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1 Stochastic master equations

These models have their origins in the work of Davies [6], are related to quantum trajecto-
ries [3, 5] and to Belavkin quantum filters [2]. A modern and mathematical exposure of the
diffusive models is given in [1]. For a tutorial passage of discret-time towards continuous-time
formulation of stochastic master equations see [16]. These models are interpreted here as
continuous-time versions of discrete-time (partial) Kraus maps. They are based on stochas-
tic differential equations, also called Stochastic Master Equations (SME). They provide the
evolution of the density operator ρt with respect to the time t. They are driven by a finite
number of independent Wiener processes indexed by ν, (Wν,t), each of them being associated
to a continuous classical and real signal, yν,t, produced by detector ν. These SMEs admit the
following form:

dρt =

(
− i

ℏ [H,ρt] +
∑

ν

LνρtL
†
ν − 1

2(L
†
νLνρt + ρtL

†
νLν)

)
dt

+
∑

ν

√
ην

(
Lνρt + ρtL

†
ν − Tr

(
(Lν +L†

ν)ρt

)
ρt

)
dWν,t (1)

where H is the Hamiltonian operator on the underlying Hilbert space H and Lν are arbitrary
operators (not necessarily Hermitian) on H. Each measured signal yν,t is related to ρt and
Wν,t by the following output relationship:

dyν,t = dWν,t +
√
ην Tr

(
(Lν +L†

ν)ρt

)
dt

where ην ∈ [0, 1] is the efficiency of detector ν.
For the case of a finite dimensional Hilbert space, it has been proven in [14, 1] that the

above SME admits a unique strong solution in the space of well-defined density matrices

S = {ρ | ρ = ρ†,ρ ≥ 0,Tr (ρ) = 1}.

The ensemble average of ρt obeys thus to a linear differential equation, also called master or
Lindblad-Kossakowski differential equation [9, 12]:

d

dt
ρ = − i

ℏ [H,ρ] +
∑

ν

LνρtL
†
ν − 1

2(L
†
νLνρt + ρtL

†
νLν). (2)

It is the continuous-time analogue of the Kraus map K associated to a discrete-time quantum
Markov process.
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In fact (1) has the same structure. This becomes obvious if one remarks that, with
standard Itō rules, (1) admits the following formulation

ρt+dt =
MdytρtM

†
dyt

+
∑

ν(1− ην)LνρtL
†
νdt

Tr
(
MdytρtM

†
dyt

+
∑

ν(1− ην)LνρtL
†
νdt
)

with Mdyt = I +
(
− i

ℏH − 1
2

∑
ν L

†
νLν

)
dt +

∑
ν

√
ηνdyνtLν . Moreover the probability asso-

ciated to the measurement outcome dy = (dyν), is given by the following density

p

(
dy ∈

∏

ν

[ξν , ξν + dξν ]
/

ρt

)

= Tr

(
MξρtM

†
ξ +

∑

ν

(1− ην)LνρtL
†
νdt

) ∏

ν

dξν√
2πdt

e−ξ
2
ν/2dt

where ξ stands for the vector (ξν). With such a formulation, it becomes clear that (1)
preserves the trace and the non-negativity of ρ. This formulation provides also directly a
time discretization numerical scheme preserving non-negativity of ρ.

We recall here the basic rule of Ito differential calculus for the stochastic system of state
X ∈ Rn and driven by m scalar Wiener independent processes Wv,t:

Xt+dt −Xt = dXt = F (Xt, t)dt+
∑

ν

Gν(Xt, t)dWν,t

where F (X, t) and (Gν(X, t)) are smooth functions ofX and piece-wise continuous functions of
t. For any C2 real function f of X, the computation of dft = f(Xt+dt)− f(Xt) is conducted
up to including order one in dt with the following rules: dWν,t = O(

√
dt), (dWν,t)

2 = dt,
dWν,tDWν′,t = 0 for ν ̸= ν ′ and any other products between the dWν,t being zero since of
order greater than (dt)3/2. This means that we have

dft = f(Xt+dt)− f(Xt) = f(Xt + dXt)− f(Xt)

=
∂f

∂X

∣∣∣∣
Xt

dXt +
1
2

∂2f

∂X2

∣∣∣∣
Xt

(dXt, dXt) + . . .

=

(
∂f

∂X

∣∣∣∣
Xt

F (Xt, t) +
1
2

∑

ν

∂2f

∂X2

∣∣∣∣
Xt

(Gν(Xt, t), Gν(Xt, t))

)
dt

+
∑

ν

∂f

∂X

∣∣∣∣
Xt

Gν(Xt, t)dWν,t.

Notice that we have removed terms with dtdWν,t since of order dt
3/2. For expectation values,

all dWν,t are independent of Xt and E (dWν,t) = 0. Thus we have for any C2 function f of X:

E (dft | Xt) =

(
∂f

∂X

∣∣∣∣
Xt

F (Xt, t) +
1
2

∑

ν

∂2f

∂X2

∣∣∣∣
Xt

(Gν(Xt, t), Gν(Xt, t))

)
dt.
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2 QND measurement of a qubit and asymptotic behavior

In this section, we consider a continuous measurement protocol for a single qubit. The
considered setup corresponds to the inverse of the photon box experiment. As illustrated in
Figure 1, we consider the qubit to be fixed inside the cavity and interacting with the confined
electromagnetic field. The cavity however is assumed to be not ideal and the confined field
can leak out at a rate κ. This outgoing field is continuously measured through what is called
a homodyne measurement process, corresponding to the measurement of a certain quadrature
Xλ = (eiλa† + e−iλa)/2 as physical observable. Assuming a dispersive coupling between the
qubit and the cavity and in the regime where the leakage rate κ is much stronger than the
other dynamical time-scales, such as an eventual Rabi oscillation rate for the qubit, the cavity
dynamics can be removed leading to a stochastic master equation for the qubit [7] (we will
skip the details of this model reduction which includes some details that are out of the scope
of these lectures).

|g〉

|e〉 κ

1

Figure 1: The cavity field interacts with the qubit and the cavity output gets measured
providing information on the state of the qubit.

For a well-chosen measured quadrature Xλ, this SME of the form (1) is given by

dρt = − i

ℏ
[H,ρt]dt+

Γm
4

(σzρtσz − ρt)dt+

√
ηΓm
2

(σzρt + ρtσz − 2Tr (σzρt)) dWt, (3)

where H is the qubit’s Hamiltonian, the only Lindblad operator Lν is given by
√
Γmσz/2,

and η ∈ [0, 1] represents the detector efficiency. The measured signal dyt is given by

dyt = dWt +
√
ηΓmTr (σzρt) dt. (4)

Let us consider here the uncontrolled case where the Hamiltonian H/ℏ is simply given
by ωegσz/2. Following the arguments of the previous section, the above SME correspond to
a Markov process with the Kraus operators

Mdyt = I − (i
ωeg

2
σz +

Γm
8

I)dt+

√
ηΓm
2

σzdyt and
√
(1− η)dtL =

√
(1− η)Γmdt

2
σz.

Noting that the above operators commute with σz. Thus we have a quantum non-demolition
(QND) measurement of the observable σz. We study here the asymptotic behavior of the
open-loop system undergoing the above continuous measurement process.

Theorem 1. Consider the SME (3) with H/ℏ = ωegσz/2 and η > 0. For any initial density
matrix ρ0, the solution ρt converges almost surely as t → ∞ to one of the states |g⟩ ⟨g| or
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|e⟩ ⟨e|. Furthermore the probability of convergence to |g⟩ ⟨g| (respectively |e⟩ ⟨e|) is given by
pg = Tr (|g⟩ ⟨g|ρ0) (respectively Tr (|e⟩ ⟨e|ρ0)).

Proof. We consider the Lyapunov function

V (ρ) = 1− Tr (σzρ)
2 .

Applying the Ito rules, we have

d

dt
E (V (ρt)) = −ηΓmE

(
V 2(ρt)

)
≤ 0,

and thus

E (V (ρt)) = V (ρ0)− ηΓm

∫ t

0
E
(
V 2(ρs)

)
ds.

Noting that V (ρ) ≥ 0, we have

ηΓm

∫ t

0
E
(
V 2(ρs)

)
ds = V (ρ0)− E (V (ρt)) ≤ V (ρ0) <∞.

Thus we have the monotone convergence

E
(∫ ∞

0
V 2(ρs)ds

)
<∞ ⇒

∫ ∞

0
V 2(ρs)ds <∞ almost surely.

By Theorem 5 of Appendix B, the limit V (ρt) as t → ∞ exists with probability one (as a
supermartingale bounded from below) and hence, the above inequality implies that V (ρt) → 0
almost surely. But the only states ρ satisfying V (ρ) = 0 are ρ = |g⟩ ⟨g| or ρ = |e⟩ ⟨e|.

We can finish the proof by noting that Tr (σzρt) is a martingale. Therefore the probability
of convergence to |g⟩ ⟨g| (respectively |e⟩ ⟨e|) is given by pg = Tr (|g⟩ ⟨g|ρ0) (respectively
Tr (|e⟩ ⟨e|ρ0)).

The above theorem implies that the continuous QND measurement can be seen as a non-
deterministic preparation protocol for the states |g⟩ ⟨g| and |e⟩ ⟨e|. This preparation can be
rendered deterministic by adding an appropriate feedback control. Indeed, it has been proven
in [18, 14] that, a controlled Hamiltonian

H =
ωeg

2
σz +

u

2
σx,

with the feedback law

u(ρ) = −αTr
(
i[σx,ρ]ρtag

)
+ β(1− Tr

(
ρρtag

)
), α, β > 0 and β2 < 8αη,

globally stabilizes the target state ρtag = |g⟩ ⟨g| or |e⟩ ⟨e|.

3 Lindblad master equation

The continuous-time analogue of the discrete-time quantum master equation (ensemble aver-
age dynamics) becomes a differential equation for the time-evolution of the density operator
t 7→ ρ(t):

d

dt
ρ = − i

ℏ [H,ρ] +
∑

ν

LνρL
†
ν − 1

2(L
†
νLνρ+ ρL†

νLν) (5)

where
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� H is the Hamiltonian that could depend on t (Hermitian operator on the underlying
Hilbert space H)

� the Lν ’s are operators on H that are not necessarily Hermitian.

The differential equation (5) preserves the positivity and the trace: if the initial condition
ρ0 is Hermitian of trace one and non-negative, then its solution ρ(t) for t ≥ 0 is also Hermi-
tian, non-negative and of trace one. To avoid mathematical technicalities we consider in the
theorem below that H is of finite dimension.

Theorem 2. Assume that H is of finite dimension. Then for any Hermitian operator t 7→
H(t) and any operators Lν(t) that are bounded and measurable functions of time, the solution
of (5) with an initial condition ρ0 Hermitian, non-negative and of trace one, is defined for
all t > 0, remains Hermitian, non-negative and of trace one.

Proof. The existence and uniqueness of the solution for t > 0 is consequence of a standard
result on linear ordinary differential systems of finite dimension and with bounded and time-
measurable coefficients. The Hermiticity and trace conservation directly follows from the fact
that the right-hand side of (5) is Hermitian as soon as ρ is Hermitian, and admits a zero
trace. The positivity conservation is less simple. It can be seen from the following formulation
of (5):

d

dt
ρ = Aρ+ ρA† +

∑

ν

LνρL
†
ν

with A = − i
ℏH − 1

2

∑
ν L

†
νLν . Consider the solution of the matrix equation d

dtE = AE with

E0 = I. Then E is always invertible and defines the following change of variables ρ = EξE†.
We have then

d

dt
ξ =

∑

ν

MνξM
†
ν

with Mν = E−1LνE. The fact that ξ0 = ρ0 is Hermitian non-negative and that d
dtξ is also

Hermitian and non-negative, implies that ξ remains non-negative for all t > 0, and thus ρ
remains also non-negative.

The link between the discrete-time formulation and the continuous-time one (5), becomes
clear if we consider the following identity for ϵ positive and small:

ρ+ ϵ
d

dt
ρ = M ϵ,0ρM

†
ϵ,0 +

∑

ν

M ϵ,νρM
†
ϵ,ν +O(ϵ2)

where d
dtρ is given by (5), M ϵ,0 = I − ϵ

(
i
ℏH + 1

2

∑
ν L

†
νLν

)
and M ϵ,ν =

√
ϵLν . Since

ρ(t+ ϵ) = ρ(t) + ϵ ddtρ(t) + o(ϵ) and M †
ϵ,0M ϵ,0 +

∑
ν M

†
ϵ,νM ϵ,ν = I +O(ϵ2), the continuous-

time evolution (5) is attached to a discrete-time evolution with the following infinitesimal
Kraus map

ρ(t+ dt) = Mdt,0ρ(t)M
†
dt,0 +

∑

ν

Mdt,νρ(t)M
†
dt,ν (6)

up to second order terms versus the time-step dt > 0. Such correspondence can be used to
develop positivity preserving numerical schemes (see, e.g., [11, 15]).

