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Open-loop control: state preparation and logical gates
Mazyar Mirrahimi ! and Pierre Rouchon !

This lecture investigates two types of questions:

1. State preparation: for |1)) obeying a controlled Schrédinger equation i% V) = (Ho +
> iy upHy) [¢) with a given initial condition [¢;), find an open-loop control [0,T] >
t — u(t) = (ur(t),ua(t), - ,um(t)) such that at a final time T, |¢)) has reached a
pre-specified target state [1)¢).

2. Logical gates: for the unitary propagator U obeying the controlled Schrodinger equation
i%U = (Ho+ Y - ugHy)U with initial condition U(0) = I, find an open-loop
control [0,T] 3 t — u(t) = (u1(t),ua(t), -+ ,um(t)) such that at a final time 7', U has
reached a pre-specified target unitary operation U ;. This target unitary operation is
the so-called logical gate we seek to implement.

In different sections, emphasis is put on different methods to construct efficient open-
loop steering controls: resonant control and the rotation wave approximation are treated
in section 1; quasi-static controls exploiting adiabatic invariance are presented in section 2;
optimal control techniques are investigated in section 3. All these control techniques are
routinely used in experiments that could be modeled as spins, springs or composite spin-
spring systems. Therefore, while we provide a general framework for these techniques, we will
emphasize on their application to spin-spring systems.

Note once again that [) and e? [)) for any phase 6 € [0, 2] represent the same physical
state. Therefore, the relevant state preparation control problem consists of, finding for a given
initial and final state, |1);) and [¢)f), a set of piecewise continuous controls [0,7] > t — uy(t)
such that the solution for [¢), = ;) satisfies [¢))p = € [1¢). In a similar manner, in case of
generating a unitary propagator Uy associated to a logical gate, the unitary can be prepared
up to a an arbitrary phase U (T') = ewUf.

1 Resonant control, rotating wave approximation

1.1 Multi-frequency averaging

Let us consider the system

G =5 (H 0+ Zu%) W), (0) = i) (1)

k=1

defined on a finite-dimensional Hilbert space H (while we will consider infinite dimensional
examples later through this chapter, we will present the general framework only for the finite-
dimensional case). Note furthermore that the analysis below directly applies to the propagator
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version of this equation

d 1 =
i U=+ (Ho + ;uka> U, U_)=1I (2)

For simplicity sakes, we also consider a single control, m = 1. We define the skew-Hermitian
matrices Ay = —iH/h, k = 0,1. Assume that the single scalar control is of small amplitude
and admits an almost periodic time-dependence

T
u(t) =€ Z uje™it 4 u;e_iwjt (3)
j=1

where € > 0 is a small parameter, eu; is the constant complex amplitude associated to the
frequency w; > 0 and r stands for the number of independent frequencies (w; # wy, for j # k).
We are interested in approximations, for € tending to 0T, of trajectories t — [1)(t)) of (1)
(resp. t — Uc(t) of (2)). Such approximations should be explicit and valid on time intervals
of length O(1) (first order approximation) or O() (second order approximation). The wave
function |1¢)¢) obeys the following linear time-varying differential equation

d : W, * —1W;
i [Ye) = | Ao+ Zujewﬂt +use | Ay | [ - (4)
j=1

Consider the following change of variables

[Ve(t)) = e |6e(t)) ()

where |1)¢) is replaced by |¢e). Through this change of variables, we put the system in the
so-called “interaction frame”:

d
160 = eB(1) 100 ©)

where B(t) is a skew-Hermitian operator whose time-dependence is almost periodic?:

T
B(t) _ Z ujeiwjte—AotAlert + u;«fe—iwjte—AotAlert_
j=1
More precisely each entry of B is a linear combination of oscillating terms of the form ™'t
with ' # 0. This results from the spectral decomposition of Ag to compute e49f. Thus
one can always decompose B(t) into a constant skew-Hermitian operator B and the time
derivative of a bounded and almost periodic skew-Hermitian operator B (t) whose entries are
linear combinations of ™'t with w’ # 0:

_d~
B(t)= B+ 2B(). (7)
dt
2An almost periodic time function f is equal by definition to F(wit,...,wyt) where the function F is a

2m-periodic function of each of its p arguments and the w;’s form a set of p different frequencies.



Notice that we can always set B(t) = %(N?(t) where C is also an almost periodic skew-
Hermitian operator. Then (6) reads 4 |¢) = <eB + e%é) |¢e) and suggests the following

almost periodic change of variables

Ixe) = (I — eB(t)) |¢c) (8)

well defined for e small enough and then close to identity. In the |x.) frame, the dynamics
reads

d g -1
e =e <B —eBB - eBdtB> (I - eB) Ixe) -
- ~\ -1 -
Since B(t) is almost periodic and <I — eB) = I + ¢B + O(€?), the dynamics of |y.) reads
d R 2R R 2z A 3
9 1x) = (B + 1B B - B B1) + Bt ) Ixd

where the operator E(e,t) is still almost periodic versus ¢ but now its entries are no more
linear combinations of time exponentials. The operator B(t)%B (t) is an almost periodic
operator whose entries are linear combinations of oscillating time exponentials. Thus we have

B(1) S B(1)= D+ % D(1)

where D(t) is almost periodic. With these notations we have
d od (o ~ ~
G = (B =D+ e (1B.60)- D) + @B ) ) Q

where the skew-Hermitian operators B and D are constants and the other ones C , 5, and
FE are almost periodic.

oL ) of

The first order approximation of |¢.) is given by the solution

") =eBlol™) (10)

where B can be interpreted as the averaged value of B(t):

4

T '
= lim T/ B(t) dt = lim T/ Zuje’“jte_AOtAleAOt—i—u;e_“”jte_AotAlert dt.
0

Ti—)oo Tr—o0 -
J=1

Approximating B(t) by B in (6) is called the Rotating Wave Approximation (RWA). The
second order approximation reads then

4 znd> = (eB — € ‘¢2nd> (11)

In (10) and (11), the operators eB and eB — 2D are skew-Hermitian: these approximate
dynamics remain of Schrodinger type and are thus characterized by the approximate Hamil-
tonians

_ _ _ ond _ _
A™ =ieB and A =i(eB — D).
A very similar analysis yields a second order approximation of the propagator dynamics

d

dtU2“d (eB — DU, (12)



1.2 Approximation recipes

Such first order and second order approximations extend without any difficulties to the case
of m scalar oscillating controls in (1). They can be summarized as follows (without introduc-
ing the small parameter € and the skew-Hermitian operators Ay). Consider the controlled
Hamiltonian associated to |1)

H:H()—l-Zuka (13)
k=1

with m oscillating real controls
T
ug(t) = Z ukvje“’jt + uzde_“’jt
j=1

where uy, ; is the slowly varying complex amplitude associated to control number £ and fre-
quency w;. In the sequel, all the computations are done assuming uy, ; constant. Nevertheless,
the obtained approximate Hamiltionians given in (15) are also valid for slowly time-varying
amplitudes.®

The interaction Hamiltonian

Hin(t) = Y (up " +uj, jemo') o H e HH0! (14)
k7j

is associated to the interaction frame via the unitary transformation |¢) = et |¢). It admits

the decomposition

t d
Hint(t) = H%jva + %IOSC(t)

to. . . . . .
where H }jva is the averaged Hamiltonian corresponding to the non-oscillating part of H iy
(secular part) and I is the time integral of the oscillating part. Ios is an almost periodic
Hermitian operator whose entries are linear combinations of oscillating time-exponentials.

