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Propagator of a damped and driven quantum harmonic oscillator

We consider a quantum harmonic oscillator with annihilation operator a, photon number
operator N = a'a, pulsation w, damping time 1/x. This oscillator is driven by a coherent
drive of complex amplitude u and pulsation wg = w. — A (A being the detuning between the
drive of pulsation wy and the oscillator of pulsation w.). Its density operator p obeys to the
following Lindbald master equation:
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We denote by p(t) the solution starting from an initial density operator py = p(0).
1. Assume u =0, A =0 and s > 0.

(a) What is the limit of p(¢) for ¢ tending to +o0o ?

(b) Show that p(t) admits the following expression (do not consider convergence issues
for the series)
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2. Assume u =0, A # 0 and x > 0.

(a) What is the limit of p(¢) for ¢ tending to +o0 7
(b) Show that p(t) admits the following expression
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3. Assume u # 0, A =0 and x > 0.

(a) What is the limit of p(t) for ¢ tending to +o0 ?
(b) Show that p(t) admits the following expression
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where D, = eoal=a’a iy the displacement of complex amplitude . What is the
expression of « versus u and k.



4. Assume u # 0, A # 0 and x > 0.

(a) To what kind of frame corresponds the above Lindblad master equation ?
(b) What is the limit of p(¢) for ¢ tending to +oo ?
(c) Show that p(t) admits the following expression

0= 3 (820) p, (- (5+30%a) Dy, ((alye (520 D,
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What is here the expression of « versus u, A and k ?

Dissipation induced dephasing

We consider a harmonic oscillator coupled dispersively to a single qubit. In the rotating frame
of the qubit and the cavity the Hamiltonian is given by

X
H 4, = —50'z @ ala.

Furthermore, we assume the cavity to be dissipative so that the total dynamics of the system
for the density matrix p is given by

d 1 1
£P = —i[H gisp, p| + f@(apaT - §aTap - ipaTa).

In the sequel, we will assume that y > k.

1. Write the system in the rotating frame of Hygis, (i.e. give the dynamics of £ =
exp(iH gispt) p exp(—iH gispt)). Simplify the dynamics using the rotating wave approxi-
mation and knowing that y > k.

2. Consider the system initialized in the separable state p, ® p. with p, = |1)g) (14| and
an arbitrary cavity state p.. Furthermore take |1)q) = ¢4|g) + cele). What is the steady
state of the above simplified system towards which the solution converges? Interpret
the result.

(Fin: start by witing (1) = 191 €)1 © 50)+16)61 &0+ ) ]
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3. Interpret the result.

Do and undo an entangled state between two harmonic oscillators

We consider two harmonic oscillators of annihilation operators a; and as, photon-number
operators N1 = aJ{al and N9 = agag, interacting sequentially with a qubit of ground state
|g) and excited state |e).

e Firstly the qubit interacts with oscillator 1 according to the unitary operator (resonant
interaction with vacuum Rabi angle 6):

U1 = lghlg] cos(0ry/N1)+e) el cos(0ry/ N1+ 1)—Je) glar S0 g o] 5200
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e After its interaction with oscillator 1, the same qubit interacts then with oscillator 2
according to the unitary operator (resonant interaction with vacuum Rabi angle 6s):

Us = [g){g] cos(2r/Na)+le)(e| cos(tav/Na +1)—[e){glas T2 1 |g) (o] sCvR2) g

e After its interaction with oscillator 2, the same qubit is measured according to its energy
operator |e)(e| — |g)(g|. The measurement outcome is denoted by y € {g, e}.

Before the interaction with the qubit, the wave function of the composite system made of the
two oscillators is denoted by |¢). Its admits the following expression in the photon-number
basis of each oscillators

|¢> - Z wnlan2|n1n2> with Z ‘wn17n2|2 -1

n1,n2>0 n1,n22>0
Just after qubit measurement, the wave function of the two oscillators is denoted by |¢) 4.
1. Before its interactions with the two oscillators, the qubit is prepared in |e).

(a) Express [¢); with respect to |¢)) and measurement outcome y. What are the
probabilities to detect y knowing |1)).

(b) Assume in this question that 1 = 7/4, 63 = 7/2 and [¢») = |00). What are |¢)
and the probabilities to detect y. Interpret the result.

2. Before its interactions with the two oscillators, the qubit is prepared in |g).

(a) Express [¢); with respect to |¢)) and measurement outcome y. What are the
probabilities to detect y knowing ).

