes of the free radiation field. This implies a relaxation-induced shift in the
energy levels of the atom (Lamb shift).



Quantum Monte-Carlo trajectories

o_p(t)oy
Tr(o—p(t)oy)

p(t) — i 0t [H(1), p(8)] — dt (0 p(t) + (D))
+atl Tr (o—p(t)o+)p(t) with probability 1 — dtl' Tr (o p(t)o+),

=19) (9| with probability dtl'Tr (o p(t)o ),
p(t+dt) =

Poisson process: in any given time interval [t, t + dt[, we define dN; such
that it is unity with probability I'Tr (o p(t)o )dt and zero otherwise. We have

E (dN: | p(t)) = TTr (o p(t)o)dt.

Stochastic master equation:
. I
p(t+at)—p(t) = dp = (*I[H(f)m] ~ Lovoptpoio ) T (mpm)p) ot

g_po4 -
+ (Tr (o—poy) p) A



Lindblad master equation

We consider a statistical ensemble of identical two-level atoms
with no mutual interactions. Applying the statistical
independence of dN; and p;, we get the following average
dynamics

dp 1 1
o = H@, oI+ T <U—PU+ —50+0—p 2PU+U—> )

where (by an abuse of notations) p actually stands for the
expectation value of p in the above jump dynamics.

Exercice
When H = 0, show that lim;, 1 p(t) = |g) (9.




State space: {p € C>*3 | pt =p, p>0, Tr(p) =1}.

—— \91)

Relevant energy levels, transitions and decoherence rates for
the A-system.



A-system: stochastic master equation

dp = — i[Ho + u(t)Hy, plat

+
—%(Q}LQm—FpO;er)dt—i-Tr(QmQDpdl‘—i— LQ‘T—,D dN;
T (@ipal)

.
- %(Q;sz—ka;er)dt—kTr (Q20@) pat + L@T —p | an?,
Tr (Qgsz)
where

Ho = we |€) (€] 4 wg1 |g1) (g1 + wg2 |G2) (G2] ,
Hi = pi(lgr) (el + |e) (g1]) + pa(|g2) (el + |e) (g2l),
Qi =VTilg)lel, Q=+Tz2lg)el,

and where dN; and dN? are independent Poisson increments with averages

E (dN}) —Tr (o1poI)dt, E (de) —Tr (Qgpog)dt.



A-system: time scales

Quasi-resonant field:

U(t) = U ei(wﬁ—Ae)t 4 U‘T e—i(w1+Ae)t+uzei(w2+Ae+A)l‘ 4 Use—i(w2+Ae+A)t,

where wy = we — Wyt and wy = we — wg2, U1 and U are slowly varying
complex amplitudes and A, and A are small detuning terms. We
have three time scales here:

m the very fast time-scale associated to the optical frequencies wy
and wo;

m the fast time-scale associated to the lifetimes of the excited
state’s transitions, 'y and I'y;

m the slow time-scale associated to the laser amplitudes |1 u|
and ‘,llQuz‘.

We have

d
|/1,kuk\ L Ty < wyn and 'dtuk /‘Uk| & Tk, K, k’,k” S {1,2}.




A-system: RWA

Lindblad equation:

d . 1<
o = —ilHo + uHh o+ 5 S (2000 — QfQup — OLQ) -
k=1

Rotating frame: p(t) — U] p(t)U; with
Uy = e i(wele)(el+(og1—Be)lan) (a11+(wga —Be—B)lgz) (g2 )t

Removing the highly oscillating terms of frequencies 2w, and 2w,:
d Lo 1o
0= —ilH, ol + 5 > (2QupQ}, — O} Qup — pQ} Q).
k=1
where

- A
H=7%

(192) (921~ 1) {g1]) + 8o+ 5 )l (] + o) ()
+ Q1 [g1) (el + 0 [e) g1] + D212) (el + 95 [&) (el

where Qx = ukux are the slowly varying complex Rabi amplitudes.



Slow/fast dynamics

d o1
P = APl + 5 > (2QupQ) — QfQup — pQ Q).
k=1

Time-scale separation:

d
Del, 1AL |12 < T and ‘dtm

/|Qk\ <Tw, kKke{1,2)

We take 'y = 'k/e where ¢ is a small positive parameter and
T«'s are of the same order as H :

—p=—i[H, p| + Z ZJkak J};akp - pa;r(ak),

where o, = |gk) (€.