Since any Kraus map is a contraction for the trace-distance, we have the following theorem,
the continuous-time counter part of discrete-time contraction properties.
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Theorem 3. Consider two solutions of (5), ρ and ρ′, starting form ρ0 and ρ′
0 two Hermitian

non negative operators of trace one. Assume that H is of finite dimension and the Hermitian
operator H(t) and the operators Lν(t) are bounded and measurable functions of time. Then
for any 0 ≤ t1 ≤ t2,

Tr
(
|ρ(t2),ρ′(t2)|

)
≤ Tr

(
|ρ(t1),ρ′(t1)|

)
and F (ρ(t2),ρ

′(t2)) ≥ F (ρ(t1),ρ
′(t1)).

The proof just consists in exploiting (6) with the discrete-time contraction properties.

4 Driven and damped quantum harmonic oscillator

4.1 Classical ordinary differential equations

Consider the following damped harmonic oscillator

d

dt
x′ = ωp′,

d

dt
p′ = −ωx′ − κp′ − 2u1 sin(ωt) + 2u2 cos(ωt)

where ω ≫ κ,
√
u21 + u22. Consider the following periodic change of variables (x′, p′) 7→ (x, p):

x′ = cos(ωt)x+ sin(ωt)p, p′ = − sin(ωt)x+ cos(ωt)p.

Then, we have

cos(ωt)
d

dt
x+ sin(ωt)

d

dt
p = 0

− sin(ωt)
d

dt
x+ cos(ωt)

d

dt
p = −κ(− sin(ωt)x+ cos(ωt)p)− 2u1 sin(ωt) + 2u2 cos(ωt).

Thus

d

dt
x = −κ sin2(ωt)x+ 2u1 sin

2(ωt) + (κp− 2u2) sin(ωt) cos(ωt)

d

dt
p = −κ cos2(ωt)p+ 2u2 cos

2(ωt) + (κx− 2u1) sin(ωt) cos(ωt).

Removing highly oscillating terms (rotating wave approximation), we get:

d

dt
x = −κ

2x+ u1,
d

dt
p = −κ

2p+ u2

that reads also with the complex variables α = x+ ip and u = u1 + iu2:

d

dt
α = −κ

2α+ u. (7)

This yields to the following approximate model in the original frame (x′, p′):

d

dt
x′ = −κ

2x
′ + ωp+ u1 cos(ωt) + u2 sin(ωt),

d

dt
p′ = −ωx′ − κ

2p
′ − u1 sin(ωt) + u2 cos(ωt)

or with complex variable α′ = x′ + ip′ = e−iωtα:

d

dt
α′ = −(κ2 + iω)α′ + ue−iωt (8)
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4.2 Quantum master equation

We consider here the quantum model of the classical oscillator modeled by (7) and (8). It
admits the infinite dimensional Hilbert-space H with (|n⟩)n∈N as orthonormal basis (Fock
states) Its Hamiltonian with a resonant coherent drive of complex amplitude u (|u| ≪ ω)
reads

H = ℏ
(
ωN + i(ue−iωta† − u∗eiωta)

)
.

Consider the Lindblad master equation (5) with the above H and two operators L1 =√
(1 + nth)κ a and L2 =

√
nthκ a† corresponding to decoherence via photon losses and

thermal photon gains. We get the following master equation where ρ′ is the density operator:

d

dt
ρ′ = −ıω[N ,ρ′] + [ue−iωta† − u∗eiωta,ρ′] + (1 + nth)κ

(
aρ′a† − 1

2a
†aρ′ − 1

2ρ
′a†a

)

+ nthκ
(
a†ρ′a− 1

2aa
†ρ′ − 1

2ρ
′aa†

)
. (9)

with parameter κ > 0 and nth ≥ 0. When nth = 0, we recover (8) with α′ = Tr (ρ′a).
Consider the change of frame ρ′ = e−iωtNρeiωtN . Since eiωtNae−iωtN = e−iωta, we get:

d

dt
ρ = [ua† − u∗a,ρ] + (1 + nth)κ

(
aρa† − 1

2a
†aρ− 1

2ρa
†a
)

+ nthκ
(
a†ρa− 1

2aa
†ρ− 1

2ρaa
†
)
. (10)

When nth = 0, we recover with α = Tr (ρa) the classical amplitude equation (7).
The above models (9) and (10) are valid only when ω ≫ κ, |u|: weak drive amplitude

and high quality factor of the oscillator. With initial conditions ρ′
0 and ρ0 being density

operators (Hermitian non-negative trace-class operators on H of trace one, see appendix A),
their solutions give the forward time evolution of ρ′ and ρ . In the sequel, we focus on the
dynamics of ρ, i.e., on the dynamics in the frame rotating at the oscillator frequency ω.

4.3 Zero temperature case: nth = 0

Assume that nth = 0:

d

dt
ρ = [ua† − u∗a,ρ] + κ

(
aρa† − 1

2a
†aρ− 1

2ρa
†a
)
.

Set α = 2u
κ . We recover the classical equation for the complex amplitude α = Tr (ρa):

d

dt
α = −κ

2 (α− 2u/κ) = −κ
2 (α− α).

Consider the following change of frame

ρ = eαa
†−α∗aξe−αa

†+α∗a

corresponding to a displacement of amplitude −α of ρ. Since e−αa
†+α∗aaeαa

†−α∗a = a + α
and e−αa

†+α∗aa†eαa
†−α∗a = a+ α∗ we have

d

dt
ξ = [u(a†+α∗)−u∗(a+α), ξ]+κ

(
(a+ α)ξ(a† + α∗)− 1

2(a
† + α∗)(a+ α)ξ − 1

2ξ(a
† + α∗)(a+ α)

)

= κ
(
aξa† − 1

2a
†aξ − 1

2ξa
†a
)
.
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Consider V (ξ) = Tr (ξN) (N = a†a). Since ξ is a density operator V (ξ) ≥ 0 and V (ξ) = 0
if, and only if, ξ = |0⟩ ⟨0| (vacuum state). We have

d

dt
V (ξ) = −κV (ξ).

If the initial energy V (ξ0) < +∞, ξ(t) remains of finite energy for all t and moreover,
V (ξ(t)) = V (ξ0)e

−κt. Thus V (ξ(t)) tends to 0 and thus ξ(t) converges towards |0⟩ ⟨0|. Since
ρ is just ξ up to a coherent displacement α, this proves that ρ(t) converges towards |α⟩ ⟨α|,
the coherent and pure state of amplitude α.

The above arguments with the strict Lyapunov function V are not presented here above
with all the necessarily mathematical rigour since H is an infinite dimensional Hilbert space.
Nevertheless, they can be made rigorous to prove the following theorem

Theorem 4. Consider (10) with u ∈ C, κ > 0 and nth = 0. Denote by |α⟩ the coherent state
of complex amplitude α = 2u

κ . Assume that the initial state ρ0 is a density operator with finite
energy Tr (ρ0N) < +∞. Then, there exists a unique solution to the Cauchy problem (10)
initialized with ρ0 in the the Banach space K1(H) (see appendix A). It is defined for all t > 0
with t 7→ ρ(t) a density operator (Hermitian, non-negative and trace-class) that remains in
the domain of the Lindblad super-operator

ρ 7→ [ua† − u∗a,ρ] + κ
(
aρa† − 1

2a
†aρ− 1

2ρa
†a
)
.

Thus t 7→ ρ(t) is differentiable in the Banach space K1(H). Moreover ρ(t) converges for the
trace-norm towards |α⟩ ⟨α| when t tends to +∞.

The following lemma gives the link with the classical damped oscillator.

Lemma 1. Consider (10) with u ∈ C, κ > 0 and nth = 0.

1. for any initial density operator ρ0 with Tr (ρ0N) < +∞, we have d
dtα = −κ

2 (α − α)
where α = Tr (ρa).

2. Assume that ρ0 = |β0⟩ ⟨β0| where β0 is some complex amplitude. Then for all t ≥ 0,
ρ(t) = |β(t)⟩ ⟨β(t)| remains a coherent and pure state of amplitude β(t) solution of the
following equation: d

dtβ = −κ
2 (β − α) with β(0) = β0.

Proof. Statement 1 follows from d
dtα = Tr

(
a d
dtρ
)
with d

dtρ given by (10). Statement 2 relies
on the following relationships specific to coherent state:

a |β⟩ = β |β⟩ , |β⟩ = e−
ββ∗
2 eβa

† |0⟩ and
d

dt
|β⟩ =

(
−1

2(β
∗β̇ + ββ̇∗) + β̇a†

)
|β⟩ .

4.4 Wigner function and quantum Fokker-Planck equation

For a harmonic oscillator of space dimension 1, the phase space is the plane (x, p). To represent
this quantum state and its link with classical statistical physics, it is useful to consider the
Wigner function R2 ∋ (x, p) 7→ W {ρ}(x, p) ∈ R attached to the density operator ρ. For a
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physical interpretation of W {ρ} as a pseudo-probability density see appendix of [8] where the
Wigner function is defined via the Fourier transform

W {ρ}(x, p) =
1

π2

∫∫

R2

C{ρ}
s (λ1 + iλ2)e

−2i(xλ2−pλ1) dλ1 dλ2

of the symmetric characteristic function C
{ρ}
s attached to ρ (quantum probability):

C ∋ λ1 + iλ2 = λ 7→ C{ρ}
s (λ) = Tr

(
ρeλa

†−λ∗a
)
.

We will use here the following definition,

W {ρ}(x, p) = 2
π Tr

(
ρDαe

iπND−α
)

with α = x+ ip, (11)

where Dα = eαa
†−α∗a is the displacement of complex amplitude α. Consequently W {ρ}(x, p)

is real and well defined since Dαe
iπND−α is a bounded, unitary and Hermitian operator (the

dual of K1(H) is B(H), see appendix A).
For a coherent state ρ = |β⟩ ⟨β| with β ∈ C we have

W {|β⟩⟨β|}(x, p) = 2
π

〈
β
∣∣Dαe

iπND−α
∣∣β
〉
= 2

πe
−2|β−α|2 .

since ⟨β|Dα = ⟨β − α| with D−α |β⟩ = |β − α⟩ and eiπN |β − α⟩ = |α− β⟩. Thus W {|β⟩⟨β|}

is the usual Gaussian density function centered on β in the phase plane α = x + ip and of
variance 1/2 in all directions.

In the sequel we will consider that ρ is in Kf (H) (support with a finite number of photons)
and thus that the computations here below can be done without any divergence problem.
Using Dα = eαa

†
e−α

∗ae−αα
∗/2 = e−α

∗aeαa
†
eαα

∗/2 we have two equivalent formulations:

π
2W

{ρ}(α, α∗) = Tr
(
ρeαa

†
e−α

∗aeiπNeα
∗ae−αa

†
)
= Tr

(
ρe−α

∗aeαa
†
eiπNe−αa

†
eα

∗a
)

Here α and α∗ are seen as independent variables. We have the following correspondence:

∂

∂α
= 1

2

(
∂

∂x
− i

∂

∂p

)
,

∂

∂α∗ = 1
2

(
∂

∂x
+ i

∂

∂p

)

We have

π
2

∂

∂α
W {ρ}(α, α∗) = Tr

((
ρa† − a†ρ

)
eαa

†
e−α

∗aeiπNeα
∗ae−αa

†
)
= Tr

(
(ρa† − a†ρ)Dαe

iπND−α
)

Since a†Dαe
iπND−α = Dαe

iπND−α(2α∗ − a†), we have

∂

∂α
W {ρ}(α, α∗) = 2α∗W {ρ}(α, α∗)− 2W {a†ρ}(α, α∗).

Thus W {a†ρ}(α, α∗) = α∗W {ρ}(α, α∗)− 1
2
∂
∂αW

{ρ}(α, α∗).
Similar computations yield to the following correspondence rules:

W {ρa} =
(
α− 1

2

∂

∂α∗

)
W {ρ}, W {aρ} =

(
α+ 1

2

∂

∂α∗

)
W {ρ}

W {ρa†} =
(
α∗ + 1

2

∂

∂α

)
W {ρ}, W {a†ρ} =

(
α∗ − 1

2

∂

∂α

)
W {ρ}.