The Rotating Wave Approximation consists in approximating the time-varying Hamiltonian
t
H(t) by H 1 This approximation is valid when the amplitudes wuy ; are small. It is of

rwa*

1
rwa & second

order correction made by the averaged part J . of the almost periodic Hamiltonian

first order. The second order approximation is then obtained by adding to H o

o d d
? (dtIOSC(t)) IOSC<t) = ']rwa + %Josca)
with Josc almost periodic. Notice J.,. is also Hermitian since %I gsc = %I osclose+1 OSC%I osc-

We can summarize these approximations as the following recipes:

1St
rwa

nd st i _— _—
t

H = Hint7 H

where the over-line means taking the average.

3More precisely and according to exercise 1, we can assume that each wuy, ; is of small magnitude, admits a
finite number of discontinuities and, between two successive discontinuities, is a slowly time varying function
that is continuously differentiable.



1.3 Two approximation lemmas
A precise justification of the rotating wave approximation is given by the following lemma.

Lemma 1 (First order approximation). Consider the solution of (6) with initial condition

|pc(0)) = |pg) and denote by ¢i8t> the solution of (10) with the same initial condition,

¢28t(0)> = |¢a). Then, there exist M > 0 and n > 0 such that for all € €]0,n] we have

1St

max H|¢e(t)>— 1 (t)>H§M6

te [O,H

Proof. Denote by |y.) the solution of (9) with |x(0)) = (I — eB(0)) |¢4). According to (8),
there exist M7 > 0 and n; > 0, such that for all e €]0,7;] and ¢ > 0 we have ||[xe(t)) — |de(2))]| <
Mie. But (9) admits the following form % [Xe) = (eB + €2F(t)) |xe) where the operator F(t)
is uniformly bounded versus t. Thus, there exist Ms > 0 and 72 > 0 such that the solution

goiSt> of (11) with initial condition (I — eB(0)) |¢,) satisfies, for all € €]0, 2],

max

tefo.¢] H

Te

L (1))~ Ixe(t)]| < Mo

The propagator of (10) is unitary and thus

1St

e @) = o @) = ¢ ©) = o @) | = ¢ [ B(0) 16)
We conclude with the triangular inequality
160 = (&) | = Moede = xadall+ e = [ | + ||, = 65 |

The following lemma underlies the second order approximation:

Lemma 2 (Second order approximation). Consider the solution of (6) with initial condition

|pc(0)) = |¢a) and denote by ¢End> the solution of (11) with the same initial condition,

¢>§”d(0)> = |¢q). Then, there exist M > 0 and n > 0 such that for all € €]0,n[ we have

2'ﬂd

[loc@n — |62 @) < pe

Ina>1(
te {07672]

Proof. As for the proof of Lemma 1, we introduce |x.),

goznd> solution of (11) starting

cpgnd (O)> = (I — eB(0))|¢a). Using similar arguments, it is then enough to prove the

P (0) — Ixe®)]| < Mae.

This estimate is a direct consequence of the almost periodic change of variables

&) = (1-¢(1B.CW] - D)) Ixo)

from

existence of Ms,ns > 0 such that, for all € €]0,ns], max, _ [0 l] H

5



that transforms (9) into
d — _
e =(B-¢D+EF(e 1)) &)

where F is almost periodic. This cancels the oscillating operator €24 ([B,C(t)] - D(t)>
1

appearing in (9): the equation satisfied by |{) and the second order approximation (11)
differ only by third order almost periodic operator €3 F(e,t). O

Exercice 1. The goal is to prove that, even if the amplitudes u; are slowly varying, i.e.,
uj = uj(et) where T — u;j(7) is continuously differentiable, the first and second order approz-
imations remain valid. We have then two time-dependancies for

T
B(t,7) = Z uj(1)eite= A0t A Aot u;f(T)e_iwjte_AOtAleAOt
7=1

with T = et. Then %B = % + 6%—?.
1. Eztend the decomposition (7) to
_ OB
B(t,7) = B(r) + %2 (1,7)

where B(t, ) is t-almost periodic with zero mean in t ( is fized here).

2. Show that the approximation Lemma 1 is still valid where (10) is replaced by
i 1St>
dt ¢
3. Show that the approximation Lemma 2 is still valid where (11) is replaced by
nd
")

and where Bi(t, 7‘)%(1&, 7) = D(7) + %(t, 7) with D(t,7) almost periodic versus t and
with zero t-mean.

lst

. > = eB(et)

67"") = (eB(et) — ED(et))

q
dt

4. Extend the above approximation lemma when T — u;(T) is piecewise continuous and,
on each interval where it remains continuous, it is also continuously differentiable (T —
u;j(7) is made by the concatenation of continuously differentiable functions).

1.4 Rabi oscillations and single qubit logical gates

Let us consider the spin-half system described below and fix the phase of the drive, so that
the controlled dynamics is given by:

(e u(®)
ZdtW))_(QUz“‘ 20w>|¢>

Furthermore, we assume that u(t) = ve™r! +v*e~*“rt where the complex amplitude v is chosen
such that |v| < weg and the frequency w, is close to weg, i.€., |wCg —wr| < weg. Denote by



A, = Weg — wy the detuning between the control and the system then we get the standard
form (13) with m =2, Hy = 5oz, u1H; = A2 o0, and us Hy = w%} with || H |
much larger than ||usH1 + u2H a||. A direct computation yields to the following interaction
Hamiltonian defined by (14):

A i —i iwrt iwprt
r 'Ueu‘)Tt v¥e twpt W o, _ rt o
H;; = ?Uz %e 2 Zoge 2 °F,

With the identities €99 = cos 0T + isinfo, and 0,0, = ioy we get the formula

2160

ez@az —i00% — 62100,+ +e 204

oze

Thus we have
2iwert * * ,—2iwpt
Hiy = —AQTO'z—l—i”e ;“'” oy + et 2T+”0'_.

The decomposition of Hj,y = H 1=t + 7 I osc reads:

rwa

A * 2iwpt * ,—2iwpt
Hin = 5oz + 5o + 30+ 5o + =50
d
H%‘S;a aiLosc

Thus the first order approximation of any solution [¢) of

iwpt * ,—iwprt
i 1) = (4o, 4 pertapetrta, ) |y)

is given by et \qb) where |¢) is solution of the linear time-invariant equation

|¢) (o + Gow+50-)[0), [6(0)) =[¥(0)). (16)

According to ( 15), the second order approximation requires the computation of the secular

Ueinrt * ,—2iwpt

term in IOSC%IOSC. Since 1,5 = T O+ — L ZW o_, we have
d 2
IOSCaIOSC = %Uz
where we have also applied 6,2 = 0.2 = 0 and 0, = 0,0 — 6_0o,. The second order
approximation resulting from (15) reads:
d Ay |U|2 v* v
i10) = (& + ) ox+ o+ 50 ) 0), [0(0)) = [1:(0)). (17)

We observe that (16) and (17) differ only by a correction of % added to the detuning A,.
This correction is called the Bloch- Siegert shift.
Set v = Q€ and AL = A, + 4 w1th Q, > 0 and 6 real and constant. Then

