Modeling and Control
of Quantum Systems

Mazyar Mirrahimi  Pierre Rouchon
mazyar.mirrahimi@inria.fr pierre.rouchon@ensmp.fr

http://cas.ensmp.fr/~rouchon/QuantumSyst/index.html

Lecture 3: October 25, 2010



Resonant control: Law-Eberly method
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Controllability



A single trapped ion

1D ion trap, picture borrowed from S. Haroche course at CDF.
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A classical cartoon of spin-spring system.



A single trapped ion

A composite system:
internal degree of freedom+vibration inside the 1D trap

Hilbert space:
C?® L3(R,C)

Hamiltonian:

H=w (aTa + %) + %UZ + (uei(wlt—n(awLaT)) + u*e—i(w,t—n(aJra?))) o
Parameters:

w: harmonic oscillator of the trap,

weg: Optical transition of the internal state,

wy: lasers frequency,

n = wy/c: Lambe-Dicke parameter, ensures impulsion conservation.
Scales:

|wi — weg| K Weg, W <K weg, U] Kweg, |FU| <K weglul.



Rotating wave approximation
Rotating frame: [¢)) = o Fo )
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where A = weg — w is the atom-laser detuning.



PDE formulation

The Schrédinger equation i % ) = H1% [4) for [)) = (1bg, ve):

.0 d? -
i ¢g o w <X2 _ a)(2> wg_ %wg+ue—l\/§ane

ot 2

ad} w 2 82 * AIV/2
ot =5 (5 ) Vet Bve v wreey

lts approximate controllability on the unit sphere of (L?)? is
proved by Ervedoza and Puel, applying the physicist’s
Law-Eberly method.



Law-Eberly method

Control u is superposition of 3 mono-chromatic plane waves with:
pulsation weg (ion transition frequency) and amplitude u;

pulsation weg — w (red shift by a vibration quantum) and
amplitude u,;

pulsation weg + w (blue shift by a vibration quantum) and
amplitude up;
Control Hamiltonian:
H =w (a’r at % ) i %02 i (uei(wegtfnwaf)) n u*efi(wegtfn(am*))) oy
4 (ubei((weg+w)tfnb(a+af)) 4 uzefi((wngrw)tfnb(aJraT))) oy

n (u,ef((weg—w)rfm(aw*)) 1 u;feff((weg—w)rfm<a+a*))) o

Lamb-Dicke parameters:

n=wj/ck1, n=w-w)/ckl, n=(w+w)/ckl.



Law-Eberly method: rotating frame

—iwegt

Rotating frame: |¢) = g-iwi(d'a+3) o= 0z |p)

H, = eiwt(afa) (ueiwegte—in(a+a*) n u*e_iwegtein(a+aT))

g—iwt(ata) (6=t |e) (g| + e ™= |g) (e])

n eiwt(aTa) (ubei(weg+w)fe—/77b(a+aT) + ut’;e—i(weg+w)fei71b(a+aT))

o wt(a'a) (€= |e) (g + e =" |g) (e])

+ eiwt(aTa) (urei(wegfw)te—mr(a+aT) + u;fefi(wegfw)teim(aJra*))

e~ !(2'2) (gw!|g) (g| + &~ |g) (e])



Law-Eberly method: RWA

m Approximation e<(a+a") ~ 1 4 je(a+ at) for e = £, np, ny;

m neglecting highly oscillating terms of frequencies 2weg, 2weg £ w,
2(weg + w) and +w, as

uf, |upl, [u| < w, | Gu| < wlul, [Gup| < wlupl, |Gur| < wlul.
First order approximation:
Hua = ulg) (e +u” ) (g +Upalg) (e| + Upa' [e) (9]
+ua' |g) (e +u;ale) (g

where
Up = —inpUp and U, = —inu,



PDE form



Hilbert basis: {|g, n),|e, N},

Dynamics:

i%d’g,n = Ude,n + Urv/Ndg 1+ UpV N+ 1dgni
i%¢e,n = u*¢g7n + ﬁj\/m¢g7n+1 + Ul*)\/ﬁ(z)g,n—1