9



With these rules the operator differential equation (10) for ρ becomes a partial differential
equation for W {ρ}(x, p). We have

W {[ua†−u∗a,ρ]} = −
(
u
∂

∂α
+ u∗

∂

∂α∗

)
W {ρ}

W {aρa†−a†aρ+ρa†a
2 } = 1

2

(
∂2

∂α∂α∗ +
∂

∂α
α+

∂

∂α∗α
∗
)
W {ρ}

W {a†ρa−aa†ρ+ρaa†
2 } = 1

2

(
∂2

∂α∂α∗ − ∂

∂α
α− ∂

∂α∗α
∗
)
W {ρ}.

Consequently, the time-varying Wigner function W {ρ} is governed by a partial differential
equation

∂

∂t
W {ρ} =

κ

2

(
∂

∂α
(α− α) +

∂

∂α∗ (α
∗ − α∗) + (1 + 2nth)

∂2

∂α∂α∗

)
W {ρ}

with α = 2u/κ. Set α = x + ip. Using ∂
∂α and ∂

∂α∗ as linear expressions in ∂
∂x and ∂

∂p ,
we get finally the following convection diffusion equation also called quantum Fokker-Planck
equation:

∂

∂t
W {ρ} =

κ

2

(
∂

∂x

(
(x− x)W {ρ}

)
+

∂

∂p

(
(p− p)W {ρ}

)
+ 1+2nth

4

(
∂2W {ρ}

∂x2
+
∂2W {ρ}

∂p2

))
.

(12)

It can be also written in a more geometric form with ∇ =

( ∂
∂x
∂
∂p

)
:

∂

∂t
W {ρ} = −∇ ·

(
W {ρ}F

)
+∇ ·

(
σ∇W {ρ}

)

where F = κ
2

(
x− x
y − y

)
and σ = κ(1+2nth)

8 .

The Green functionG(x, p, t, x0, p0) of (12), i.e., its solution with initial conditionW
{ρ}
0 (x, p) =

δ(x− x0)δ(p− p0) where δ is the Dirac distribution, reads:

G(x, p, t, x0, p0) =
1

π(nth+
1
2)(1−e−κt)

exp


−

(
x− x− (x0 − x)e−

κt
2

)2

+

(
p− p− (p0 − p)e−

κt
2

)2

(nth +
1
2)(1− e−κt)


 .

The general solution of (12) with an L1 initial conditionW
{ρ}
0 (x, p) (

∫∫
R2 |W {ρ}

0 (x, p)| < +∞),
reads for t > 0:

W
{ρ}
t (x, p) =

∫

R2

W
{ρ}
0 (x′, p′)G(x, p, t, x′, p′) dx′dp′.

For t large, G(x, p, t, x′, p′) converges toward a Gaussian distribution independent of (x′, p′).
By application of the dominated convergence theorem we have:

∀(x, p) ∈ R2, lim
t7→+∞

W
{ρ}
t (x, p) =

∫∫
R2 W

{ρ}
0

π(nth+
1
2)

exp

(
−(x− x)2 + (p− p)2

(nth +
1
2)

)
.

10



Notice that Wigner functions associated to density operators satisfy
∫∫

R2 W
{ρ} = 1. Thus

the steady state solution of (12) is a Gaussian probability density centered on (x, p) with
variance (nth+

1
2) in all direction. Moreover any trajectory of (12) initialized with W {ρ0}, ρ0

being a density operator, converges to this Gaussian function. When nth = 0, we recover the
Wigner function of the coherent state α.

Many other properties on Wigner and related functions can be founded in [8] and also
in [4].
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A Operator spaces

This summary is strongly inspired from chapter 4 of [17] where detailed justifications can
be found. H denotes a separable Hilbert space. We summarize the basic properties of the
following spaces of linear operators on H: finite rank operators Kf (H), trace-class operators
K1(H), Hilbert-Schmidt operators K2(H), compact operators Kc(H) and bounded operators
B(H). These operators spaces, Kf (H) ⊂ K1(H) ⊂ K2(H) ⊂ Kc(H) ⊂ B(H), are non-
commutative analogue of the following usual spaces of complex-value series (λk)k≥0:

� Kf (H) mimics series with a finite number of non zero terms.

� K1(H) mimics absolutely converging series,
∑

k≥0 |λk| < +∞; the analogue of the l1

norm is the trace-class norm.

� K2(H) mimics l2 series,
∑

k≥0 |λk|2 < +∞; the analogue of the scalar product on l2 is
the Frobenius product.

� Kc(H) mimics series those general term converges to zero: limk 7→+∞ λk = 0.

� B(H) mimics l∞ series, i.e., bounded series; the analogue of the l∞ norm becomes the
sup norm on bounded operators.

Elements of H are vectors denoted usually with the Ket notation |ψ⟩ ∈ H. The Hermitian
product between two Kets |ψ⟩ and |ϕ⟩ is denoted by ⟨ψ|ϕ⟩ = ⟨ψ| |ϕ⟩ where ⟨ψ| = |ψ⟩† is the
Bra, the co-vector associated to |ψ⟩, element of the dual H∗ of H, and defining a continuous
linear map: H ∋ |ϕ⟩ 7→ ⟨ψ|ϕ⟩ ∈ C. The length of |ψ⟩ is denote by ∥ψ∥ =

√
⟨ψ|ψ⟩.

L(H) denotes the vector space of linear operators from H to H. For A ∈ L(H), A† denotes
its Hermitian conjugate, another element of L(H) defined by ∀ |ψ⟩ , |ϕ⟩ ∈ H,

〈
ψ|
(
A |ϕ⟩

)〉
=〈(

A† |ψ⟩
)
|ϕ
〉
.

The set of bounded operators on H is denoted by B(H). The vector space B(H) equipped
with the following sup norm

∥A∥ = Sup
|ψ⟩ ∈ H
⟨ψ|ψ⟩ = 1

√〈
ψ|A†A|ψ

〉

12



is a Banach space. Bounded operators of L(H) are continuous operators of L(H). An operator
U of L(H) is called unitary, if it is invertible and if U−1 = U †. Any unitary operator U
belongs to B(H).

Take two elements of H, |a⟩ and |b⟩: they define a Ket-Bra operator P a,b ∈ B(H) via the
following correspondence:

∀ |ψ⟩ ∈ H,P a,b(|ψ⟩) =
(
⟨b|ψ⟩

)
|a⟩ .

Usual P a,b is denoted by |a⟩ ⟨b| since P a,b(|ψ⟩) = |a⟩ ⟨b| |ψ⟩.

Exercice 1. Show that ∥Pa,b∥ =

√
⟨a|a⟩⟨b|b⟩+|⟨a|b⟩|

2

Let |ψ⟩ be a unitary vector of H (⟨ψ|ψ⟩ = 1). The orthogonal projector on the line
spanned by |ψ⟩, {z |ψ⟩ | z ∈ C} is the Ket-Bra operator Pψ,ψ = |ψ⟩ ⟨ψ|. The orthogonal
projector PHf

on a finite dimensional vector space Hf of H reads

PHf
=

N∑

k=1

|ak⟩ ⟨ak|

where (|a1⟩ , . . . , |aN ⟩) is any ortho-normal basis of Hf .
An element A of L(H) is said to be finite rank, if and only if, it can be expressed as a

finite sum of length N of Ket-Bra operators:

A =
N∑

k=1

|ak⟩ ⟨bk|

where |ak⟩ and |bk⟩ belong to H. The linear sub-space of L(H) of finite rank operators of H
is noted by Kf (H). It is clear that Kf (H) ⊂ B(H). Moreover A ∈ L(H) belongs to Kf (H)
if and only if it range, the sub-vector space of H denoted by R(A) = {A |ψ⟩ | |ψ⟩ ∈ H}, is
finite dimensional. The rank of A is then the dimension of its range R(A).

Exercice 2. Show that for A ∈ Kf (H) with H of infinite dimension, the kernel of A,
ker(A) = {|ψ⟩ ∈ H | A |ψ⟩ = 0} is of infinite dimension.

An elementA of L(H) is said to be compact, if and only if, the image viaA of any bounded
sub-set of H admits a compact closure. The set of compact operators is denoted by Kc(H).
Any compact operator is thus bounded, Kc(H) ⊂ B(H): it is a sub-vector space of B(H).
The completion of Kf (H) with respect to the norm on B(H) is the set of compact operators
Kc(H): by Hilbert theorem, any compact operator is the limit of finite rank operators for
the sup norm on B(H). This implies that Kc(H) equipped with the sup norm inherited from
B(H) is a Banach space.

Finally, any compact Hermitian operator A admits a discrete real spectrum (λk)k∈N with
limk 7→+∞ λk = 0. To each λk we can associated a unitary Ket |ek⟩ such that (|ek⟩)k∈N is an
Hilbert basis of H. Then we have

A =
∑

k≥0

λk |ek⟩ ⟨ek| .
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The above series is absolutely convergent in B(H) with the sup norm. In this decomposition,
the λk’s are countered with their possible multiplicities. Another equivalent and more intrinsic
decomposition (unitary invariance) where each λk are different, is as follows

A =
∑

k

λkP k

where P k is the orthogonal projector on the eigen-space associated to the eigenvalue λk.
Consider a non-negative Hermitian compact operator A with eigenvalues (λk)k∈N counted

with their multiplicities (A =
∑

k≥0 λk |ek⟩ ⟨ek|). Then λk ≥ 0. A is said trace class, if and
only if ,

∑
k≥0 λk < +∞. It is then simple to prove that

∑
k≥0 λk =

∑
n≥0 ⟨an|A|an⟩ where

(|an⟩)n≥0 is any ortho-normal basis of H. Consequently,
∑

k≥0 λk is denote by Tr (A).

More generally a compact operator A is trace class, if and only if, Tr
(√

A†A
)
< +∞.

Since A is compact, the non-negative Hermitian operator A†A is also compact. Thus it
admits a spectral decomposition A†A =

∑
k λkP k where λk ≥ 0. Then

√
A†A is defined as∑

k

√
λkP k: it is another non-negative Hermitian compact operator those square coincides

with A†A.

Exercice 3. Show that A ∈ Kc(H) is trace-class if and only if ℜ(A) = (A + A†)/2 and
ℑ(A) = (A − A†)/(2i) are trace class. Show that for any trace class operator A and for
any ortho-normal basis (|an⟩)n≥0,

∑
n≥0 ⟨an|A|an⟩ is an absolute convergent series. Show

that its sum depends only on A(this justifies the notation Tr (A)). When A is Hermitian
and trace class, show that Tr (A) coincides with the sum of its eigenvalues counted with their
multiplicity.

The set of trace class operators A is noted by K1(H): it is equipped with the trace norm

also called nuclear norm: ∥A∥1 = Tr
(√

A†A
)
. A finite rank operator is automatically trace

class: Kf (H) ⊂ K1(H). More-over the completion of Kf (H) for the trace-class norm is K1(H):
any element of K1(H) can be approximated for the trace norm topology by a sequence of finite
rank operators. For any trace-class operators A, B, we have :

� Tr (A) ≥ 0 when A† = A > 0.

� Tr (A) real when A† = A.

� Tr
(
A†) = (Tr (A))† where † =∗ stands for the conjugation of complex number.

� AB and BA are also trace class and Tr (AB) = Tr (BA).

For any trace class operator A and any bounded operator M , the operators AM is also
trace class: More over |Tr (AM) | ≤ ∥M∥∥A∥1. Thus for any M ∈ B(H), K1(H) ∈ A 7→
Tr (AM) ∈ C is a continuous linear operator of the Banach space K1(H) is equipped with
the trace norm. Conversely, any linear map from K1(H) to C that is continuous with the
trace norm coincides with K1(H) ∋ A 7→ Tr (AM) for some M ∈ B(H). The dual of K1(H)
for the trace-class norm is B(H).

A compact operator A is an Hilbert-Schmidt operator if, and only if, Tr
(
A†A

)
< +∞.

The set of Hilbert-Schmidt operators is denoted by K2(H). Equipped with the Frobenius
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scalar product Tr
(
AB†), this space admits an Hilbert-space: the Frobenius norm A is de-

noted by ∥A∥2 =
√
Tr
(
A†A

)
. We have Kf (H) ⊂ K1(H) ⊂ K2(H). More-over, the closure

of Kf (H) with the Frobenius norm coincides with K2(H).
We have the following list of properties:

1. For any A ∈ K1(H) ⊂ K2(H):

∥A∥2 ≤ ∥A∥1, |Tr (A) | ≤ ∥A∥1, ∥A†∥1 = ∥A∥1.