/

2 Q A
((% + giL) o, + % 0'+ + 20'_) = ?T (cos oy + sinfoy) + 77‘0-2' (18)

Set

02 \2 Q, (cos b +sm90')+A’0'
Q/r = \/(AT + 4wr) + Q%: Or = z o Y z



Then 0,2 = I and thus the solution of (17),

6() = =5 6(0)) = cos (%) 16(0)) — isin (%) o [6(0)),

oscillates between |¢(0)) and —io; |¢(0)) with the Rabi frequency %IT

For A, = 0 and neglecting second order terms in Q,, we have Q, ~ Q,, A ~ 0 and
o, =~ cosfloy + sinfo,. When |¢(0)) = |g) we see that, up-to second order terms, |¢(t))
oscillates between |g) and e~*2) |e). With § = —7, we have

IX(t)) = cos (%L) |g) + sin (%) |e) ,

and we see that, with a constant amplitude v = Q,.e™" for t € [0,T], we have the following
transition, depending on the pulse-length T" > 0:

e if O, T = 7 then |¢(T)) = |e) and we have a transition between the ground state to
the excited one, together with stimulated absorption of a photon of energy wey. If we
measure the energy in the final state we always find E,.. This is a m-pulse in reference
to the Bloch sphere interpretation of (17).

o if 0,7 =7 then |¢(T)) = (|g) + |e))/V2 and the final state is a coherent superposition
of |g) and |e). A measure of the energy of the final state yields either E, or E. with a
probability of 1/2 for both E; and E,. This is a §-pulse.

iwpt

Since [¢)) = e~ 2 %= |¢), we see that a m-pulse transfers |¢)) from |g) at t = 0 to €' [e) at

t=T = QLT where the phase a = S‘f’z—:ﬂ is very large since 2, < w;,. Similarly, a F-pulse,
transfers [¢) from |g) at ¢ = 0 to %\Eeml@ at t = T = 35~ with a very large relative

half-phase o ~ 2“;2177.
Exercice 2. Take the first order approximation (16) with A, =0 and v € C as control.

1. Set ©, = %T. Show that the solution at T of the propagator U(t) € SU(2), i%U -
Qr(c0890§+sin90y)U) Uy = I is given by

U(T) = cos©,I —isin©, (cos oy + sinfoy),

2. Take a wave function }qz_5> Show that there exist Q, and 6 such that U(T) |g) = '* ‘gz_5>,
where a is some global phase.

3. Prove that for any given two wave functions |¢,) and |¢p) exists a piece-wise constant
control [0,2T] > t +— v(t) € C such that the solution of (16) with |¢(0)) = |¢e) and
A, = 0 satisfies |¢(T)) = e |¢y) for some global phase B.

4. Generalize the above question when |¢) obeys the second order approzimation (17) with
A, as additional control.

Following the above analysis, the second order approximation of the solution U of the
propagator equation

d Wy * ,—iwpt
i2U = (20, 4 2 e Mo YU, U(0) =1,



is given by

ond ot zefitHQHd e A Q, cos(6) 2, sin(0)

U (t)=e "2 , 5 O 5 O 5 %y

(19)

Note that by varying the parameters A,, €2, and 6, corresponding respectively to the fre-
quency, amplitude and phase of the driving control u(t), the Hamiltonian H 22 L aries over
the ensemble of Hermitian operators over C? up to the addition of a constant multiple of
identity. In consequence, it is easy to see (by further varying 7) that the unitary operator
U and (T') varies over the ensemble of unitary operators on C? up to a global phase. There-
fore, by varying the parameters of the driving control, we can generate all possible unitary
operations (logical gates) on a single qubit.

1.5 A-systems and Raman transition

m—|f)

Figure 1: Raman transition for a A-level system (6, < 0 and A, > 0 on the figure).

This transition strategy is used for a three-levem A-system. In such a 3-level system
defined on the Hilbert space H = {cg|g) + cc|€) + cf|f), (cgsce,cp) € C3}, we assume the
three energy levels |g), |e) and |f) to admit the energies F,, E. and Ey (see Figure 1). The
atomic frequencies are denoted as follows:

(Ef — Ey) (Ey — Ee) (Ee — Ey)

wfg:Ta er:Ta Weg = A
We assume a Hamiltonian of the form

Hf_fﬂ _ % 19) W% e) <e|+% 1) (22 (ug(\g> (FI+1F) (gD +nelle) (FI+15) <e|>)

(20)

where py and p. are coupling coefficients with the electromagnetic field described by wu(t).
Assuming the third level |f) to admit an energy Ey much greater than E. and E,;, we will
see that the averaged Hamiltonian (after the rotating wave approximation) is very similar
to the one describing Rabi oscillations and the state |f) can be ignored. The transition
from |g) to |e) is no more performed via a quasi-resonant control with a single frequency
close to weqg = (Ee — Eg4)/h, but with a control based on two frequencies w;,q and wy., in a



neighborhood of wg, = (Efy — Ey)/h and wye = (Ey — E¢)/h, with w,g — wye close to wey.
Such transitions result from a nonlinear phenomena and second order perturbations. The
main practical advantage comes from the fact that w,. and w4 are in many examples optical
frequencies (around 10' rad/s) whereas we, is a radio frequency (around 10° rad/s). The
wave length of the laser generating u is around 1 pgm and thus spatial resolution is much
better with optical waves than with radio-frequency ones.

Indeed, in the Hamiltonian (20), we take a quasi-resonant control defined by the constant
complex amplitudes uy and u.,

u(t) — ugezwrgt 4 uzeflwrgt 4 ueezwmt 4 uzeflwret
where the frequencies wyy and wy. are close to wg and wy.. According to Figure 1 set
—wrg+ A — % =we + A + &
Wfg = Wrg r 2y Wfe = Wre r 2

and assume that

(max(|pig]. |pee|) mase(Jug], [ue])) and |3,
< min (ng7wT€7wfg7wf67 ‘A’r’v ‘wre —Wrg + Ar|7 ’w’/‘e — Wrg — Ar‘) .

In the interaction frame (passage from [¢) where i 4 |1)) = Hét) 1) to |¢)),
) = (7 EFE) g) (gl + e ETEN Je) o] + 7| £) (1) o)
the Hamiltonian becomes (i |¢) = H%t(t) |)):
Hiy(t
) _ 5 1e) el ~ lo) (g

g (g7 et et et (A g) (] T A ) ()

+ [le (uge’iwrgt + ueeiwrct + uzefiw'rgt + uzefiwret) (ei(wre+Ar)t ‘6) <f| + efi(wrc‘i’Ar)t |f> <6|) .

st
It is clear from (15), that % = %(!e) (e] — |g) (g|) and thus second order terms should
be considered and H ?;j has to be computed for a meaningfull approximation. Simple but
tedious computations show that [(Hin, —H %:Vta) /R (the time primitive of zero mean) is given
by
g ugei(Q“’T9+A7“)Zt ueetWrgtwre+Ar)t u*fiiATt urel(wrg—wretAr)t
2 ( 1(2wrg+Ar) t(wrgt+wre+Ar) 1Ay t(wrg—wre+Ar) ) ‘g> <f‘

lte ugei(wrg‘ereﬂLAr)t ueei(2wTE+Ar)t u;ei(“’TefngjLAT)t u:eiA'rt
+ 2 /[:(ng+w7‘E+AT) i(2wrﬁ+Ar) ’L'(W're*wrg‘i’Ar) 1A |6> <f|

_ bg u;t'zfi(szngAT)t uz'e—i(wr'g‘?'wr'e"'Ar)t ug?*iArt + ue'efi(wrgfwreJrAr)t ‘f) <g‘
2 1(2wrg+Ar) H(wrgtwre+Ar) 1Ay (wrg—wre+Ar)
e uge—i(wrg+wre+Ar)t uze—i(QwTe+AT)t uge—i(wre—wrg-‘rAr)i