Physical interpretation:
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Law-Eberly method: spectral controllability

Truncation to n-phonon space:
Hn=span{|g,0),le0),...,|g,n),|le,n)}
We consider |¢), ,|¢)7 € Hn and we look for u, U, and uy, s.t.

for [6) (t = 0) = |6), we have [6) (t=T) = |}

m Ifu', u} and U} bring |¢),) to |g, 0) at time T/2,
m and u?, U5 and U? bring |¢); to |g, 0) at time T/2,

then
u=u', up=u}, u,=ul fortel0,T/2],
u=-u? u,=-u3  u =-u? forte[T/2,T],

bring |¢), to |¢) 1 at time T.



Law-Eberly method

Take |¢g) € Hpand T > O:
m Fort € [0, L], U,() = Up(t) = 0, and

U(t) = %"arctan de.n(0) ‘ e/ @r9(¢q,n(0)9,1(0))

g,n(0)

implies ¢en(T/2) = 0;
m Fort e [Z, T], Up(t) = u(t) = 0, and

. T T
arg| ég,n(5)ds ,_1(5
u(f) = /- arctan e ( oz}, 1(2))

don(F)
¢e,n71(%)

implies that ¢ ,(T) = 0 and that ¢g.(T) = 0.

The two pulses U and U, allow us to reach a |¢) (T) € H,_1.



Law-Eberly method

Repeating n times, we have

|6) (nT) € Ho = span{|g,0) , (e, 0]}

m for t € [nT, (n+ %)T], the control

¢e,0(nf)
bg,0(nT)

o/ @9(¢g.0(nT)¢ o(nT))

implies |¢) )T = =¢e'g,0).



Reminder: Jaynes-Cummings model and RWA

Hilbert space: C? ® L?(R, C) Hamiltonian:
Hjc = “2oz + we (aTa + ) +u(a+a)-idoy(a - a)
with the scales
Q < we, weg; We — Weg| K we, Weg, U] < we, weg-
After RWA:

HY —ua+u*a —i2(|g) (e|a' - |e) (g] a)



Reminder: Control for Jaynes-Cummings model

We consider the Hilbert basis {|g, n) ,|e, n)}

i%ﬁbg,o = l]*(f’e,o
. .Q ~
I%¢g”+1 = _’*V n-+ 1¢en+U*¢en+17
/dt¢en I \/n+ ¢gn+1+u¢gn

Is this system spectraly controllable?
yes, in the real case.



Control for Jaynes-Cummings model: schematic

lg,0)

Qvn+1
g, +1) = je,n)
u
IR p—-— le,n = 1)
=T
_ - 1
9.2 — s ' e,1)
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Schematic of Jaynes-Cummings model



Control for Jaynes-Cummings model: real case

We consider [¢), and |¢) 1 in H, such that:

<g7k|¢>07<e7k’¢>0€R and <g7k|¢>T7<evk|¢>T€Rv

and we consider pure imaginary controls: U = iv, v € R.
Model in the real case:

%¢g,0 = —Voep
Q
%Gf)g,nm =75 VNn+1¢en —Voe nii,
%@be,n = %V N+ 1¢gny1 + Vog,n.



Time-adiabatic approximation without gap conditions’

Take m + 1 Hermitian matrices n x n: Hy,...,Hn. For u € R™
set H(u) := Hy + > 4, Uk Hk. Assume that u is a slowly
varying time-function: u = u(s) with s = et € [0, 1] and € a small
positive parameter. Consider a solution [0, 1] 5 ¢~ [¢)5 of

i s = H(u(et)) |4);

Take [0, s] > s — P(s) a family of orthogonal projectors such
that for each s € [0, 1], H(u(s))P(s) = E(s)P(s) where E(s) is
an eigenvalue of H(u(s)). Assume that [0, s] 5 s — H(u(s)) is
C?,[0,s] > s — P(s) is C? and that, for almost all s € [0, 1],
P(s) is the orthogonal projector on the eigen-space associated
to the eigen-value E(s). Then

Jm, ( sup. [I1P(et) [0 112~ IIP(O) [0 2|) -o.

tefo, 1]

"Theorem 6.2, page 175 of Adiabatic Perturbation Theory in Quantum
Dynamics, by S. Teufel, Lecture notes in Mathematics, Springer, 2003.