Singular perturbation techniques (1)

(Zo): x=f(x,z,e), egz=g(x,2,¢)
| t‘ \}
f(ng) .’L’ZO—O"‘O )
< g(z,2,8) >
T

Slow/fast system in Tikhonov normal; under some assumptions, the
slow approximation (also called quasi-static or adiabatic elimination),
consists in setting directly € to 0 in the equation defining (X.); this
yields to a differential-algebraic system th = f(x,z,0) where z is an
implicit function of x defined by 0 = g(x, z,0).



Singular perturbation techniques (2)

Consider the singularly perturbed system :

(Zo): Zx=f(x,z,e), e2z=g(x,2z,¢)

where (x, z) belongs to an open subset of R” x RP, f and g are smooth
functions, ¢ is a small positive parameter. Assume that

® g(x,z,0) = 0 admits a solution z = ®(x), with ® smooth function of x
and such that %(X, ®(x),0) is a stable matrix (eigenvalues with strictly
negative real parts).

m the reduced slow sub-system 2 x = f(x, ®(x),0), x(0) = xo admits a
unique solution x°(t) defined for t € [0, T], 0 < T < oo for some
T>0.

Then, for e > 0 small enough, (X.) admits a unique solution (x°(t), z°(t))
defined on [0, T] with initial condition (x*(0), z°(0)) = (xo, Z0) as soon as z
belongs to the attraction domain of the equilibrium ®(xp) for the fast
sub-system, E%C = g(xo, ¢,0). Moreover we have, for any > 0,

Jim ((max (1“0 = (01 + 120 - 201 ) =



Singular perturbation techniques (3)

Higher-order approximations and center manifold techniques

We consider a slow/fast system of the form
(Z): Ex=f(x,z,e), e2z=-Az+eh(x,z)

where all the eigenvalues of the matrix A have strictly positive real parts.
The invariant attractive manifold admits for equation

z=¢eA"h(x,0) + O(?)

and the restriction of the dynamics on this slow invariant manifold reads

9y = f(x,cA~"h(x,0)) + O(%) = f(x,0) + < ;i; . A~"h(x,0) + O(3).
The second order term is then given by:

_ -1 2 a1 @ =i _a-t @ 3
Z=¢cA h(x,0)+c°A (az (X,O)A h(x,0) — A 9% 0 f(X,O)>+O(5 ),

and so on.



Singular perturbation techniques (4)

Roughly speaking, an approximation of order v in ¢ of the slow invariant
manifold provides an approximation on time intervals of length of order - as
sketched below:

m z = 0 is an approximation of order 0; the slow reduced model
4x = f(x,0) is valid on time intervals of length 1.

m z = A "h(x,0) is an approximation of order 1: the slow reduced model
2x = f(x,eA""h(x,0)) is valid on time intervals of length .

B z=cAh(x,0) + A7 (2L|x0)A Th(x,0) — A1 28 0)f(x,0)) is an
approximation of order 2: the slow reduced model

gr=1 (x A7 h00) + 27" (oA 'hx,0) - A7 Do f(x.0)) )

is valid on time intervals of length 5‘—2



Singular perturbation for slow/fast A-system

Slow/fast system in non-standard form:
d 2T
i k
o= —ilA.pl+ Y F(2owpo — alowp — polow). 0w =gk (el
k=1

Define, with P = |e) (e,
2

ka O'k/)O'j(.
k=1

pt=Pp+pP—PpP , ps=(1-P)p(1—P)+

I+
ps remains a density matrix but not ps. We have
2

1 _
— — " Jkp,«aT
M+ kz:; «

p=ps+pr—

and therefore p — (pr, ps) is a bijective map (change of variables).
Slow/fast system in standard form:

d (T +T2)

apf = - D¢ (pf+prP) —i(P[F’,p]-i—[Fl,p]P— P[Fl,p]PL

1 e
Z Tkok[H, plof.
k=1

d ~
i L ps = —P)H, pl(1-P)+ ——
igeoe = (1= PXFLAC =P+ o



1st order slow/fast approximation for A-system

The system is of the form (x ~ ps, Z ~ py)
(Z): Ex=f(x,z,e), eZ%z=—-Az+eh(x,z)

where A is a positive definite super-operator sending ps to pr + Pp¢P. Its
inverse A~ is given by

1
pr > pr — 5 PpiP.

2
First order approximation for p;:
—2ie i 2
PH HP) + O(¢).
pf = [P (PHps — ps ) (€9)

First order dynamics for ps:

d - S =t
Zips = —ilF.psl + 5 3" (20kpsQ% — QhQups — ps0LQK)

k=1

where we have defined

H=(1-PH1-P) and Q= r\gu— P)okH(1 - P).