— g (" + - + 2 ) 1) (el
2 l(wrg‘f'wre“‘Ar) Z(Qwre‘f'Ar) Z(‘Ure_w'rg“!‘Ar) 1Ay :

10



The non-oscillating terms of i ( /i (H int — %:Vta) / h) ( int — rwa) /h are then given by
simple but tedious computations:

2nd

Hrwa e ES k
p e (L LY (uuelg) (el + uguile) ) + % (Je) tel — lo) (g

7 |ug|? |ug|? |ue (2 |ue|? |ue |ug|*
+ Tg <2wrgg+Ar + Agr + wrgfmerAT) ’g> <g| + 4 <2wT5+AT + Ay + wmfngngAT) ’e> <e‘
|

1 #E\ugIQ p|uel? #ﬁlug\2+#§|%\2 + #3‘“g|2+ﬂz|“e|2 #§|“g|2 + p2|ue|? f> <f’
4 2wT9+AT 2wre+Ar w,«g—i-wTe—O—AT Ay wre_wrg“l‘Ar Wrg_w're“'A'r
(21)

This expression simplfies if we assume additionnally that
AL, |wre — wrg + Arl, |wre — wrg — Ar| K Wrg, Wre, Wig, Wre.
With these additional assumptions we have 3 time-scales:
1. The slow one associated to d,, fig|tgl, tgltiel, pe|ty] and pie|ue|
2. The intermediate one attached to A, |wre — wrg + Ay| and |wype — wrg — Ay
3. The fast one related to wyg, Wre, wg and wye.

We have then the following approximation of the average Hamiltonian

ond
H HglleUyUe

rwa

pue o BRI |g) (e + PR () (g] + % (1) (el — lg) (g])

2 2 2 2 2 2
5 (8 st o 6l + 4 (155 + s ites) o b

2 2 2 2 2 2
1 [ pglugl®+pcluel pglug| 2Jue|?
(R sebelss ) DA

Ar wre_wrg"l‘A'r Wrg_wre+Ar

If (¢(0)|f) = 0 then (p(t)|f) = 0 up to third order terms: the space span{|g),|e)} and
span{|f)} are invariant space of H . Thus, if the initial state belongs to span{|g), |e)}, we

can forget the |f) (f| term in HZ (restrlctlon of the dynamics to this invariant subspace)
and we get a 2-level Hamiltonian, called Raman Hamiltonian, that lives on span{|g), |e)}:

H aman eu Ue el u
SAmAn - Baflote | g) (o] + Mg fe) (] + 5 (Je) (el — lg) (g])

h
N e 2 g € 2 2
4g (MLAQ' Wrg |uw'r|e+AT) ’g> <g| + MT (luAJ“ + wre‘|uwi‘9 AT) |e> <e| ' (22)

T

that is similar (up to a global phase shift) to the average Hamiltonian underlying Rabi oscil-
lations (18) with

2 2 2 2 2 2
I pe ( luel |ug| _ Mg (ugl |ue|
Ay =0+ 75 ( A T GrecwrgTA, 1\ A T ety )

0 Ngl‘«eugue
Qe = oA

During such Raman pulses, the intermediate state |f) remains almost empty (i.e. (¢|f) ~
0) and thus, this protocol remains rather robust with respect to an eventual instability of the
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state |f), not modeled through such Schrodinger dynamics. To tackle such questions, one has
to consider non-conservative dynamics for |1) and to take into account decoherence effects
due to the coupling of |f) with the environment, coupling leading to a finite lifetime. The
incorporation into the |¢)-dynamics of such irreversible effects, is analogous to the incorpo-
ration of friction and viscous effects in classical Hamiltonian dynamics. Later on through
these lecture notes, we will present such models to describe open quantum systems (see also
chapter 4 of [12] for a tutorial exposure and [7, 3] for more mathematical presentations).

1.6 Jaynes-Cummings model

Consider the following spin-spring interaction Hamiltonian H, that governs the dynamics

of [¢)),

z% ) = <w§g0z + we <aTa + ;) +u(t)(a+al) + z'%cfm(aJr — a)) [v),

where we have additionally considered a drive of real amplitude u(t) applied on the harmonic
oscillator. Assume that u(t) = ve™rt + v*e~“rt where the complex amplitude v is constant.
Define the following detunings

Ac = we — wy, Aeg:Weg_WT

and assume that
|AC|7 |Aeg|> |Q‘7|U’ <<weg, We, Wr.

Then Hy,; = Hy + eH 1 where € is a small parameter and

I
— =0 tw (aTa+ 2>

H I . .
671 _ <A2eg0_z + Ac (aTa + 2> + (’errt —I—v*eiwrt)(a"‘aT) —i—z’%o;c(aT _ Cl,)) .

Even if the system is infinite dimensional, we apply here heuristically the rotating wave
approximation summarized in Subsection 1.2. First we have to compute the Hamiltonian in
the interaction frame via the following change of variables |1)) — |¢):

‘w> — e—iwrt(aTa—&—%)e%az ‘¢>

We get the following interaction Hamiltonian

H. I . : . ,
hlnt _ A2eg o, + Ac <CLTCL + 2> + (velwrt _’_v*efzwrt) (efzwrta + elwrta’[)

+ Z% (e—iwrto__ + eiwrta_Jr) (eiwr,-taT _ e—z‘wrta)

where we have applied the following identities:

e o-me_%"z =e Yo+, eit(afaty) g o—tb(alaty) _ o-ifg
The secular part of Hjy is given by
HlSt I .
#Wa = Azeg o, + A, (aTa + 2> +va+val + z%(a_aT —ora). (23)
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This precisely corresponds to the Jaynes-Cummings approximation. The oscillating part of
H,, is given by

st
Hiy — H . . o o N
( in - rwa) _ UeZzwrtaT + vre 2zwrta + Z%(eQZwrto_+aT —e Zzwrta__a>.

Then we have

st
H;,— H! . o , . .
/( in - rwa) — ‘1 (UGszTtaT . U*C szTta +Z%(621tho,+aT +e ZZthO__a)>
t

21wy

and, following (15), the second order approximation reads

nd 02
H2 Ae +3 - I
;Lwa — DB g LA, (aTa + 2> +va 4 v'a’ + i%(o_aT —oa)

Wr

+ifL (vo_ —voy) + %UzaTa — (16w + |v| ) I (24)

(use [a,al] = 1, oo = [e) (e] and oo = |g) {g]).

Consider now that the average Hamiltonian HY " defined by (23) with v € C as control.
It splits into Hg + v1H1 + voHs where v = %(vl + ivg) with vy, v € R and
% = Sg, + A(X? 4+ P?) - %(Xa'y + Paoy), % — atal _ x % —azal _ p,

(25)

The controlled system i% |p) = (Ho + viH1 + voH3) |¢) reads as a system of two partial
differential equations, affine in the two scalar controls u; = vy/ V2 and us = vy / V2. The
quantum state |¢) is described by two elements of L*(R, C), ¢, and ¢., whose time evolution
is given by

00 0%¢ Acz? — A, 0
atg:_%8x2g+< 5 9)¢g+<u1x+qu >¢g+12f<x+ >¢e

¢ 0%¢ Ax? + A 0 (26)
. e Ae e C e

i _—28w2+< 5 g>¢e+<u1x+wz )qbe— (m—ax>¢g

since X stands for —} and P for ——\}E—gx An open question is the controllability (see

Appendix A) on the set of functions (¢4, ¢.) defined up to a global phase and such that
llégll L2 + [|@ellL2 = 1. In a first step, one can take A, = 0 (which is not a limitation in fact)
and A,y = 0 (which is a strict sub-case).