Chirped control of a 2-level system (1)

idly) = (“’;ﬁ’az+ Yox) [v) with quasi-
resonant control (lwy — weg| < weg)
——|€) u(t)y=v (e’(er‘e) 1+ e (Wrt+9))
U where v,0 € R, |v| and | \ are small and
i slowly varying:
() V], | % | < weg, || < weglV], | LL| < weg ||
. . r -‘reg
Passage to the interaction frame |¢)) = 2% |g):

d
- d weg—wr— 30 2i(wrt+6) —2i(wrt—6)
i lo) = < g, Yty YO +Va_> o) .
Set Ar = weg — wr and w = — 46, RWA yields following
averaged Hamiltonian
Hchirp r;_WO'Z + UX

where (v, w) are two real control inputs.



Chirped control of a 2-level system (2)

I Hopirp = 2% 0, + S0 set, for s = et varying in [0, 7], w = acos(et)
and v = bsin?(et). Spectral decomposition of Hy, for s €]0, 7[:

Q = _w with |—) = cosal|g) — (1 - sina) |e)
2(1 —sina)
1 s
Q+:m’+)2+vzwith |+>:( sina)|g) + cos a |e)

V2(1 —sina)

where a €]=F, Z[ is defined by tana = 22 With a > |A,|and b > 0

lim =% implies Ilim |-). = lim =|e
s—0t « 2 P s—0* | >S |g> T so0t |+>S ‘ >

lim a=-7 implies Im |[-);=—]e), lm [+);=]g).
ST ST ST

Adiabatic approximation: the solution of i% |¢) = Honip(€t) |@) starting
from |¢), = |g) reads

¢), = €7 |-)s_y» t€ [0, Z], with ¥ time-varying global phase.

At t = Z, |¢) coincides with |e) up to a global phase: robustness

€’

versus A,, a and b (ensemble controllability).



Bloch sphere representation of a 2-level system

if [) obeys i< |y) = Hly), then
projector p = |¢) (¢b| obeys:

ar = —IH.pl.
For [¢)) = 1g|g) + vele):
: ) (0] = |vgl? 19) (gl + Ygts 1g) (el
—————— A +Ugve le) (gl + el &) (el

Set x = 2R(Ygv5), ¥ = 23(vg03)
and z = [1e|? — |1hg|? we get

1+ Xox + yo, + Zo,
p: 2 *
|9)

The Bloch vector M = x7+ yi+ zk evolves on the unit sphere of R3:

i% |¢> = (%Ux + 2 Uy Uz) |¢> e %M = (WXT"F wyj“" sz) X M
Bloch vector M with Euler angles (6, ¢) corresponds to

1) = e sin (§)|g) +cos (%) |e).



Chirped control on the Bloch sphere.

m The chirped dynamics id¢ = (2% o, + Soy) |¢) with
w = acos(ct) and v = bsin?(et) reads

—

9M = (bsin®(et)T+ (Ar + acos(et))k) xM

=G,

m The initial condition |¢), = |g) means that My = —k and
Qo = (A, + a)k with A, +a > 0.

m Since Q never vanishes for t € [0, 7], adiabatic theorem
implies that M follows the direction of —¢, i.e. that

see matlab simulations AdiabaticBloch.m).

~ ~ g ¢

—

-Att—— Q= ( A, — a)k with A, — a < 0: Mx = k and thus



Stimulated Raman Adiabatic Passage (STIRAP) (1)

$
H = wg |g) (gl+we |€) (€]+wr |f) (f]
+upgr(19) (fl+1F) (gl)
f f .
oy Lf) + tper (1) (F] + 1) (e])
' Set wgr = wr—wyg, Wer = wr—we and
5 Hys Hef U = UgCos(wgrt) + Ugr COS(wert)
ol le) with slowly varying small real am-
Wy plitudes ugr and Uey.