(b) Assume that [¢)) = |00) and 6y, 02 arbitrary. What are [¢)) and the probabilities
to detect y. Interpret the result.

(c) We assume in this question that 6; = 7/2, 65 = m/4 and [)) = (|10) + |01))/V/2.
What are [¢)4 and the probabilities to detect y. Interpret the result according to
question 1b.
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Propagator of a damped and driven quantum harmonic oscillator
1. (a) p(t) converges towards vacuum, i.e., |0)(0| where |0) is the O-photon quantum state
a'al0) = 0.
(b) Derivation with respect to ¢ of the term indexed by n yields
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Assume that p(t) is given by the series. Then
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Using af(N) = f(N 4 1)a and f(N)a' = a'f(N + 1) for any function f, we get
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Thus %p =K (a,oaJr - %(Np—l—pN)).

2. (a) p(t) still converges to vacuum.



(b) The computations are slightly more complex than those of previous question. Since
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we get
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With

+o00
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we conclude that £p = —1A[N, p] + « (apa’ — L(Np + pN)).

3. (a) p(t) converges to the coherent state |a) of amplitude o = 2u/k.

(b) With the changement of frame p — £ = D_,pD,, the Lindblad equation becomes
4¢ =k (atal — J(NE+EN)) with & = D_apoDa (use D_paD, = a + a and
D _,ND, = (a'+a*)(a+a)=N +a*a+aal +|a?) . Since

60 = 3 (U0 (e (80N g ((ahyre ()

we get the formula for p(t) = D,&(t)D_,, with o = 2u/k.
4. (a) The frame corresponds to the drive frame, i.e. a frame rotating at pulsation wg
and defined by the unitary transformation e~*dV .

(b) p(t) converges to the coherent state |«) of amplitude o = u/(k/2+1A). This results
from the fact that with the changement of frame p — & = D_,pD,, the Lindblad
equation becomes L& = AN, €] + k (alal — L(NE+EN)) and £(t) — [0)(0].
Thus p(t) =— Dy&(t)D_, converges towards D,|0)(0|D_, = |a){a.

(c) Just use the series of 2b for £ to obtain after a coherent displacement of amplitude
a=u/(k/2+1A), the series for p.

Dissipation induced dephasing

1. In this frame a become

eitHaim e~ tHai = a(c|e) (] + e~ |g) g])



Therefore the Lindblad equation becomes

€= (el ® a)g(le)tel = a) + (1) o] © a)é(lg) o] @ a”) — a'ag - eata)
+ i (e (e) el @ a)é(lg) 9] @ a') + X (1g) (9] @ a)é(le)(e] @ ah))

After the 1st order RWA (keeping only the secular terms in the first line) we find:
d f N _ Latas — Leal
76 = r | (el @a)é(le){e] @ aT) + (l9)(g] ® @)€(lg){g| ® a') — ;a'ag — S&a'a ).

2. We start by writing

€= le)(e] @ &ee(t) + 19)(g] @ &gy (1) + [e) (gl @ Eeg (1) + [9) (€] © &g (1)

where &, &.c,€ges §cg all live on the Hilbert space of the harmonic oscillator. Fur-
thermore, §,,,&,. are positive semi-definite trace-class and Hermitian operators with
Tr (&,,) + Tr(€..) = 1. Also, £, = flg. In order to find the dynamics satisfied by each
of these operators, we multiply the above equation by (g| or (e| on the left and by |g)
or |e) on the right. Therefore

d 1

%599 - Fi(a’éggaJr - §a’TaEgg - §£ggaTa)7
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%566 = "q’(a‘éeea’-r - §aTa’£ee - 5 eea‘Ta’)’
d
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@gge = %E:g = _R(iaTa{ge + iggeaTa)‘
First, we note that Tr (€,,(t)) et Tr (€. (t)) remain constant and furthremore Tr (£,,(0)) =
lcg? and Tr (€..(0)) = |ce|*. Therefore following the result of the course

E0g) = Icg2100(0] and €, () > [ec2I0)(0] s t - ox.

Let us now study the dynamics of §,. We start by writing £, = cpmn|m)(n|. We

therefore have
d (m+n)

&Cmn = —K 9 Cmn-

Therefore for all (m,n) # (0,0), ¢y — 0 and thus
£ge(t) = (01€4c(0)[0) = cgee(Olp0)  ast — o0

Calling r := (0|p.|0) < 1, we therefore obtain
£(t) = (IegP19) (9] + lee 2le) (el + rejeelghlel + reieled(l) @ [0)(0).