Exercice 3. Consider i |¢) = (HOHJ;{LH”H” |¢) with Hy, Hy and Ha given by (25)
with Aeg = Ae =0, Q> 0 and (v1,v2) as control. The system is therefore given by

\w) < L(o_a' —o,a) +val + v*a) [v)

. _ wvitive
with v = 52

13



1. Set v € C solution of %V = —iv and consider the following change of frame |¢) =
—vat+v*a

D_, |¢p) with the displacement operator D_,, = e . Show that, up to a global

phase change, we have
d i ~ ~ %
i219) = (£(o-a' - 0va) + (3o +7°0)) |9)

with v = i%u.

2. Take the orthonormal basis {|g,n) , |e,n)} withn € N being the photon number and where
for instance |g,n) stands for the tensor product |g) @ |n). Set |¢) = Y. dgnlg,n) +
Gen le;n) with ¢gn,den € C depending on t and Y., |dgn|* + |penl* = 1. Show that,
forn >0

d Q . . d . -
lgqbgm,—i-l = 15 vVn + 1¢e,n + v ¢e7n+1) Z@(Zse,n = _Z% vVn + 1¢g7n+1 + U¢g,n

and iy = 5" ey

3. Assume that |$(0)) = |g,0). Construct an open-loop control [0,T] > t — v(t) such that
|op(T)) = |g,1) (hint: take © = vo(t) and adjust the constants v and T > 0, §(t) Dirac
distribution at 0).

4. Generalize the above open-loop control when the goal state |¢(T)) is |g,n) with any
arbitrary photon number n.

1.7 Single trapped ion and Law-Eberly method

Through this subsection, we study the laser control of a single trapped ion. The Hamiltonian
is given by
H  weg

= 0 +wn(a

fa + %) + (u* (o €M@+ L y(t)o emintatal)y, (27)

The Schrédinger equation i% [y = % |1) is equivalent to a system of partial differential
equations on the two components (1, 1. ):

8 w 82 We —1 x
ﬂ =3 <$2 > Vg — Sy +u(t)e V2 e

ot a2
o 52 b (28)
.OPe m 2 We V2
¢ ot = WT <.T - 81’2> we + nge + U*(t)el 77951/}97
where u € C is the control input. In [I1] this system is proven to be approximately con-

trollable for (14,1) on the unit sphere of (L?(R,C))?. The proof proposed in [11] relies on
the Law-Eberly proof of spectral controllability for a secular approximation when u(t) is a
superposition of three mono-chromatic plane waves: first one of frequency weg (ion electronic
transition) and amplitude v; second one of frequency weg —wp, (red shift by a vibration quan-
tum) and amplitude v,; third one of frequency weg + wy, (blue shift by a vibration quantum)

14



and amplitude v,. With this control, the Hamiltonian reads

% =Wm <CLTCL + ;) -+ %0’2 + (Q)a’_ei(“"egt*n(aJraT)) + v*o-_‘_e*i(wegt*n(aJraT)))

4 (vb,,_ei((wegwm)twb(wa*)) I v;,,+efi<(cuegwm)t—nb(am*)))

+ (Uro-_ei((weg_wm)t—ﬂr(a""aT)) + U:o_+€—z’((weg—wm)t—m(a+aT))) )

We have the following separation of scales (vibration frequency much smaller than the qubit
frequency and slowly varying laser amplitudes v, v, vp):

< Wi |vr], K Win |Up]-

dt dt

d d d
W L Weg, |73 | L wmlv], | vr il

Furthermore the Lamb-Dicke parameters ||, ||, [1-] < 1 are almost identical. In the inter-
action frame, [¢) is replaced by |¢) according to

—iwegt

’w> —_ efiwt(aTa+%)eTaz |¢> )

The Hamiltonian becomes

Hint

. _ 6iwmt(afa) (vo__e—in(a—i-(ﬂ) + v*a_+6i17(a+¢ﬂ)) e—iwmt(aTa)

4 ciwt(ata) (Uba_eiwmte—mb(mra*) + vzo.+e—iwmteinb(a+aT)> o iwmt(ala)
+ eiwmt(ata) (Ura_e—iwmte—im(a—i-aT) + ,U:O__i_eiwmteinr(a—&-af)) e—iwmt(ata) )

With the approximation eielata’) & 1 +ie(a+al) for € = £n, ny, 0y, the Hamiltonian becomes
(up to second order terms in €),

int

h

— UO'_(l _ in(e—iwmta + eiwmta]‘)) + U*U+(1 + in(e—iwmta + ez‘wmtaT))

+ vpemta_ (1 —iny(e”“mta + e“mlal)) +vie ™oy (1 +iny(e”“mta + e“mtal))

+ Ure_wmtd_ (1 _ inr(e—iwmta + eiwmtaT)) + UjeiwmtO}(l + inr(e—iwmta + eiwmtaT))
The oscillating terms (with frequencies f+w,, and +2w,,) have zero average. The mean

Hamiltonian, illustrated on Figure 2, reads

1St

WA — o +v*oy + Byao_ + Tialoy + vralo + Trao,

where we have set v, = —inpuvy and v, = —in,v,. The above Hamiltonian is ”valid” as soon
as "’7‘: ‘Ub’, ‘771"’ <1 and

< wplv|, < Wi |vr|.

d
< a)m”Ub|, — Ur

da
PR di

d
o o, o < wimy |0
To interpret the structure of the different operators building this average Hamiltonian, physi-

cists have a nice mnemonic trick based on energy conservation. Take for example ao_ at-
tached to the control 7y, i.e. to the blue shifted photon of frequency weg + wy,. The operator

15



oo lg.1)

Figure 2: a trapped ion submitted to three mono-chromatic plane waves of frequencies weg,
Weg — Wy and Weg + Wi

o_ corresponds to the quantum jump from |e) to |g) whereas the operator a is the destruc-
tion of one phonon. Thus ao_ is the simultaneous jump from |e) to |g) (energy change of
Weg) With destruction of one phonon (energy change of w,,). The emitted photon has to take
away the total energy lost by the system, i.e. weg + wp,. Its frequency is then weg + wy, and
corresponds thus to 7,. We understand why afo_ is associated to @,: the system loses Weg
during the jump from |e) to |g); at the same time, it wins w,,, the phonon energy; the emitted
photon takes away weg — wp, and thus corresponds to v,.. This point is illustrated on Figure 2
describing the first order transitions between the different states of definite energy.

18t
The dynamics i% lp) = % |¢) depends linearly on 6 scalar controls: it is a drift-
less system of infinite dimension (non-holonomic system of infinite dimension). The two
underlying partial differential equations are

09y Up o) Uy 0
= ra) sl a) e
Obe ([ . T d v d
Zﬁt_<v+ﬂ<x_3x>+ﬂ<x+%>>¢g

We write the above dynamics in the eigenbasis, {|g,n), |e,n)},cy, of the operator w, (aTa + %) +
Weg .
L0y

d _ _

Za(bg,n - U¢e,n + Ur\/ﬁ(be,n—l + VpV 1N + 1¢e,n+1
.d _ _

Za(be,n = v*¢g,n + U:: vn + 1¢g,n+1 + U;\/ﬁ(bg,n—l

with [¢) = 3245 dgn [9:1) + Pen le,n) and 35 [6gnl? + [denl? = 1.