2. if A ∈ K1(H) and B ∈ B(H), then AB and BA are in K1(H) and

∥AB∥1 = ∥BA∥1 ≤ ∥A∥1∥B∥.

3. if A and B belong to K2(H), then AB belongs to K1(H) and

∥AB∥1 = ∥BA∥1 ≤ ∥A∥2∥B∥2.

4. if A ∈ K2(H) and B ∈ B(H), then AB and BA are in K2(H).

An operator ρ ∈ K1(H) that is additionally Hermitian, non negative and of trace one is
called a density operator. The set of density operators is a closed convex subset of the Banach
space K1(H) equipped with the trace norm.

B Markov chains, martingales and convergence theorems

This Appendix has for aim to give a very brief overview of some definitions and some theorems
in the theory of random processes. The stability Theorems 5, 6 and 7 can be seen as stochastic
analogues of deterministic Lyapunov function techniques.

We start the appendix by defining three types of convergence for random processes:

Definition 1. Consider (Xn) a sequence of random variables defined on the probability space
(Ω,F , p) and taking values in a metric space X . The random process Xn is said to,

� converge in probability towards the random variable X if for all ϵ > 0,

lim
n→∞

p (|Xn −X| > ϵ) = lim
n→∞

p (ω ∈ Ω | |Xn(ω)−X(ω)| > ϵ) = 0;

� converge almost surely towards the random variable X if

p
(
lim
n→∞

Xn = X
)
= p

(
ω ∈ Ω | lim

n→∞
Xn(ω) = X(ω)

)
= 1;

� converge in mean towards the random variable X if

lim
n→∞

E (|Xn −X|) = 0.

We can prove that the almost sure convergence and the convergence in mean imply the
convergence in probability. However no such relation can be proved between the convergence
in mean and the almost sure convergence in general.

Before defining the Markov processes, martingales, and discussing their convergence the-
orems, we provide two useful results from probability theory that are used for the proof of
convergence of QND measurement process. The first result is the Markov’s inequality
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Lemma 2 (Markov’s inequality). If X ≥ 0 is a random variable and ϵ > 0, we have

P (X ≥ ϵ) ≤ E (X)

ϵ
.

The second result is the Borel-Cantelli lemma about sequences of events in the σ-algebra
F .

Lemma 3 (Borel-Cantelli lemma). Let Ek ∈ F be a sequence of events in the probability
space (Ω,F , p). Assuming

∞∑

n=1

p(En) <∞,

we have

p

(
lim sup
n→∞

En

)
= p (∩∞

n=1 ∪∞
k=n Ek) = 0.

Let (Ω,F , p) be a probability space, and let F1 ⊆ F2 ⊆ · · · ⊆ F be a nondecreasing family
of sub-σ-algebras. We have the following definitions

Definition 2. The sequence (Xn,Fn)∞n=1 is called a Markov process with respect to F =
(Fn)∞n=1, if for n

′ > n and any measurable function f(x) with supx |f(x)| <∞,

E (f(Xn′) | Fn) = E (f(Xn′) | Xn) .

Definition 3. The sequence (Xn,Fn)∞n=1 is called respectively a supermartingale, a sub-
martingale or a martingale, if E (|Xn|) <∞ for n = 1, 2, · · · , and

E (Xn | Fm) ≤ Xm (p almost surely), n ≥ m,

or
E (Xn | Fm) ≥ Xm (p almost surely), n ≥ m,

or finally,
E (Xn | Fm) = Xm (p almost surely), n ≥ m.

Remark 1. A time-continuous version of the above definitions can also be considered for
(Xt,Ft)t≥0, where F = (Ft)t≥0, is non decreasing family of sub-σ-alegbras of F .

The following theorem characterizes the convergence of bounded martingales:

Theorem 5 (Doob’s first martingale convergence theorem). Let (Xn,Fn)n<∞ be a submartin-
gale such that (x+ is the positive part of x)

sup
n

E
(
X+
n

)
<∞.

Then limnXn (= X∞) exists with probability 1, and E (X+
∞) <∞.

For a proof we refer to [13, Chapter 2, Page 43].
Here, we recall two results that are often referred as the stochastic versions of the Lyapunov

stability theory and the LaSalle’s invariance principle. For detailed discussions and proofs we
refer to [10, Sections 8.4 and 8.5]. The first theorem is the following:
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Theorem 6 (Doob’s Inequality). Let {Xn} be a Markov chain on state space X . Suppose
that there is a non-negative function V (x) satisfying E (V (X1) | X0 = x) − V (x) = −k(x),
where k(x) ≥ 0 on the set {x : V (x) < λ} ≡ Qλ. Then

p

(
sup

∞>n≥0
V (Xn) ≥ λ | X0 = x

)
≤ V (x)

λ
.

Corollary 1. Consider the same assumptions as in Theorem 6. Assume moreover that there
exists x̄ ∈ X such that V (x̄) = 0 and that V (x) ̸= 0 for all x different from x̄. Then the
Theorem 6 implies that the Markov process Xn is stable in probability around x̄, i.e.

lim
x→x̄

p

(
sup
n

∥Xn − x̄∥ ≥ ϵ | X0 = x

)
= 0, ∀ϵ > 0.

Theorem 7. Let {Xn} be a Markov chain on the compact state space S. Suppose that there
exists a non-negative function V (x) satisfying E (V (Xn+1) | Xn = x)− V (x) = −k(x), where
k(x) ≥ 0 is a positive continuous function of x. Then the ω-limit set (in the sense of almost
sure convergence) of Xn is included in the following set

I = {X | k(X) = 0}.

Trivially, the same result holds true for the case where E (V (Xn+1) | Xn = x)− V (x) = k(x)
(V (Xn) is a submartingale and not a supermartingale), with k(x) ≥ 0 and V (x) bounded from
above.

The proof is just an application of the Theorem 1 in [10, Ch. 8], which shows that k(Xn)
converges to zero for almost all paths. It is clear that the continuity of k(x) with respect to
x and the compactness of S implies that the ω-limit set of Xn is necessarily included in the
set I.

C A tutorial introduction to stochastc master equation

Next pages are the arXiv preprint of the article entitled A tutorial introduction to quantum
stochastic master equations based on the qubit/photon system published in Annual Reviews
in Control, Vol. 54, p. 252-261, 2022.
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A tutorial introduction to quantum stochastic master
equations based on the qubit/photon system

Pierre Rouchon∗

September 12, 2022

Abstract

From the key composite quantum system made of a two-level system (qubit) and a
harmonic oscillator (photon) with resonant or dispersive interactions, one derives the
corresponding quantum Stochastic Master Equations (SME) when either the qubits
or the photons are measured. Starting with an elementary discrete-time formula-
tion based on explicit formulae for the interaction propagators, one shows how to
include measurement imperfections and decoherence. This qubit/photon quantum
system illustrates the Kraus-map structure of general discrete-time SME governing
the dynamics of an open quantum system subject to measurement back-action and
decoherence induced by the environment. Then, on the qubit/photon system, one ex-
plains the passage to a continuous-time mathematical model where the measurement
signal is either a continuous real-value signal (typically homodyne or heterodyne sig-
nal) or a discontinuous and integer-value signal obtained from a counter. During this
derivation, the Kraus map formulation is preserved in an infinitesimal way. Such a
derivation provides also an equivalent Kraus-map formulation to the continuous-time
SME usually expressed as stochastic differential equations driven either by Wiener or
Poisson processes. From such Kraus-map formulation, simple linear numerical inte-
gration schemes are derived that preserve the positivity and the trace of the density
operator, i.e. of the quantum state.

Keywords: Open quantum systems, decoherence, quantum stochastic master equation,
Lindblad master equation, Kraus-map, quantum channel, quantum filtering, Wiener pro-
cess, Poisson process, qubit/photon composite system. Positivity and trace preserving
numerical scheme.

∗Laboratoire de Physique de l’Ecole Normale Supérieure, Mines Paris-PSL, Inria, ENS-PSL, Université
PSL, CNRS, Paris, France. pierre.rouchon@minesparis.psl.eu
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1 Intoduction

An increasing number of experiments controlling quantum states are conducted with var-
ious physical supports such as spins, atoms, trapped ions, photons, superconducting cir-
cuits, electro-mechanical circuits, optomechanical cavities (see, e.g., [25, 19, 7, 20, 13]).
As illustrated on Fig. 1, the quantum dynamics of these experiments can be precisely
described by well structured stochastic differential equations, called Stochastic Master
Equations (SME). They govern the relationships between the input u corresponding to
the classical parameters manipulated by the experimentalists and the classical output y
corresponding to the observed measurements. These SME are expressed with operators for
which non-commutative calculus and commutation relationships play a fundamental role.
These SME are the quantum analogue of the classical Kalman state-space descriptions,
d
dt
x = Ax+Bu+ w and y = Cx+ v, with noise (w, v) [29].

QUANTUM WORLD

decoherence

quantum state

Hilbert space (dissipation) CLASSICAL WORLD

Figure 1: Classical Kalman state-space descriptions are replaced, for quantum systems,
by Stochastic Master Equation (SME) descriptions where the measurement back-action is
revealed here by the same Wiener process W shared by the quantum state ρ and by the
output y.

For Fig. 1, with classical input u and classical output y, this SME reads (diffusive case
with Itō formulation [8], L†ν stands for Hermitian conjugate of operator Lν):

dρt = −i
[
H0 + uH1, ρt

]
dt+

( ∑

ν=d,m

LνρtL
†
ν − 1

2
(L†νLνρt + ρtL

†
νLν)

)
dt+ . . .

. . .+
√
η
(
Lmρt + ρtL

†
m − Tr(Lmρt + ρtL

†
m)ρt

)
dWt, (1)

where the same Wiener process Wt is shared by the state dynamics and the output map

dyt =
√
η Tr(Lmρt + ρtL

†
m) dt+ dWt. (2)

The state ρ is a density operator (a self-adjoint, non-negative and trace-one operator) on
a Hilbert space H. Its dynamics (1) are parameterized here via two self-adjoint operators
(Hamiltonians)H0 andH1 ([·, ·] stands for the commutator) and two Lindblad operators, Ld
describing a decoherence channel and Lm a measurement channel of efficiency η ∈ [0, 1].
When η = 0, ρ follows a deterministic linear master equation, called Lindblad master
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equation with two decoherence channels described by Ld and Lm,

d

dt
ρ = −i

[
H0 + uH1, ρ

]
+
∑

ν=d,m

LνρL
†
ν − 1

2
(L†νLνρ+ ρL†νLν) (3)

and the measurement yt = Wt boils down to a Wiener process without any relations with u
and ρ and thus can be discarded. Notice that (3) corresponds also to the ensemble average
dynamics of the SME (1). Notice also that the initial value problems (Cauchy problems)
attached to (1) or to (3) are non trivial mathematical problems when the dimension of
the underlying Hilbert space H is infinite and the Hamiltonian or Lindblad operators are
unbounded (see e.g [2, 45]).

These SME rely on the well developed theory of open quantum systems combining
irreversibility due to decoherence (quantum dissipation) [18, 14] and stochasticity due to
measurement back-action [49, 16, 17, 27, 26]. More general SME than the one depicted
on Fig. 1, with several Lindblad operators and/or driven by Poisson processes (counting
measurement), admit similar structures [39]. Even if the initial system is known to be non
Markovian, it is always possible in general to adjunct a dynamical model of the environment
and to recover a Markovian model with an SME structure but of larger dimension [14, part
IV]. For composite systems made of several interacting quantum sub-systems such SME
models are also derived from a quantum network theory [24, 23] gathering in a concise way,
quantum stochastic calculus [35], Heisenberg description of input/output theory [50, 22]
and quantum filtering [12].

The goal of this paper is to provide an introduction to the structure of these quantum
SME illustrated via a composite system made of two key quantum sub-systems (qubits and
photons, see A) and based on three fundamental quantum rules (unitary evolution derived
from Schrödinger equation, measurement back-action with the collapse of the wave-packet,
composite systems relying on tensor products, see B).