Slow/fast approximation for A-system

Consider p the solution of the Lindblad master equation

n

d o Tk
i = ~ilH ol + Z 20k90k — ofokp — pojo),
k=1

with 0 < € < 1 and ps the solution of the slow master equation

2

oo = o+ 5 (20— 0lupe — .01

with

2VTh (4 pyoin - ).

H=(1-P)H1-P d Q=
( H( ) an Qc= — =

Assume for the initial states

[1p(0) = ps(0) |l = v/Tr ((p(0) — 5(0))(p(0) — ps(0))) = O(e). Then
() = ps (D)l = V/Tr ((o(t) = ps(D)(p(t) = ps(1))) = O(e)

on atime scale t ~ 1/e.




Slow/fast approximation: summary

The slow approximation (also called by physicists adiabatic approximation) of
the system described by

n

I (20u00} - QfQup - pQf Q)

k=1

d oy
gi? = ~H. Pl +

S} \

with Qx = v/Tk |gk) (e| and where the '\’s are much larger than H, is given by

2

d . 1

EPS = —i[Hs, ps] + 5 Z (205 kpsQ 5 k Os « Qs kps — Pso;r’kos,k)
k=1

where ps is the density operator associated with the space spanned by the
|g1) and |gz), and where the slow Hamiltonian and the slow jump operators
are (P = le) (el)

Hs=(1-P)H(1-P) and Qsx= %QKFIU - P), ke {1,2}.
1 2



Reduced Monte-Carlo trajectories (1)

We have

Ho = 2 (102) (@] 191} (@) + (Do + 3)(1g) 01] + &) (Gel).
and

VI P+ Q222 |92|2 , Qi |g1) +Q2g2)
Qs k = 2+/Tk | ) (b with  |bg) = —Z L2271
k= M+ {Bal |b2) /|Q1|2+|Qz|2

The slow master equation lives on the Hilbert space spanned by |g1) and |g»).

Reduced stochastic master equation:
A
dps = i~ [192) (G2l = 191) (911, ps] ot

1 Os,1P50T
5 (@14 Qs1ps + psQ Quir ) 4T (Qs1psQLy ) pscit | = = ps | aN;!
Tr (05,1 pstJ )

] Qs 20sQ
3 (Q;ZQ&QPS + psQlQOs,z) dt+Tr (Qs,gpso;r’2)psdt+ LS’TZ — ps de’Z,
Tr (05,2/750572)



Reduced Monte-Carlo trajectories (2)

Here dN;"' and dN;? are independent Poisson increments with averages

Q1% + |22

(T +T2)2 Tr (|ba) (ba| ps)dt.

E (de'1) =Tr (Qs,mstJ)dt = 4T,

E (devZ) =T (Qs,gpso;z) dt = 4r,



Reduced Monte-Carlo trajectories (3)

We define
|94 ° + Q[

(M +Tr2)2 "’
the evolution through the time interval (t, t + dt) can be interpreted as below:

Yk = 4Tk ke {1,2},

B ps jumps into the ground state |g+) (g1| with probability
dtysTr (|ba) (bal ps(t));

® or it jumps into the ground state |gz) (92| with probability
dty2Tr (ba) (bal ps(t));

m or finally, it evolves through the dynamics

d A
a‘ﬁs = —/§ [192) (92| — 1g1) (911 ps]
(71 +2)

— 1272 (16w) (bal ps + ps |ba) (bal = 2Tr (|ba) (bal ps)es ).

with probability 1 — dt(~1 + 42)Tr (|ba) (bal ps(t))-



Physical interpretation

the state |bq) is often called the bright state and the orthogonal state
Q; Q
|do) = — =2 [01) — — = [02)
VIQi 2+ Q22 VI + 22

is called the dark state. Indeed, the probability of jumping towards one of the
ground states by emitting a photon is proportional to the population of the
bright state |bq). Therefore, whenever the system is in the state |dy), no
photon will be emitted: hence the name of the dark state.

Theorem

Whenever A = 0, the density matrix ps, solution of the reduced slow
stochastic master equation converges almost surely towards the dark state
|da) (dal-

Remark

The phenomenon of converging towards the dark state is often referred as
the coherent population trapping in the physics literature. The target state
can be controlled via the ratio Q1 /2. The case Q2 = 0 (|da) = |92))
corresponds to the optical pumping phenomena.



Proof of coherent population trapping

We consider the Markov process:
fr = Tr (|d) (da| p(1)).

We can easily compute the evolution of the expectation value of f;:

d _ Qe el

This, together with the fact that f; € [0, 1], implies that
lim E (£) = 1.
t—oo

Finally, this together with the dominated convergence theorem implies the
almost sure convergence.
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