Law and Eberly [15] illustrated that it is always possible (and in any arbitrary time 7" > 0)
to steer |¢) from any finite linear superposition of {|g,n),|e,n)}, cy at t = 0, to any other
finite linear superposition at time ¢t = T' (spectral controllability). One only needs two controls
v and Ty (resp. v and ¥,): U, (resp. Up) remains zero and the supports of v and v (resp. v
and ©,) do not overlap. This spectral controllability implies approximate controllability.

Let us detail now the main idea behind the Law-Eberly method to prove spectral control-
lability. Take n > 0 and denote by H,, the truncation to n-phonon space:

,HTL = Span{’g?0> Y |€7O>?"'7|g?n> ’ |e7n>}
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We consider an initial condition [¢(0)) € H, and T'> 0. Then for ¢ € [0, 2] the control

M ei arg(pg,n (0)¢Zn (0))

T]r(t) = /l_}b(t) = Oa /U(t) = % arctan g n(o)

ensures that ¢, (T/2) = 0. For t € [£,T7], the control

ei arg(qf)g,n(%)‘i’:,nfl(%))

ensures that ¢.,(t) = 0 and that ¢4, (7)) = 0. Thus with this two-pulse control, the first one
on v and the second one on v,, we have |¢p(T)) € Hy,—1.

After n iterations of this two-pulse process |¢p(nT')) belongs to Hy. Then for t € [nT, (n+
)T, the control

¢e,0 (TLT)

bealn) eiarg(¢g,o(nT) 2 0(nT))
g,0(T

op(t) = 0p(t) =0, () = Zarctan

guaranties that |¢ ((n+ 3)T)) = €% |g,0).

Up to a global phase, we can steer, in any arbitrary time and with a piecewise constant
control, any element of #,, to |g,0). Since the system is driftless (¢ — —t and (v, vy, 0,) —
—(v, Ty, Uy) leave the system unchanged) we can easily reverse the time and thus can also steer
|g,0) to any element of H,,. To steer |¢) form any initial state in H,, to any final state also in
Hy, it is enough to steer the initial state to |g,0) and then to steer |g,0) to the final state. To
summarize: on can always steer, with piecewise constant controls and in an arbitrary short
time, any finite linear superposition of (|g,v), |e,v)),>0 to any other one.

1.8 Cirac-Zoller two-qubit gate

In this subsection, we apply the tools of the previous subsections to introduce a two-qubit
entangling gate implementation proposed by Cirac and Zoller [10]. This implementation
proposed for trapped ions is a central ingredient of a quantum computer based on trapped
ions. Indeed such a C-phase gate (controlled-phase gate), in combination with the single-
qubit gates discussed in Subsection 1.4, provides a universal set of logical gates. This means
that by combining such single-qubit and two-qubit gates, one can perform any arbitrary
unitary operation on a multi-qubit quantum computer (see [16] for a detailed discussion of
universal quantum gates). Such a C-phase gate corresponds to the following two-qubit unitary
operation:

Ucphase = [9°) (9°l @ I' + |e%) (| @ 0" (29)

Here the superscripts ¢ and ¢ stand for control and target qubits (¢ not to be confused with the
time). This unitary operation can be understood as follows: we apply the identity operation
on the target qubit if the control qubit is in the ground state |g), and we apply the Pauli
o, operation on the target qubit, if the control qubit is in its excited state |e). This is an
entangling gate, as starting from the separable state (|g¢) +|e¢)) ® (‘gt> + }et>)/2 and applying
the C-phase unitary, we reach the state

S197® (1) + 1) + 3 1) © (|ef) — |g))

which cannot be written as the tensor product of two local states on the control and target
qubits.
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In Cirac and Zoller’s proposal for realizing such a gate with trapped ions, one considers
two ions out of a string of trapped ions. The vibrational degree of freedom of the center of
mass of the string is used as a quantum bus to transfer information from one qubit to the other
and to perform such a two-qubit unitary operation without any direct interaction between the
ions. This vibrational degree of freedom being modelled as a quantum harmonic oscillator,
we are again in presence of a spin-spring system with a single harmonic oscillator (frequency
wp) coupled to two qubits (frequencies weg and wég). Another ingredient of this gate is a
third auxiliary energy level of the ion that gets populated throughout the gate operation,
even though at the final time it remains unpopulated. More precisely, we consider a third
energy level f with a transition frequency wg, between the levels |g) and |f). Therefore the
free Hamiltonian in absence of driving lasers is given by

H,

I
A wm(ala + 2) + wi [€) (€] + wi 1) (] + weg [e") (€' +wig | 1) (/']

Note that, compared to the previous subsection, here we have redefined the origin of energy
such that the energy value of |0,) ® |g) ® |g*) is 0. This is why the Hamiltonian weg/20; is
replaced by weg |€) (€].

Now, in order to perform a C-phase gate between the two qubits, we apply individual
laser fields on the two ions. On the control ion, we apply a laser field at frequency wg, —m
with a real amplitude v¢, and on the target ion, we apply a laser field at frequcny wfg -m
with a real amplitude v!. The total Hamiltonian is given by H o (7) = Ho + H(7) + H'(7)
(note that in this subsection, we denote time by 7 to avoid confusion with the superscript ¢
standing for the target qubit). Here, the interaction Hamiltonians are defined as follows

H° c(|,C el Ji((wsy—wm)T—n(a+at c c| ,—t((wSy—wm)T—n(a+a
h()—’l)(’g><6’€((°g m)7T( ))+|€><g’6 ((Cg m)7 T)))
( ) ,Ut(‘gc> <fC| ez((wfg wm)T—nt(a+ah)) ‘ft> <gt} efz((wggfwm)f nt(a aT)))

Following a similar analysis to the previous subsection, after going to the rotating frame of
the Hamiltonian H( and performing a first-order rotating-wave approximation, we obtain the
Hamiltonian

st
H!

o g(|ge) (el at + |e) (g%l @) + 51(|g") (] at + |17) (9] @),

The control sequence to perform a C-phase gate is as follows:

1. We let the laser amplitude v' to be zero and turn on a constant non-zero v¢ . By
applying this laser field on the control qubit over a time duration T' = 7 /2v¢, we apply
a unitary operation

U* = exp(—in/2(|¢°) (¢°| a + [¢%) (9°| a)).
2. Next, we turn off the laser field on the control qubit and turn on the one on the target.

We apply a constant non-zero amplitude v* over a time duration 7' = 7 /v!, which gives
the unitary operation

U = exp(—in(|g') (/| a' +] ") (s°] @)).
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3. Finally, we turn on the laser on the control qubit and turn off the one target, performing
the same exact unitary operation as in step 1.

Exercice 4. For Hyjc =w (0, @ I./2+ I,®@ N +I,®1./2) +i%(o- ® a — 0, ® a) show
that the propagator, the t-dependant unitary operator U solution of i%U = H ;cU with

—wt %JC_"_I ®N+Iq®1c) @
UW)=1I, reads U(t) =e ( 2 K 2 02 (o_®a'—0,%a)

where for any angle 0,

H(o-Eal=e:80) — |g) (g] @ cos(BVN) + |e) (¢ @ cos(BVN +1)

o, ®a sin(0v N) o @ sin(0v N) ol
vIN vIN
where
. Uz®Ic I ®Ic i i —q - i0n
exp(i6( T2 4 Iy @ N+ TLo) = R e) (o] + 12 g) (gl) @ D 6 n) (]

n=0
cos(V'N) = Z cos(6v/n) |n) (n|
n=0

o0

cos(0VN +1I) = Z cos(0vn + 1) |n) (n|
n=0

sin(0vVN) >, sin(y/nf)
W —7;)\/5 In) (n|.