Section 2 is devoted to discrete-time formulation of SME. One starts with the Markov
chain modelling the LKB1 photon box of Fig. 2 [25] where photons are measured by probe
atoms described by two-level systems, i.e. qubits. Two kinds of interactions between the
photons and the atoms are considered (see A for operator notations) :

• dispersive interaction leading to Quantum Non Demolition (QND) measurement
of photons; the qubit/photon interaction is dispersive where Hint = −χ

(
|e〉〈e| −

|g〉〈g|
)
⊗ n (with χ a constant parameter) yields Uθ=χT = e−iTHint , the Schrödinger

propagator during the time T > 0, given by the explicit formula:

Uθ = |g〉〈g| ⊗ e−iθn + |e〉〈e| ⊗ eiθn, θ = χT (4)

where θ = χT .

• resonant interaction stabilizing then the photons in vacuum state; the qubit/photon

interaction is here resonant where Hint = iω
2

(
|g〉〈e| ⊗ a† − |e〉〈g| ⊗ a

)
(with ω a

1LKB for Laboratoire Kastler Brossel.
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C

B

D

R1
R2

Figure 2: Scheme of the LBK experiment where photons are observed via probe atoms.
The photons in blue are trapped between the two mirrors of the cavity C. They are probed
by two-level atoms (the small pink torus) flying out the preparation box B, passing through
the cavity C and measured in D. Each atom is manipulated before and after C in Ramsey
cavities R1 and R2, respectively. It is finally detected in D either in ground state |g〉 or in
excited state |e〉.

constant parameter) yields Uθ=ωT = e−iTHint , the Schrödinger propagator during the
time T > 0, given by the explicit formula:

Uθ = |g〉〈g| ⊗ cos(θ
√

n) + |e〉〈e| ⊗ cos(θ
√

n + I)

+ |g〉〈e| ⊗ sin(θ
√

n)√
n

a† − |e〉〈g| ⊗ a
sin(θ

√
n)√

n
(5)

where θ = ωT .

One explains on this key system how to take into account measurement errors and why
the density operator as quantum state is then crucial. One concludes section 2 with the
general structure of discrete-time SME governing the stochastic dynamics of open quantum
systems subject to unperfect measurement and decoherence.

Section 3 is devoted to continuous-time SME. One considers here the reverse situation
where the qubit is measured by probe photons. Dispersive interaction, measurement of
one quadrature Q of the photons (an observable with a continuous spectrum) and θ = χT
scaling as

√
dt yields a continuous-time SME driven by a Wiener process of form (1) with

Ld = 0, Lm ∝ σz and η = 1. One shows how measurement errors tend to decrease η towards
0. Then the general structure of diffusive SME is presented with an equivalent Kraus-map
formulation yielding alinear time-integration numerical scheme preserving the positivity
and the trace. Resonant interaction, measurement of the photon-number operator n and
θ = ωT scaling as dt yield a continuous-time SME driven by a Poisson process associated
to the measurement counter. One shows how to include measurement imperfections and
gives the structure of continuous-time SME driven by Poisson processes. Last subsection
of section 3 provides a very general structure of continuous-time SME driven by Wiener
and Poisson processes governing the stochastic dynamics of open quantum systems subject
to diffusive/counting unperfect measurements and decoherence.
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The conclusion section 4 provides some comments and references related to feedback,
parameter estimation and filtering issues. These comments and references are far from
being exhaustive.

2 Discrete-time formulation

2.1 Photons measured by qubits (dispersive interaction)

The wave function of the photon is denoted here by |ψ〉. From the scheme of Fig. 2, the
qubit produced by the B in state |g〉 is subject in R1 to a rotation of π/4 in the plane
span{|g〉 , |e〉}, then interacts during T dispersively with the photons in C, is subject to
the reverse rotation of −π/4 in R2 and finally is measured in D according to σz. The
Schrödinger evolution of the qubit/photon wave function |Ψ〉 between B and just before
D is given by the following unitary evolution U:

U =
(((

|g〉−|e〉√
2

)
〈g|+

(
|g〉+|e〉√

2

)
〈e|
)
⊗ I
)

(
|g〉〈g| ⊗ e−iθn + |e〉〈e| ⊗ eiθn

)

(((
|g〉+|e〉√

2

)
〈g|+

(
−|g〉+|e〉√

2

)
〈e|
)
⊗ I
)
.

Applied to the value of |Ψ〉 = |g〉 ⊗ |ψ〉 when the qubit leaves B, one gets2

U (|g〉 |ψ〉) = |g〉 cos(θn) |ψ〉+ |e〉 i sin(θn) |ψ〉 .

Measuring in D, the observable σz yields the collapse of |Ψ〉 into a separable state
|g〉 cos(θn) |ψ〉 or |e〉 i sin(θn) |ψ〉, eigen-vectors of σz ⊗ I ≡ σz with eigenvalues −1 or 1,
respectively. Numbering the qubit by the integer k and removing the qubit state, one gets
the following Markov process induced by the passage of qubit number k:

|ψk+1〉 =





cos(θn)|ψk〉√
〈ψk| cos2(θn)|ψk〉

if yk = g with probability 〈ψk| cos2(θn) |ψk〉 ;

i sin(θn)|ψk〉√
〈ψk| sin2(θn)|ψk〉

if yk = e with probability 〈ψk| sin2(θn) |ψk〉 ;

where yk ∈ {g, e} is the classical signal produced by the quantum measurement of qubit
k. The density operator formulation of this Markov process reads (ρ ≡ |ψ〉 〈ψ| ):

ρk+1 =





MgρkM
†
g

Tr(MgρkM
†
g)

if yk = g with probability Tr
(
MgρkM

†
g

)
;

MeρkM
†
e

Tr(MeρkM
†
e)

if yk = e with probability Tr
(
MeρkM

†
e

)
;

2Tensor sign ⊗ and tensor product with identity operator I are not explicitly recalled in the for-
mula as it is usually done when there is no ambiguity: |g〉 ⊗ |ψ〉 and |g〉〈g| ⊗ e−iθn + |e〉〈e| ⊗ eiθn

read then |g〉 |ψ〉 and |g〉〈g| e−iθn + |e〉〈e| eiθn; similarly
((
|g〉−|e〉√

2

)
〈g|+

(
|g〉+|e〉√

2

)
〈e|
)
⊗ I just becomes

((
|g〉−|e〉√

2

)
〈g|+

(
|g〉+|e〉√

2

)
〈e|
)

.
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with measurement Kraus operators Mg = cos(θn) and Me = sin(θn). Notice that M†
gMg+

M†
eMe = I.
When θ/π is irrational, each realization of this Markov process, starting from ρ0 satis-

fying ρ0 |n〉 = 0 for n large enough, converges almost surely towards a Fock state |n̄〉 〈n̄| for
some n̄. More precisely, the probability that a realisation converges towards |n̄〉 〈n̄| is given
by the initial population 〈n̄| ρ0 |n̄〉 (see, e.g.,[40, 11, 4]). This almost sure convergence can
be seen from the following Lyapunov function (super-martingale)

V (ρ) =
∑

0≤n1<n2

√
〈n1| ρ |n1〉 〈n2| ρ |n2〉

that converges in average towards 0 since its expectation value from step to step satisfies :

E
(
V (ρk+1)

∣∣∣ ρk
)
≤
(

max
0≤n1<n2

| cos(θ(n1 ± n2)|
)
V (ρk).

2.2 Photons measured by qubits (resonant interaction)

The photon wave function is still denoted by |ψ〉. The qubit coming from box B of Fig. 2
is in |g〉. The Ramsey zones R1 and R2 are inactive. The resonant interaction during the
passage of the qubit in C yields the propagator (5). Thus, the wave function |Ψ〉 of the
composite qubit/photon system, just before the qubit measurement in D, is as follows:

(
|g〉〈g| cos(θ

√
n) + |e〉〈e| cos(θ

√
n + I)

+ |g〉〈e| sin(θ
√

n)√
n

a† − |e〉〈g| asin(θ
√

n)√
n

)
|g〉 |ψ〉

= |g〉 cos(θ
√

n) |ψ〉 − |e〉 a
sin(θ

√
n)√

n
|ψ〉

Therefore, the resulting Markov process associated to the measurement of the observ-
able σz = |e〉〈e| − |g〉〈g| with classical signal y ∈ {g, e} is as follows:

|ψk+1〉 =





cos(θ
√
n)|ψk〉√

〈ψk| cos2(θ
√
n)|ψk〉

if yk = g with probability 〈ψk| cos2(θ
√

n) |ψk〉 ;

− a
sin(θ

√
n)√

n
|ψk〉√

〈ψk| sin2(θ
√
n)|ψk〉

if yk = e with probability 〈ψk| sin2(θ
√

n) |ψk〉 ;

The corresponding density operator formulation is then

ρk+1 =





MgρkM
†
g

Tr(MgρkM
†
g)

if yk = g with probability Tr
(
MgρkM

†
g

)
;

MeρkM
†
e

Tr(MeρkM
†
e)

if yk = e with probability Tr
(
MeρkM

†
e

)
;
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with measurement Kraus operators Mg = cos(θ
√

n) and Me = a sin(θ
√
n)√

n
. Notice that, once

again, M†
gMg + M†

eMe = I.
When θ

√
n/π is irrational for all positive integer n, this Markov process converges

almost surely towards vacuum state |0〉 〈0| when ρ0 |n〉 = 0 for n large enough. This
results from the following the Lyapunov function (super-martingale)

V (ρ) = Tr (nρ)

since
E
(
V (ρk+1)

∣∣∣ ρk
)

= V (ρk)− Tr
(
sin2(θ

√
n)ρk

)
.

2.3 Measurement errors

In presence of measurement imperfections and errors, one has to update the quantum ρ
according to Bayes rule by taking as quantum state, the expectation value of ρk+1 given
by

ρk+1 =





MgρkM
†
g

Tr(MgρkM
†
g)

if yk = g with probability Tr
(
MgρkM

†
g

)
;

MeρkM
†
e

Tr(MeρkM
†
e)

if yk = e with probability Tr
(
MeρkM

†
e

)
;

knowing ρk and the information provides by the imperfect measurement outcome. Assume
firstly, that the detector D is broken. Then, we get the following linear, trace-preserving
and completely positive map

ρk+1 = K(ρk) , E
(
ρk+1

∣∣∣ ρk
)

= MgρkM
†
g + MeρkM

†
e

called in quantum information a quantum channel (see [34]).
When the qubit detector D, producing the classical measurement signal yk ∈ {g, e},

has symmetric errors characterized by the single error rate η ∈ (0, 1), the probability of
detector outcome g (resp. e) knowing that the perfect outcome is e (resp. g), Bayes law
gives directly

ρk+1 =





E
(
ρk+1

∣∣∣ yk = g, ρk

)
=

(1−η)MgρkM
†
g+ηMeρkM

†
e

Tr
(

(1−η)MgρkM
†
g+ηMeρkM

†
e

)

with probability P(yk = g|ρk) = Tr
(

(1− η)MgρkM
†
g + ηMeρkM

†
e

)
,

E
(
ρk+1

∣∣∣ yk = e, ρk

)
=

ηMgρkM
†
g+(1−η)MeρkM

†
e

Tr
(
ηMgρkM

†
g+(1−η)MeρkM

†
e

)

with probability P(yk = e|ρk) = Tr
(
ηMgρkM

†
g + (1− η)MeρkM

†
e

)

(6)

Notice that a broken detector corresponds to η = 1/2 and one recovers the above quantum
channel.
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2.4 Stochastic Master Equation (SME) in discrete-time

In fact, the general structure of discrete-time SME can always be constructed from the
knowledge of a quantum channel (trace preserving completely positive map) having the
following Kraus decomposition (which is not unique)

K(ρ) =
∑

µ

MµρM
†
µ where

∑

µ

M†
µMµ = I

and a left stochastic matrix (ηy,µ) where y corresponds to the different imperfect measure-
ment outcomes. Set Ky(ρ) =

∑
µ ηy,µMµρM

†
µ. The SME associated to K and η reads

ρk+1 =
Kyk(ρk)

Tr (Kyk(ρk))
where yk = y with probability Tr (Ky(ρk))

Notice that K =
∑

yKy since η is left stochastic. Here the Hilbert space H is arbitrary
and can be of infinite dimension, the Kraus operator Mµ are bounded operator on H and
ρ is a density operator on H (Hermitian, trace-class with trace one, non-negative).

To recover the previous discrete-time SME (6), use the above general formulae with the
quantum channel K(ρ) = MgρM

†
g + MeρM

†
e and the left stochastic matrix

(
ηg,g = 1− ηe ηg,e = ηg
ηe,g = ηe ηe,e = 1− ηg

)

where ηg (resp. ηe) is the error probability associated to outcome g (resp. e). Notice that
in (6) the error model is symmetric with ηg = ηe corresponding to η ∈ [0, 1].