3. While the cavity state decays to the vacuum state |0)(0|, the qubit state converges to a
state that is less pure than the initial state. More precisely, even if we start with a pure
state, as soon as r = (0|p.|0) < 1 (i.e. p, is not the vacuum state) the steady qubit
state is a mixed state. This is the dephasing (decoherence) of the qubit caused by its
coupling to a dissipative cavity.



Do and undo an entangled state between two harmonic oscillators

1. (a) Before interaction with oscillator 1, the wave function is |e) ® |¢)). After interaction
with oscillator 1, it becomes

Uile) ® [¢) = |e) ® cos(01 /N1 + 1)[) + |g) @ TN gl jys).

After interaction with oscillator 2, it reads
UsUile) ® |¢) =
€)@ cos(0ay/Na + 1) cos(tr /N1 + 1)[¢)) + |g) © 22 o cos(61 /N1 +1)[¢)
+ 1g) © cos(0y/N2) 22UV gl |y) — [e) @ @, Sy SO g )
= |g> X (Sm(f;[) a, COS(91\/ N+ 1) + 008(92\/ 2)%\/@ a1> |1,Z)>

+le) ® (cos(HQ\/Ng +1)cos(f1/N1+1) —as Sm(f/ZNL:) Sm(\@/lﬁ ) ).
With

M, = Sm(%) alcos(01v/ N1+ 1)+ cos(f21/ N2 )% ai

M, = cos(f2y/Ng + 1) cos(01v/ N1+ 1) — Sm(\(’/?f) Sm(f’/lf) al

we have UsU 1 e) ® [¢) = |g) @ My|y)) + |e) @ Mc|). Measurement of the qubit
gives then the following Markov chain

Mgy |y) ify = : t .
, if y = g with proba. (| M}M g[t));
)4 = \ <w|]fl\4%xg\w> g
——2e0)___ - if y = e with proba. (¢|MIM,|y).
YT AT y p (] %)
(b) When 6y = w/4 and 03 = 7/2 we have
1 1
M, o0y = 12210 a ooy — o
V2
Thus y = g with probability 1. This corresponds to a deterministic preparation of
the entangled state [¢)) = w between the two oscillators.

2. (a) Before interaction with oscillator 1, the wave function is |¢g) ® [¢)). After interaction
with oscillator 1, it becomes

Uilg) @ 1) = |g) @ cos(v/N1)|Y) — le) @ ay 0N ).

After interaction with oscillator 2, it reads
UoUilg) ® |v) =
19) © cos(B2v/No) cos(Bry/N1)[) — [e) @ ar ) cos(Br /N1l
sin (0 sin sin
~ le) @ cos(B2v/No + Day N y) — |g) @ IR glq, SO EN )
=lg) ® (COS(QQ\/NQ) cos(01v/N1) — Sin<\9/2NL§VT> ala; 2 OIF )) 1)

—Je) @ (@ 222N cos(8y\/N7) + cos(02/ N + Ly %ﬁ) ).




With

M, = cos(62 \/ﬁg) cos (6 \/ﬁl) _ sin(6vN) agal sin(01v/N1)

VN3 VN1
M. = —a MO (6, /N) — cos(to/No 1 Dy S10/N)

we have UaU 1 |e) ® 1) = |g) @ M 4|v) + |e) @ M|p). Measurement of the qubit
gives then the following Markov chain

ML) e T |
W>+ = <w|]\jJ§r'Mg‘¢>? lf y B g Wlth prOba. <¢’MgMg’1/’>7

— MelW) - if y = ¢ with proba. (¥|MIM.|).
it Y proba. (Y| M M)

We have
M ,|00) = |00) and M .|00) = 0.

Starting with qubit and oscillators in ground state, it is impossible to have any
exchange of energy between them. We recover here the fact that y = ¢ with
probability 1 and [¢)4+ = |00).

With 0, = 7/2, §3 = 7/4 we have

10)4/01) _ o1)—[o1) _ 10)4[01) _ [00)+[00) _
Mg| )\/5\ ) _ | >2 ) — 0 and M,/ )\/5\ ) — | )2\ >__’00>
Thus y = e with probability 1 with the deterministic result —|00). With initial

qubit-state |g) and these values of #; and 2 , we undo the entangled state [10)+01)

obtained in 1b and recover the vacuum state of the oscillators (defined up to a
global phase).