Show then that

U° = |¢°) (¢°| ® cos(mVIN /2) + |€°) (e°| ® cos(mVIN + I/2) + | f) (f¢| @ I

) sin(mv N /2 . sin(mv N /2
—ile) (o] © 0 TV ey o g STV o
vVIN vIN
U'=|g") (¢'| @ cos(rVN) + |e") {e'| @ T + | f*) (f*| ® cos(mV N + 1)
_ ‘ft> <gt| wa sin(mv N) _; ‘gt> <ft‘ - sin(mv IN) ol
vIN vVIN
Whenever the harmonic oscillator is initialized in its vacuum state |0), the above com-
bination of unitary operations U°U'U® performs effectively a C-phase unitary on the two
qubits. This can be seen by following the action of the above unitary operations on the four

basis states of the two-qubit system. Indeed, we have

Ut

9 gy 1oy 9 9"y 10)  — 99 o)1) 19°) |9") |0)
N U R S e Y PN RS PO ) P N 1 RS PU Y PO
gyl D iy D il D e g o)
ey L i)y D i ey D e e 10).

Thus whenever the harmonic oscillator is initialized in |0), and the state of the two ions are
spanned by the computational basis elements |g) and |e), by linearity, the unitary operation
UUU* effectively acts as a C-phase unitary operation on the two-qubit state.
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2 Adiabatic control

2.1 Time-adiabatic approximation without gap conditions

We first recall the quantum version of adiabatic invariance. We restrict here the exposure
to finite dimensions and without the exponentially precise estimations. However we give the
simplest version of a time-adiabatic approximation result without any gap conditions. All the
details can be found in a book by Teufel [20] with extension to infinite dimensional case.

Theorem 1. Toke m + 1 Hermitian matrices of size n x n: Hyg, ..., H,,. For u € R™ set
H(u):=Ho+> ;" uy Hy. Assume that u is a slowly varying time-function: u = u(s) with
s=et €[0,1] and e a small positive parameter. Consider a solution [0,1] ¢+ |[¢<(t)) of

cd . _ H(u(et)) .
e [pe(t)) = — 5 [(t)) -

Take [0,s] o s — P(s) a family of orthogonal projectors such that for each s € [0,1],
H(u(s))P(s) = E(s)P(s) where E(s) is an eigenvalue of H(u(s)). Assume that [0,s] 2
s+ H(u(s)) is C?, [0,s] 3 s — P(s) is C? and that, for almost all s € [0,1], P(s) is the
orthogonal projector on the eigenspace associated to the eigenvalue E(s). Then

tim [ sup [IPGe) [(0) 12 = [1P(O) [ (0) 2] | = 0.

e—0t
telo, <

This theorem is a finite dimensional version of Theorem 6.2, page 175, in [20] where, for
simplicity sake, we have removed the so-called adiabatic Hamiltonian and adiabatic propaga-
tor that intertwines the spectral subspace of the slowly time-dependent Hamiltonian H (u(et)).

t
This theorem implies that the solution of i% [y = M |1) follows the spectral de-
composition of H (u(4)) as soon as T is large enough and when H (u(4)) does not admit
multiple eigenvalues (non-degenerate spectrum): apply the above theorem with P = Py
where Py, is the orthogonal projection on the k’th eigenstate of H to conclude that the pop-
ulation on state |k) is approximatively constant. If, for instance, |¢) starts at ¢ = 0 in the
ground state and if u(0) = u(1) then [¢)) returns at ¢ = T', up to a global phase (related to
the Berry phase [18]), to the same ground state.

Whenever, for some value of s, the spectrum of H(u(s)) becomes degenerate the above
theorem says that the populations follow the smooth decomposition versus s of H (u(s)).
For example, assume that the spectrum of H is not degenerate except at § where only two
eigenvalues become identical: for all s we assume that the n eigenvalues of H (u(s)) are labeled

according to their order
Ei(s) < Ez(s) < ... < Ep(s) < Ep1(s) < Epga(s) < ... < Ey(s)

and Ej(s) = Eg 4 (s) only when s = 5 for some k € {1,...,n}. Since s — H (u(s)) is smooth,
there always exists a spectral decomposition of H (u(s)) that is smooth versus s (this comes
from the fact that the spectral decomposition of a Hermitian matrix depends smoothly on its
entries). Thus we have only two cases:

1. the non-crossing case where s — Ey(s) and s — E_(s) are smooth functions
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2. the crossing case where

_ < 3 _ < -
oo [ B, Tors<m [ B, Trass
E; i(s), fors>3 > 5

are smooth functions.

In the non-crossing case the projectors that satisfy the theorem’s assumption are the orthogo-
nal projectors P(s) on the k’th eigen-direction associated to Ej(s). In the crossing case, the
projectors on the eigenspaces associated to £y and Ej | have to be exchanged when s passes
through 5 to guaranty at least the continuity of Py(s) and Py, (s): for s < 5, Py (resp.
P;_, is the projector of the eigenspace associated to Ej (resp. Ej,); for s > 5, Py (resp.
P;_ ) is the projector of the eigenspace associated to Ep ; (resp. Ej); for s = 5, Py and
Pj,; are extended by continuity and correspond to orthogonal projectors on two orthogonal
eigen-directions that span the eigenspace of dimension two associated to Eg(5) = Ep4(5).
This corresponds to so-called conic intersection that can be exploited to construct explicit
open-loop control laws (see e.g. [1]).

2.2 Adiabatic motion on the Bloch sphere

Let us take a qubit system. Since we do not care for global phase, we will use the Bloch
vector formulation:

d . L
dtM (uwi +v)+wk) x M
where we assume that B = (u?—&— v+ wE), a vector in R3, is the control (in magnetic resonance,
B is the magnetic field). We set w € R and B = wb where b is a unit vector in R3. Thus we
have

d -
@M = wh x M with, as control input, w € R,b € S°.

Assume now that B varies slowly: we take T > 0 large (i.e., wT'> 1), and set w(t) = w (%),
5(t) = E(%) where @ and S depend regularly on s = % € [0,1]. Assume that, at ¢t = 0,
My = 5(0). If, for any s € [0,1], @w(s) > 0, then the trajectory of M with the above control

B verifies: M(t) ~ (%), ie. M follows adiabatically the direction of B. If b(T') = b(0), i.e

if the control B makes a loop between 0 and T' (8(0) = (1)) then M follows the same loop
(in direction).

To justify this point, it suffices to consider [¢)) that obeys the Schrédinger equation
i% [y = (%033 + 50y + %az) |1} and to apply the adiabatic theorem of the previous sub-
section. The absence of spectrum degeneracy results from the fact that w never vanishes
and remains always strictly positive. The initial condition My = § (0) corresponds to |1),
in the ground state of u(o)% + U(O) oy + w( )az Thus [¢), follows the ground state of
u(t) or + U(t) oy + ()az, i.e., M(t) follows 3 (T)

The assumptlon concerning the non degeneracy of the spectrum is important. If it is not
satisfied, | (t)) can jump smoothly from one branch to another branch when some eigenvalues
cross. In order to understand this phenomenon (analogue to monodromy), assume that w(s)
vanishes only once at § €]0, 1[ with w(s) > 0 (resp. < 0) for s € [0, 5[ (resp. s €]3,1]). Then,
around ¢t = 5T', |1)), changes smoothly from the ground state to the excited state of H (t), since
their energies coincide for ¢ = 7. With such a choice for w, B performs a loop if, additionally
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b(0) = —b(1) and @(0) = —w(1), whereas |4), does not. It starts from the ground state at
t = 0 and ends on the excited state at t = T. In fact, M (t) follows adiabatically the direction
of B(t) for t € [0, 5T] and then the direction of —B(t) for t € [5T,T]. Such quasi-static motion
planing method is particularly robust and widely used in practice. We refer to [21, 1, 17] for
related control theoretical results. In the following subsections we detail some important
examples.