3 Continuous-time formulation

Contrarily to section 2, photons measure here a qubit.

3.1 Qubits measured by photons: dispersive interaction and discrete-
time

The qubit wave function is denoted by |ψ〉. The photons, before interacting with the

qubit, are in the coherent state
∣∣∣i α√

2

〉
with α real and strictly positive. The interaction

is dispersive according to (4). After the interaction and just before the measurement
performed on the photons, the composite qubit/photon wave function |Ψ〉 reads:

(
|g〉〈g| e−iθn + |e〉〈e| eiθn

)
|ψ〉
∣∣∣i α√

2

〉
= 〈g|ψ〉 |g〉

∣∣∣ie−iθ α√
2

〉
+ 〈e|ψ〉 |e〉

∣∣∣ieiθ α√
2

〉

since for any coherent state |β〉 of complex amplitude β, eiθn |β〉 is also a coherent state of
complex amplitude eiθβ (eiθn |β〉 =

∣∣eiθβ
〉
).
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Assume that the perfect measurement outcome y belongs to R and corresponds to
the phase-plane observable Q = a+a†√

2
having the entire real line as spectrum. Its spectral

decomposition reads formally Q =
∫ +∞
−∞ q |q〉〈q| dq where |q〉 is the wave function associated

to the eigen-value q. |q〉 is not a usual wave function, i.e., in L2(R,C), but one has formally
〈q|q′〉 = δ(q − q′) (see, e.g., [9]). Since

∣∣∣ie±iθ α√
2

〉
= 1

π1/4

∫ +∞

−∞
eiqα cos θe−

(q±α sin θ)2

2 |q〉 dq,

we have

〈g|ψ〉 |g〉
∣∣∣ie−iθ α√

2

〉
+ 〈e|ψ〉 |e〉

∣∣∣ieiθ α√
2

〉

= 1
π1/4

∫ +∞

−∞
eiqα cos θ

(
e−

(q−α sin θ)2

2 〈g|ψ〉 |g〉+ e−
(q+α sin θ)2

2 〈e|ψ〉 |e〉
)
|q〉 dq.

Thus

|ψk+1〉 = eiykα cos θ e−
(yk−α sin θ)2

2 〈g|ψk〉 |g〉+ e−
(yk+α sin θ)2

2 〈e|ψk〉 |e〉√
e−(yk−α sin θ)2| 〈g|ψk〉 |2 + e−(yk+α sin θ)2| 〈e|ψk〉 |2

where yk ∈ [y, y + dy] with probability e−(y−α sin θ)2 |〈g|ψk〉|2+e−(y+α sin θ)2 |〈e|ψk〉|2√
π

dy.
The density operator formulation reads then

ρk+1 =
MykρkM

†
yk

Tr
(
MykρkM

†
yk

) where yk ∈ [y, y + dy] with probability Tr
(
MyρkM

†
y

)
dy

and measurement Kraus operators

My = 1
π1/4 e

− (y−α sin θ)2

2 |g〉〈g|+ 1
π1/4 e

− (y+α sin θ)2

2 |e〉〈e| .
Notice that

Tr
(
MyρM

†
y

)
=

1√
π
e−(y−α sin θ)2 〈g| ρ |g〉+

1√
π
e−(y+α sin θ) 〈e| ρ |e〉 (7)

and
∫ +∞
−∞ M†

yMy dy = |g〉〈g|+ |e〉〈e| = I.
For α 6= 0, one has almost sure convergence towards |g〉 or |e〉 deduced from the following

Lyapunov function
V (ρ) =

√
〈g| ρ |g〉 〈e| ρ |e〉

and
E
(
V (ρk+1)

∣∣∣ ρk
)

= e−α
2 sin2 θ V (ρk).

Assume that the detection of y is not perfect. The probability density of y knowing that

the perfect detection is q is also a Gaussian given by 1√
πσ
e−

(y−q)2
σ for some error parameter

σ > 0. Then the above Markov process becomes

ρk+1 =
Kyk(ρk)

Tr (Kyk(ρk))
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where

Ky(ρ) =

∫ ∞

−∞
1√
πσ
e−

(y−q)2
σ MqρM

†
q dq

Standard computations show that

Ky(ρ) = 1√
π(1+σ)

(
e−

(y−α sin θ)2

1+σ 〈g|ρ|g〉 |g〉〈g|+ e−
(y+α sin θ)2

1+σ 〈e|ρ|e〉 |e〉〈e|

+e−
y2

1+σ
−(α sin θ)2

(
〈e|ρ|g〉 |e〉〈g|+ 〈g|ρ|e〉 |g〉〈e|

))
.

3.2 Dispersive interaction and continuous-time diffusive limit

Consider the above Markov process with perfect detection y ∈ R. From (7), one gets

E
(
yk

∣∣∣ ρk = ρ
)
, y = −α sin θ Tr (σzρ) , E

(
y2
k

∣∣∣ ρk = ρ
)
, y2 = 1/2 + (α sin θ)2.

When 0 < α sin θ = ε� 1, we have up-to third order terms versus εy,

MyρM
†
y

Tr
(
MyρM

†
y

) =
(cosh(εy)− sinh(εy)σz)ρ(cosh(εy)− sinh(εy)σz)

cosh(2εy)− sinh(2εy)Tr (σzρ)

≈ ρ− εy(σzρ+ ρσz) + (εy)2(ρ+ σzρσz)

1− 2εyTr (σzρ) + 2(εy)2

= ρ+ (εy)2
(
σzρσz − ρ

)
+
(
σzρ+ ρσz − 2Tr (σzρ) ρ

)(
− εy − 2(εy)2Tr (σzρ)

)
.

Replacing ε2y2 by its expectation value independent of ρ one gets, up to third order terms
versus εy and ε:

MyρM
†
y

Tr
(
MyρM

†
y

) ≈ ρ+ ε2

2

(
σzρσz − ρ

)
+
(
σzρ+ ρσz − 2Tr (σzρ) ρ

)(
− εy − ε2Tr (σzρ)

)
.

Set ε2 = 2dt and εy = −2Tr (σzρ) dt− dW . Since by construction

E
(
εyk

∣∣∣ ρk = ρ
)

= −ε2Tr (σzρ) and E
(

(εyk)
2
∣∣∣ ρk = ρ

)
= ε2 + ε4

one has E
(
dW

∣∣∣ ρ
)

= 0 and E
(
dW 2

∣∣∣ ρ
)

= dt up to order 4 versus ε. Thus for dt very

small, we recover the following diffusive SME

ρt+dt = ρt + dt
(
σzρtσz − ρ

)
+
(
σzρt + ρtσz − 2Tr (σzρt) ρ

)(
dyt − 2Tr (σzρt) dt

)

with dyt = 2Tr (σzρt) dt+ dWt replacing −εy and dy2
t = dW 2

t = dt according to Ito rules.
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With measurement errors parameterized by σ > 0, the partial Kraus map

Ky(ρ) = 1√
π(1+σ)

(
e−

(y−ε)2
1+σ 〈g|ρ|g〉 |g〉〈g|+ e−

(y+ε)2

1+σ 〈e|ρ|e〉 |e〉〈e|

+e−
y2

1+σ
−ε2( 〈e|ρ|g〉 |e〉〈g|+ 〈g|ρ|e〉 |g〉〈e|

))

yields

E
(
yk

∣∣∣ ρk
)
, y = −εTr (σzρ) , E

(
y2
k

∣∣∣ ρk
)
, y2 = (1 + σ)/2 + ε2.

From

Ky(ρ)

=
e−

y2+ε2

1+σ

2
√
π(1 + σ)

(
cosh

(
2yε
1+σ

)(
ρ+ σzρσz

)
− sinh

(
2yε
1+σ

)(
σzρ+ ρσz

)
+ e−

σε2

1+σ

(
ρ− σzρσz

))
.

and

Tr (Ky(ρ)) =
e−

y2+ε2

1+σ

2
√
π(1 + σ)

(
cosh

(
2yε
1+σ

)
− sinh

(
2yε
1+σ

)
Tr (σzρ)

)

one gets

Ky(ρ)

Tr (Ky(ρ))
=

(
1 + e

−
σε2

1+σ

cosh
(

2yε
1+σ

)
)
ρ+

(
1 + e

−
σε2

1+σ

cosh
(

2yε
1+σ

)
)
σzρσz − tanh

(
2yε
1+σ

)
(σzρ+ ρσz)

2
(
1− tanh

(
2yε
1+σ

)
Tr (σzρ)

) .

Up to third order terms versus εy, one has then

Ky(ρ)

Tr (Ky(ρ))
= ρ+

(
(εy)2

(1+σ)2
+ σε2

2(1+σ)

)
(σzρσz−ρ)−

(
εy

1+σ
+ 2(εy)2

(1+σ)2
Tr (σzρ)

) (
σzρ+ρσz−2Tr (σzρ) ρ

)
.

Replacing ε2y2 by its average independent of ρ one gets

Ky(ρ)

Tr (Ky(ρ))
= ρ+ ε2

2
(σzρσz − ρ)−

(
εy

1+σ
+ ε2

1+σ
Tr (σzρ)

) (
σzρ+ ρσz − 2Tr (σzρ) ρ

)
.

Set ε2 = 2dt and εy = −2Tr (σzρ) dt−
√

1 + σ dW . Since by construction

E
(
εy
∣∣∣ ρ
)

= −ε2Tr (σzρ) and E
(

(εy)2
∣∣∣ ρ
)

= ε2/(1 + σ) + ε4

one has E
(
dW

∣∣∣ ρ
)

= 0 and E
(
dW 2

∣∣∣ ρ
)

= dt. Thus for dt very small, we recover the

following SME with detection efficiency η = 1
1+σ

ρt+dt = ρt + dt
(
σzρtσz − ρ

)
+
√
η
(
σzρt + ρtσz − 2Tr (σzρt) ρ

)
dWt

11



with dyt =
√
ηTr (σzρt + ρtσz) + dWt corresponding to −εy/

√
1 + σ and dWt a Wiener

process satisfying Ito rules dW 2
t = dt.

Convergence towards either |g〉 or |e〉 is based on the following Lyapunov fonction

V (ρ) =
√

1− Tr (σzρ)2. According to Ito rules, one has

dV = − zdz√
1− z2

− dz2

2(1− z2)3/2
= − zdz√

1− z2
− 2η2V dt

where z = Tr (σzρ), dz = 2η(1 − z2)dW and dz2 = 4η2(1 − z2)2dt. Since E
(
dz
∣∣∣ z
)

= 0,

V̄t = E
(
V (zt)

∣∣∣ z0

)
converges exponentially to 0 since governed by the linear differential

equation
d

dt
V̄t = −2η2V̄t, V̄0 = V (z0).

For more general and precise results on diffusive SME corresponding to QND measurements
and measurement-based feedback issues see [10, 32, 15].

3.3 Diffusive SME

As studied in [8], the general form of diffusive SME admits the following Ito formulation:

dρt =

(
−i[H, ρt] +

∑

ν

LνρtL
†
ν −

1

2
(L†νLνρt + ρtL

†
νLν)

)
dt

+
∑

ν

√
ην
(
Lνρt + ρtL

†
ν − Tr

(
(Lν + L†ν)ρt

)
ρt
)
dWν,t,

dyν,t =
√
ηνTr

(
Lνρt + ρtL

†
ν

)
dt+ dWν,t

with efficiencies ην ∈ [0, 1] and dWν,t being independent Wiener processes. Here the Hilbert
space H is arbitrary, H is Hermitian and Lν are arbitrary operators of H not necessarily
Hermitian. Each label µ such that ηµ = 0 corresponds here to a decoherence channel
that can be seen as an unread measurement performed by a sub-system belonging to the
environment, see [25, chapter 4].

With Ito rules, this SME admits also the following equivalent formulation:

ρt+dt =
MdytρtM

†
dyt

+
∑

ν(1− ην)LνρtL
†
νdt

Tr
(
MdytρtM

†
dyt

+
∑

ν(1− ην)LνρtL
†
νdt
)

with

Mdyt = I +

(
−iH− 1

2

∑

ν

L†νLν

)
dt+

∑

ν

√
ηνdyν,tLν .