Put i% [y = H |[+¢) in the interaction frame:

) = o 1(wg|g) (gl+wele) (el+wylf)(f]) |p) .
Rotation Wave Approximation yields /E |¢) = Huwa |¢) with
H,, = g’(]g) (F|+ 1) (g]) + = (Je) (f] + |) (e])

with slowly varying Rabi pulsations Qg = pgrtyr and
Qer = etUef-



Stimulated Raman Adiabatic Passage (STIRAP) (2)

Spectral decomposition: as soon as QZ, + Q2 > 0,
Qgr(19) (f1+17){gl) + 2
2

sl 110D agmits 3 distinct eigen-values,

= VI oo g, = VIt

2 ’ 2

They correspond to the following 3 eigen-vectors,

N = Qor Qo _ 1
=) \/2(92,+92,) 19)+ \/2 02,402, &) V2 )
_Qel
Qzl+92 95271‘+ng
— Qeor 1
= e)+ —=|f).
)= T 9+ T 10+ 1

For et = s € [0, 3F] and Qg, Qe > 0, the adiabatic control

_f Qgcos?s, forse[z, S Qesm s, forse[0,n];
Qg1(s) = { 0, elsewhere. » Ser(8) = 0, elsewhere.

provides the passage from |g) at t =0to |e) at et = 37”
(see matlab simulations stirap.m).



Stimulated Raman Adiabatic Passage (STIRAP) (3)

Exercice
Design an adiabatic passage s — (4¢(S), Qer(8)) from |g) to
%, up to a global phase.

1
—Q,
0.8 —Q
Take, e.g., s = et € [0, 7]

06 ] and © > 0, and set

. ] Y o
04 Qgr(s) = %sins—sin2s
0.2 ] Qer(s) = Qsins

00 0‘.2 0:4 0:6 018 1

sin

_Qef

Q
Results from |0) = —==<— |g) + L |e)
02,402 Q2402
of ef of ef




Controllability of bilinear Schrédinger equations?

Schrédinger equation

ig ) = (Ho +) Uka> 1)
k=1

State controllability

For any |¢4) and |¢) on the unit sphere of #, there exist a time
T > 0, a global phase 6 € [0, 27[ and a piecewise continuous
control [0, T] > t — u(t) such that the solution with initial
condition |), = |1a) satisfies [¢)) 7 = € |1hp).

2See, e.g., Introduction to Quantum Control and Dynamics by
D. D’Alessandro. Chapman & Hall/CRC, 2008.



Controllability of bilinear Schrédinger equations

Propagator equation:

m
iU = <H0+Zuka> U, U0)=1

k=1

We have [1), = U(t) [+),.

Operator controllability

For any unitary operator V on 7, there existatime T > 0, a
global phase # and a piecewise continuous control

[0, T] > t — u(t) such that the solution of propagator equation
satisfies Ur = € V.

Operator controllability implies state controllability



Lie-algebra rank condition
%U: <Ao + zm:UkAk> U

k=1
with A, = Hy/i are skew-Hermitian. We define

Lo = span{Ao, A1,...,An}
£1 = Span(‘COa [L:Oa ‘CO])
Lo = span(Ly,[Lq, L1])

L= EV = Span(£V71 y [£ll71 ’ £1/71])
Lie Algebra Rank Condition

Operator controllable if, and only if, the Lie algebra generated by
the m + 1 skew-Hermitian matrices {—iHyp, —iH, ..., —iHpn} is either
su(n) or u(n).

Exercice

Show that i § |¢) = (“go, + 4ox) |¥), [¥) € C2 is controllable.



A simple sufficient condition

We assume H |j) = wj|j) where w; € R, we consider a graph G:
V=A1),....Im}, E={(h),l2) [ 1 <ji <j2<n, (ji|Hiljz) #0}.

G amits a degenerate transition if there exist (|j1), |j2)) € E and
(Jh),]k)) € E, admitting the same transition frequencies,

‘wh - w/zl = |W/1 - w/2|'

A sulfficient controllability condition

Remove from E, all the edges with identical transition frequencies.
Denote by E C E the reduced set of edges without degenerate
transitions and by G = (V, E). If G is connected, then the system is
operator controllable.
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