12



Moreover dyν,t = sν,t
√
dt follows the following probability density knowing ρt:

P
(

(sν,t ∈ [sν , sν + dsν ])ν | ρt
)

= Tr

(
Ms
√
dt ρtM

†
s
√
dt

+
∑

ν

(1− ην)LνρtL
†
νdt

)∏

ν

e−
s2ν
2 dsν√
2π

that remains a linear function of ρ, as imposed by the quantum measurement law.
In finite dimension N , this formulation implies directly that any diffusive SME admits

a unique solution remaining for all t ≥ 0 in {ρ ∈ CN×N : ρ = ρ†, ρ ≥ 0, Tr (ρ) = 1}.

3.4 Kraus maps and numerical schemes for diffusive SME

From the above formulation, one can construct a linear, positivity and trace preserving
numerical integration scheme for such diffusive SME (see [28, appendix B]):

dρt =

(
−i[H, ρt] +

∑

ν

LνρtL
†
ν −

1

2
(L†νLνρt + ρtL

†
νLν)

)
dt

+
∑

ν

√
ην
(
Lνρt + ρtL

†
ν − Tr

(
(Lν + L†ν)ρt

)
ρt
)
dWν,t,

dyν,t =
√
ηνTr

(
Lνρt + ρtL

†
ν

)
dt+ dWν,t

With

M0 = I +
(
− iH− 1

2

∑

ν

L†νLν

)
dt, S = M†

0M0 +

(∑

ν

L†νLν

)
dt

set
M̃0 = M0S

−1/2, L̃ν = LνS
−1/2

Sampling of dyν,t = sν,t
√
dt according to the following probability law:

P
(

(sν,t ∈ [sν , sν + dsν ])ν | ρt
)

= Tr

(
M̃s
√
dtρtM̃

†
s
√
dt

+
∑

ν

(1− ην)L̃νρtL̃
†
νdt

)∏

ν

e−
s2ν
2 dsν√
2π

.

where
M̃dyt = M̃0 +

∑

ν

√
ηνdyν,tL̃ν .

The update ρt+dt is then given by the following exact Kraus-map formulation:

ρt+dt =
M̃dytρtM̃

†
dyt

+
∑

ν(1− ην)L̃νρtL̃
†
νdt

Tr
(
M̃dytρtM̃

†
dyt

+
∑

ν(1− ην)L̃νρtL̃
†
νdt
) .

Notice that the operators M̃dyt and L̃ν are bounded operators even if H and Lν are un-
bounded.

13



One can also use the following splitting scheme when the unitary operator e−
idt
2
H is

numerically available and where in the above calculations M0 is reduced to I− dt
2

∑
ν L†νLν :

ρt+dt = e−
idt
2
H

M̃dyte
− idt

2
Hρte

idt
2
HM̃†

dyt
+
∑

ν(1− ην)L̃νe
− idt

2
Hρte

idt
2
HL̃†νdt

Tr
(
M̃dyte

− idt
2
Hρte

idt
2
HM̃†

dyt
+
∑

ν(1− ην)L̃νe
− idt

2
Hρte

idt
2
HL̃†νdt

)e idt2 H.

3.5 Qubits measured by photons (resonant interaction)

The qubit wave function is denoted by |ψ〉. The photons, before interacting with the
qubit, are in the vacuum state |0〉. The interaction is resonant according to (5). After
the interaction and just before the measurement performed on the photons, the composite
qubit/photon wave function |Ψ〉 reads:

(
|g〉〈g| cos(θ

√
n) + |e〉〈e| cos(θ

√
n + I)

+ |g〉〈e| sin(θ
√

n)√
n

a† − |e〉〈g| asin(θ
√

n)√
n

)
|ψ〉 |0〉

=
(
〈g|ψ〉 |g〉+ cos θ 〈e|ψ〉 |e〉

)
|0〉+ sin θ 〈e|ψ〉 |g〉 |1〉 .

The Markov process with measurement observable n =
∑

n≥0 n |n〉〈n| and outcome y ∈
{0, 1} reads (density operator formulation)

ρk+1 =





M0ρkM
†
0

Tr(M0ρkM
†
0)

if yk = 0 with probability Tr
(
M0ρkM

†
0

)
;

M1ρkM
†
1

Tr(M1ρkM
†
1)

if yk = 1 with probability Tr
(
M1ρkM

†
1

)
;

with measurement Kraus operators M0 = |g〉〈g|+cos θ |e〉〈e| and M1 = sin θ |g〉〈e|. Notice
that M†

0M0 + M†
1M1 = I.

Almost convergence analysis when cos2(θ) < 1 towards |g〉 can be seen via the Lyapunov
function (super martingale)

V (ρ) = Tr (|e〉〈e| ρ)

since
E
(
V (ρk+1)

∣∣∣ ρk
)

= cos2 θ V (ρk).

3.6 Towards jump SME

Since in the above Markov process Tr
(
M0ρM

†
0

)
= 1−sin2 θTr (σ−ρσ+) and Tr

(
M1ρM

†
1

)
=

sin2 θTr (σ−ρσ+), one gets with sin2 θ = dt and y being denoted by dN , an SME driven by

14



Poisson process dNt ∈ {0, 1} of expectation value Tr (σ−ρtσ+) dt knowing ρt:

dρt =
(
σ−ρtσ+ − 1

2
(σ+σ−ρt + ρtσ+σ−)

)
dt

+

(
σ−ρtσ+

Tr (σ−ρtσ+)
− ρt

)(
dNt −

(
Tr (σ−ρtσ+)

)
dt
)
.

At each time-step, one has the following choice:

• with probabilty 1− Tr (σ−ρtσ+) dt, dNt = Nt+dt −Nt = 0 and

ρt+dt =
M0ρtM

†
0

Tr
(
M0ρtM

†
0

)

with M0 = I− dt
2
σ+σ−.

• with probability Tr (σ−ρtσ+) dt, dNt = Nt+dt −Nt = 1 and

ρt+dt =
M1ρtM

†
1

Tr
(
M1ρtM

†
1

)

with M1 =
√
dt σ−.

To take into account shot noise of rate θ̄ ≥ 0 and detection efficiency η̄ ∈ [0, 1], consider
the following left stochastic matrix

(
1− θ̄dt 1− η̄
θ̄dt η̄

)

where θ̄dt is the probability to detect y = 1, knowing that the true outcome is 0 (fault
detection associated to shot noise) and where η̄ is the probability to detect y = 1 knowing
that the true outcome is 1 (detection efficiency). Then the above stochastic master equation
becomes

dρt =
(
σ−ρtσ+ − 1

2
(σ+σ−ρt + ρtσ+σ−)

)
dt

+

(
θ̄ρt + η̄σ−ρtσ+

Tr
(
θ̄ρt + η̄σ−ρtσ+

) − ρt
)(

dNt −
(
θ̄ + η̄Tr (σ−ρtσ+)

)
dt
)
.

At each time-step, one has the following recipe

• dNt = Nt+dt −Nt = 0 and

ρt+dt =
(1− θ̄dt)M0ρtM

†
0 + (1− η̄)M1ρtM

†
1

Tr
(

(1− θ̄dt)M0ρtM
†
0 + (1− η̄)M1ρtM

†
1

)

=
M0ρtM

†
0 + (1− η̄)M1ρtM

†
1

Tr
(
M0ρtM

†
0 + (1− η̄)M1ρtM

†
1

) +O(dt2).
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with probability

1−
(
θ̄ + η̄Tr (σ−ρtσ+)

)
dt = Tr

(
(1− θ̄dt)M0ρtM

†
0 + (1− η̄)M1ρtM

†
1

)
+O(dt2)

and where M0 = I− dt
2
σ+σ− and M1 =

√
dt σ−.

• dNt = Nt+dt −Nt = 1 and

ρt+dt =
θ̄ dtM0ρtM

†
0 + η̄M1ρtM

†
1

Tr
(
θ̄ dtM0ρtM

†
0 + η̄M1ρtM

†
1

) =
θ̄ρt + η̄σ−ρtσ+

θ̄ + η̄Tr (σ−ρtσ+)
+ O(dt)

with probability

(θ̄ + η̄Tr (σ−ρtσ+)
)
dt = Tr

(
θ̄ dtM0ρtM

†
0 + η̄M1ρtM

†
1

)
+O(dt2)

3.7 Jump SME in continuous-time

The above computations with dt very small emphasize the following general structure of a
Jump SME in continuous time. With the counting process Nt having increment expectation

value knowing ρt given by 〈dNt〉 =
(
θ̄ + η̄Tr

(
V ρtV

†) ) dt, and detection imperfections

modeled by θ̄ ≥ 0 (shot-noise rate) and η̄ ∈ [0, 1] (detection efficiency), the quantum state
ρt is usually mixed and obeys to

dρt =
(
−i[H, ρt] + VρtV

† − 1
2
(V†Vρt + ρtV

†V)
)
dt

+

(
θ̄ρt + η̄VρtV

†

θ̄ + η̄Tr (VρtV†)
− ρt

)(
dNt −

(
θ̄ + η̄Tr

(
VρtV

†) ) dt
)
.

Here H and V are operators on an underlying Hilbert space H, H being Hermitian. At
each time-step between t and t+ dt, one has

• dNt = 0 with probability 1−
(
θ̄ + η̄Tr

(
VρtV

†) ) dt

ρt+dt =
M0ρtM

†
0 + (1− η̄)VρtV

†dt

Tr
(
M0ρtM

†
0 + (1− η̄)VρtV†dt

)

where M0 = I −
(
iH + 1

2
V†V

)
dt.

• dNt = 1 with probability
(
θ̄ + η̄Tr

(
VρtV

†) ) dt,

ρt+dt =
θ̄ρt + η̄VρtV

†

θ̄ + η̄Tr (VρtV†)
.

These SME have been introduced in the Physics literature in [17, 21].
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3.8 General mixed diffusive/jump SME

One can combine in a single SME Wiener and Poisson noises induced by diffusive and
counting measurements. The quantum state ρt, usually mixed, obeys to

dρt =
(
−i[H, ρt] + LρtL

† − 1
2
(L†Lρt + ρtL

†L) + VρtV
† − 1

2
(V†Vρt + ρtV

†V)
)
dt

+
√
η

(
Lρt + ρtL

† − Tr
(
(L + L†)ρt

)
ρt

)
dWt

+

(
θ̄ρt + η̄VρtV

†

θ̄ + η̄Tr (VρtV†)
− ρt

)(
dNt −

(
θ̄ + η̄Tr

(
VρtV

†) ) dt
)

With dyt =
√
ηTr

(
(L + L†) ρt

)
dt+dWt and dNt = 0 with probability 1−

(
θ̄+η̄Tr

(
VρtV

†) ) dt.
The Kraus-map equivalent formulation reads:

• for dNt = 0 of probability 1−
(
θ̄ + η̄Tr

(
VρtV

†) ) dt

ρt+dt =
MdytρtM

†
dyt

+ (1− η)LρtL
†dt+ (1− η̄)VρtV

†dt

Tr
(
MdytρtM

†
dyt

+ (1− η)LρtL†dt+ (1− η̄)VρtV†dt
)

with Mdyt = I −
(
iH + 1

2
L†L + 1

2
V†V

)
dt+

√
ηdytL.

• for dNt = 1 of probability
(
θ̄ + η̄Tr

(
VρtV

†) ) dt:

ρt+dt =
Mdyt ρ̃tM

†
dyt

+ (1− η)Lρ̃tL
†dt+ (1− η̄)Vρ̃tV

†dt

Tr
(
Mdyt ρ̃tM

†
dyt

+ (1− η)Lρ̃tL†dt+ (1− η̄)Vρ̃tV†dt
) with ρ̃t =

θ̄ρt + η̄VρtV
†

θ̄ + η̄Tr (VρtV†)

More generally, one can consider several independent Wiener and Poisson processes.
The corresponding SME reads then

dρt =

(
−i[H, ρt] +

∑

ν

LνρtL
†
ν − 1

2(L†νLνρt + ρtL
†
νLν) +

∑

µ

VµρtV
†
µ − 1

2(V†µVµρt + ρtV
†
µVµ)

)
dt

+
∑

ν

√
ην

(
Lνρt + ρtL

†
ν − Tr

(
(Lν + L†ν)ρt

)
ρt

)
dWν,t

+
∑

µ


 θ̄µρt +

∑
µ′ η̄µ,µ′Vµ′ρtV

†
µ′

θ̄µ +
∑

µ′ η̄µ,µ′Tr
(
Vµ′ρtV

†
µ′

) − ρt




dNµ,t −

(
θ̄µ +

∑

µ′
η̄µ,µ′Tr

(
Vµ′ρtV

†
µ′

))
dt




where ην ∈ [0, 1], θ̄µ, η̄µ,µ′ ≥ 0 with η̄µ′ =
∑

µ η̄µ,µ′ ≤ 1 are parameters modelling measure-
ments imperfections.

The equivalent Kraus-map formulation is the following
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• When ∀µ, dNµ,t = 0 (probability 1−∑µ

(
θ̄µ + η̄µTr

(
VµρtV

†
µ

) )
dt) we have

ρt+dt =
MdytρtM

†
dyt

+
∑

ν(1− ην)LνρtL
†
νdt+

∑
µ(1− η̄µ)VµρtV

†
µdt

Tr
(
MdytρtM

†
dyt

+
∑

ν(1− ην)LνρtL
†
νdt+

∑
µ(1− η̄µ)VµρtV

†
µdt
)

with Mdyt = I −
(
iH + 1

2

∑
ν L†νLν + 1

2

∑
µ V†µVµ

)
dt +

∑
ν

√
ηνdyνtLν and where

dyν,t =
√
ηνTr

(
(Lν + L†ν) ρt

)
dt+ dWν,t.

• If, for some µ, dNµ,t = 1 (probability
(
θ̄µ +

∑
µ′ η̄µ,µ′Tr

(
Vµ′ρtV

†
µ′

))
dt) we have a

similar transition rule

ρt+dt =
Mdyt ρ̃tM

†
dyt

+
∑

ν(1− ην)Lν ρ̃tL
†
νdt+

∑
µ′(1− η̄µ′)Vµ′ ρ̃tV

†
µ′dt

Tr
(
Mdyt ρ̃tM

†
dyt

+
∑

ν(1− ην)Lν ρ̃tL
†
νdt+

∑
µ′(1− η̄µ′)Vµ′ ρ̃tV

†
µ′dt
)

with ρ̃t =
θ̄µρt+

∑
µ′ η̄µ,µ′Vµ′ρtV

†
µ′

θ̄µ+
∑
µ′ η̄µ,µ′Tr

(
Vµ′ρtV

†
µ′
) .

4 Conclusion

These SME driven by diffusive measurements or counting measurements are now the object
of numerous control-theoretical and mathematical investigations that can be divided into
two main issues. The first issues are related to feedback stabilization of a target quantum
state (quantum state preparation) or of quantum subspace as in quantum error correction.
One can distinguish several kinds of quantum feedback:

• Markovian feedback [49] which is in fact a static output feedback usually used in
discrete-time quantum error correction. Its main interest relies on the closed-loop
ensemble average dynamics which is a linear quantum channel for which several
stability properties are available (see, e.g.,[34, 36, 43]).

• measurement-based feedback where the control-loop is still achieved by a classical
controller taking into account the past measurement outcomes. Quantum-state feed-
back is such typical feedback where the quantum state is estimated via a quantum
filter (see, e.g.,[1, 42, 4, 32, 15]).

• Coherent feedback where the controller is a quantum dissipative system [24]. It has its
origin in optical pumping and coherent population trapping [30, 6]. Such feedback
structures are now the object of active researches in the context of autonomous
quantum error correction (see, e.g., [48, 41, 31, 33, 37]).

The second issues are related to filtering and estimation. They are closely related to
quantum-state or quantum-process tomography:
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• Quantum filtering that can be seen as the quantum analogue of state asymptotic
observers. It has its origin in the seminal work of [12]. It can be shown that quan-
tum filtering is always a stable process in average (see [38, 3]). Characterization of
asymptotic almost-sure convergence is an open-problem with recent progresses (see,
e.g., [47, 5]).

• Estimation of a quantum state or classical parameters estimation based on repeated
measurements including imperfection and decoherence during the measurement pro-
cess relies on quantum SME (see, e.g., [44, 46])
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1992.

[36] D. Petz. Monotone metrics on matrix spaces. Linear Algebra and its Applications,
244:81–96, 1996.

[37] R. Lescanne et al. Exponential suppression of bit-flips in a qubit encoded in an
oscillator. Nat. Phys., 16:509–513, 2020.

21



[38] P. Rouchon. Fidelity is a sub-martingale for discrete-time quantum filters. IEEE
Transactions on Automatic Control, 56(11):2743–2747, 2011.

[39] P. Rouchon. Models and Feedback Stabilization of Open Quantum Systems. In Pro-
ceedings of International Congress of Mathematicians, volume IV, pages 921–946,
2014. see also: http://arxiv.org/abs/1407.7810.

[40] S. Haroche, M. Brune, and J.M. Raimond. Measuring photon numbers in a cavity
by atomic interferometry: optimizing the convergence procedure. J. Phys. II France,
2(4):659–670, 1992.

[41] S. Sarlette, M. Brune, J.M. Raimond, and P. Rouchon. Stabilization of nonclassical
states of the radiation field in a cavity by reservoir engineering. Phys. Rev. Lett.,
107:010402, 2011.

[42] C. Sayrin, I. Dotsenko, X. Zhou, B. Peaudecerf, Th. Rybarczyk, S. Gleyzes, P. Rou-
chon, M. Mirrahimi, H. Amini, M. Brune, J.M. Raimond, and S. Haroche. Real-time
quantum feedback prepares and stabilizes photon number states. Nature, 477:73–77,
2011.

[43] R. Sepulchre, A. Sarlette, and P. Rouchon. Consensus in non-commutative spaces. In
Decision and Control (CDC), 2010 49th IEEE Conference on, pages 6596–6601, 2010.

[44] P. Six, Ph. Campagne-Ibarcq, I. Dotsenko, A. Sarlette, B. Huard, and P. Rouchon.
Quantum state tomography with noninstantaneous measurements, imperfections, and
decoherence. Phys. Rev. A, 93:012109, Jan 2016.

[45] V.E. Tarasov. Quantum Mechanics of Non-Hamiltonian and Dissipative Systems.
Elsevier, 2008.

[46] Antoine Tilloy. Exact signal correlators in continuous quantum measurements. Phys.
Rev. A, 98:010104, Jul 2018.

[47] R. van Handel. The stability of quantum Markov filters. Infin. Dimens. Anal. Quan-
tum Probab. Relat. Top., 12:153–172, 2009.

[48] F. Verstraete, M.M. Wolf, and I.J. Cirac. Quantum computation and quantum-state
engineering driven by dissipation. Nat Phys, 5(9):633–636, September 2009.

[49] H.M. Wiseman and G.J. Milburn. Quantum Measurement and Control. Cambridge
University Press, 2009.

[50] B. Yurke and J.S. Denker. Quantum network theory. Phys. Rev. A, 29(3):1419–1437,
March 1984.

22



A Notations used for qubits and photons

1. The qubit with a two-dimensional Hilbert space:

• Hilbert space: H = C2 =
{
ψg |g〉+ ψe |e〉 , ψg, ψe ∈ C

}
with ortho-normal basis

|g〉 and |e〉 (Dirac notations).

• Quantum state space: D = {ρ ∈ L(H), ρ† = ρ,Tr (ρ) = 1, ρ ≥ 0} .
• Pauli operators and commutations:
σ− = |g〉 〈e|, σ+ = σ†− = |e〉 〈g|
σx = σ− + σ+ = |g〉 〈e|+ |e〉 〈g|;
σy = iσ− − iσ+ = i |g〉 〈e| − i |e〉 〈g|;
σz = σ+σ− − σ−σ+ = |e〉〈e| − |g〉〈g|;
σ2
x = I, σxσy = iσz, [σx, σy] = 2iσz, . . .

• Hamiltonian: H = ωqσz/2 + uqσx.

• Bloch sphere representation:

D =
{

1
2

(
I + xσx + yσy + zσz

) ∣∣ (x, y, z) ∈ R3, x2 + y2 + z2 ≤ 1
}

2. The photons of the quantum harmonic oscillator with an infinite dimensional Hilbert:

• Hilbert space: H =
{∑

n≥0 ψn |n〉 , (ψn)n≥0 ∈ l2(C)
}
≡ L2(R,C) with the

infinite dimensional orthonormal basis
(
|n〉
)
n=0,1,2,...

.

• Quantum state space: D = {ρ ∈ L(H) trace class, ρ† = ρ,Tr (ρ) = 1, ρ ≥ 0}
corresponding to trace-class Hermitian operators on H with unit trace.

• Operators and commutations:
Annihilation and creation operator: a |n〉 =

√
n |n− 1〉, a† |n〉 =

√
n+ 1 |n+ 1〉;

Number operator: n = a†a, n |n〉 = n |n〉;
[a, a†] = I, af(n) = f(n + I)a for any function f ;
Coherent displacement unitary operator Dα = eαa

†−α†a.
Position Q and momentum operators P:

a = Q+iP√
2

= 1√
2

(
q + d

dq

)
, [Q,P] = ıI.

• Hamiltonian: H = ωca
†a + uc(a + a†).

(associated classical dynamics: dq
dt

= ωcp,
dp
dt

= −ωcq −
√

2uc).

• Quasi-classical pure state≡ coherent state |α〉 α ∈ C : |α〉 =
∑

n≥0

(
e−|α|

2/2 αn√
n!

)
|n〉;

|α〉 ≡ 1
π1/4 e

ı
√

2q=αe−
(q−
√
2<α)2
2 ; a |α〉 = α |α〉, Dα |0〉 = |α〉.

B Three quantum rules

This appendix is borrowed from [39]
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1. The state of a quantum system is described either by the wave function |ψ〉 a vector
of length one belonging to some separable Hilbert space H of finite or infinite dimen-
sion, or, more generally, by the density operator ρ that is a non-negative Hermitian
operator on H with trace one. When the system can be described by a wave function
|ψ〉 (pure state), the density operator ρ coincides with the orthogonal projector on the
line spanned by |ψ〉 and ρ = |ψ〉 〈ψ| with usual Dirac notations. In general the rank
of ρ exceeds one, the state is then mixed and cannot be described by a wave function.
When the system is closed, the time evolution of |ψ〉 is governed by the Schrödinger
equation (here ~ ≡ 1)

d

dt
|ψ〉 = −iH |ψ〉 (8)

where H is the system Hamiltonian, an Hermitian operator on H that could possibly
depend on time t via some time-varying parameters (classical control inputs). When
the system is closed, the evolution of ρ is governed by the Liouville/von-Neumann
equation

d

dt
ρ = −i

[
H, ρ

]
= −i

(
Hρ− ρH

)
. (9)

2. Dissipation and irreversibility has its origin in the ”collapse of the wave packet”
induced by the measurement. A measurement on the quantum system of state |ψ〉
or ρ is associated to an observable O, an Hermitian operator on H, with spectral
decomposition

∑
µ λµPµ: Pµ is the orthogonal projector on the eigen-space associated

to the eigen-value λµ (λµ 6= λµ′ for µ 6= µ′). The measurement process attached to O
is assumed to be instantaneous and obeys to the following rules:

• the measurement outcome µ is obtained with probability Pµ = 〈ψ|Pµ |ψ〉 or
Pµ = Tr (ρPµ), depending on the state |ψ〉 or ρ just before the measurement;

• just after the measurement process, the quantum state is changed to |ψ〉+ or ρ+

according to the mappings

|ψ〉 7→ |ψ〉+ =
Pµ |ψ〉√
〈ψ|Pµ |ψ〉

or ρ 7→ ρ+ =
PµρPµ

Tr (ρPµ)

where µ is the observed measurement outcome. These mappings describe the
measurement back-action and have no classical counterpart.

3. Most systems are composite systems built with several sub-systems. The quantum
states of such composite systems live in the tensor product of the Hilbert spaces of
each sub-system. This is a crucial difference with classical composite systems where
the state space is built with Cartesian products. Such tensor products have important
implications such as entanglement with existence of non separable states. Consider a
bi-partite system made of two sub-systems: the sub-system of interest S with Hilbert
space HS and the measured sub-system M with Hilbert space HM . The quantum state
of this bi-partite system (S,M) lives in H = HS ⊗ HM . Its Hamiltonian H is con-
structed with the Hamiltonians of the sub-systems, HS and HM , and an interaction
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Hamiltonian Hint made of a sum of tensor products of operators (not necessarily
Hermitian) on S and M :

H = HS ⊗ IM + Hint + IS ⊗HM

with IS and IM identity operators on HS and HM , respectively. The measurement
operator O = IS⊗OM is here a simple tensor product of identity on HS and the Her-
mitian operator OM on HM , since only system M is directly measured. Its spectrum
is degenerate: the multiplicities of the eigenvalues are necessarily greater or equal to
the dimension of HS.
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