2.3 Stimulated Raman Adiabatic Passage (STIRAP)

Consider the A-system of Figure 1. The controlled Hamiltonian reads

H(t)

— = W lg) (gl +we le) (el +wp |Lf) (fL+ul?) (gr(lg) CF1 + 1) Cgl) + per (le) (F1+ 1) (e])) -

Assume wyr = W — wyg > Wep = Wy — we > 0. We take a quasi-periodic and small control
involving perfect resonances with transitions g <> f and e < f:

U = Ugf coS(wWq ft) + Uef cOS(wet)

with slowly varying small real amplitudes u,r and u.s. Put the system in the interaction
frame via the unitary transformation e ~#@sl9)(gltwele)(el+wr [N We apply the rotating wave
approximation (order 1 in (15)) to get the average Hamiltonian

1St

Hio/h =S5 (1g) (| + 1£) (g) + 5 le) (1 + 1) (el)

with slowly varying Rabi pulsations Q¢ = pgrugr and Qe = plefticy.
Let us now analyze the dependence of the spectral decomposition of H %i,ta

parameters {1, and €2.y. When Q?]f + ng # 0, spectrum of H Sja/ h admits three distinct

eigenvalues:
2 2 2 2
a0 - ,/ng+ﬂef O — 0 0. — ,/ngJrQef
- 2 0 ) + = 2

associated to the following eigenvectors :

on the two

)

_ ng Qef 1
_\ — + e) — —
‘ > \/2(Q§f+9§f) ‘g> \/Q(ng"'_ggf) ‘ > 72 |f>
-0 Q
0) =~ lg) + 22 e)
Q§f+Q§f Q§f+s2§f
Q Q
+) = of + L)+ 5 |f)-
)= T 19+ T 19+ 10

Assume now that the Rabi frequencies depend on s € |0, 37”] according to the following formula

[ Qgcos?s, forse X 37”}, | Qesin?s, for s € [0, 7];
Qgr(s) = { 0, elsewhere. ’ ey(s) = 0, elsewhere.

with Qg > 0 and €, > 0 constant parameter. With such s dependence, we have three analytic
branches of the spectral decomposition:
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e for s €]0, 5[ we have

Q_(s) = —Q, sin s with \—>S _ le-lf)

Q4 (s) = Qesins with |+), = \€>\J/r27|f>‘

e for s €], [ we have

() ()2 si i Qg cos?s|g)+ Qe sin?s|e) 1
Q_(s) = —\/92 cost s + O2sin? s with |—), = —£% e 1
( ) g + e ‘ >s \/2(Q§ cost s+Q§ sind s) \/5 |f>
Qp = 0 with [0), = e sin®sl9)+€ cos?sle)
s \/93 cost s+02sin s

_ 02 4 2 i d . Qg cos?s|g)+Qe sin?s|e) 1
Q4 (s) = \/Qg costs + Q2sin® s with [+), = A cosT st 02T + 75 If).

e for s €]m, 3] we have

Q_(s) = —Qy| cos s| with |-), = 1270,
QO - 0 Wlth ’0>8 = e>

Q1 (s) = Qg cos 5| with |+), = %'

Let us consider the eigenvalue €: it is associated to the projector Py(s) on |0), that depends
smoothly on s € 0, 37”} as shown by the concatenation of the above formula on the three

intervals ]0, 3[, |5, n[ and ]m, 3T, Thus assume that [¢), = |g>t then adiabatic Theorem 1
S
shows that, for ¢ > 0 small enough, the solution of i% ) = % |1) with the time-varying

control amplitudes

3 [ Qgp(et) Qep(et)
0,355 ¢ > (ugg, uey) = (P4Lt), 2]

is approximatively given by

— g, for ¢t € [0, 3];

0 i0 —Qc sin?(et)|g)+Qg cos?(et)|e) T ow.
|w>t ~ e |O>et = e \/Q?, Cos4(6t)+ﬁg§ sin*(et) ’ for t € [26’ e]’
le) for t € [%,%—Z],

where 6; is a time-varying global phase. Thus at the final time ¢ = %—Z, |1} coincides, up to
a global phase to |e). It is surprising that during this adiabatic passage from |g) to |e) the
control u.y driving the transition e <+ f is turned on first whereas the control uy; driving
transition g <+ f is turned on later. It is also very interesting that the precise knowledge of
the coupling parameter ji5¢ and p.y is not necessary (robustness with respect to uncertainty
in these parameters). However the precise knowledge of the transition frequencies w,; and
wey is required. Such adiabatic control strategies are widely used (see, e.g., the recent review
article [14]).

Exercice 5. Design an adiabatic passage s — (g7(s),Qes(s)) from |g) to _‘g\g‘@, up to a
global phase.
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2.4 Chirped pulse for a 2-level system

Let us start with % = wgg o, + %O'm considered in Subsection 1.4 and take the quasi-resonant

control (|w, — Weg| K Weg)
ult) = v <ei(wrt+9) n e—i(wrt-i-e))

where v,0 € R, |v] and |%| are small and slowly varying

do
< weg |G -

2
’Ma‘%’ K Weg, %| <<weg’v|7 ‘%

Following similar computations to those of Subsection 1.4, consider the following change of

_wrt+0 d H
frame [¢)) = e 2 % |¢). Then i |¢) = 5 [¢) becomes

.d —wr—d9 2 (wpt+6) —2i(wrt—0)
Y l9) = (weg wQ o, + o, e 2 o ) |9).

With A, = Weg — wyr and w = —%0 and using the first order rotating wave approximation

(see (15) with H %‘S,Vta) we get the following averaged control Hamiltonian

H
c}:ilrp — Ar;—wo.z 4 %Um
where (v,w) are two real control inputs. Take three constant parameters a > |A,|, b > 0,
0 <e<ka,b. Set

w = acos(et), v = bsin®(et).

Set s = et varying in [0, 7]. These explicit expressions are not essential. Only the shape of
s +— w(s) and of s — v(s) are important here: w decreases regularly from a to —a; v is a bump
function that remains strictly positive for s €]0, [ and that vanishes with its derivatives at
s=0and s =m.

The spectral decomposition of H cpirp/h for s €]0, 7] is standard with two distinct and
opposite eigenvalues.

/ 2 2 — 1 — Q]
Q- = —M associated to eigenstate |—) = cosalg) — (1= sina)le)
2(1 —sina)
2 2 1 Q]
Q= 7”(Ar+2w)+v associated to eigenstate |+) = (1 =sina) lg) + cosae)
2(1 —sina)
where o €]5F, 7] is defined by tana = %. Since limg, o+ a = § and limg, ,,- a = =5
lim =), =1[g), lm [+),=]e), lm |[-);=—]e), lm |[+) =]g).
s—0t s—0t S S

Consequently the adiabatic approximation of Theorem 1 implies that the solution |¢) of

a € in? (e
2 ’¢> _ (Ar—i— 2cos( t)o_z i bs 2( t)o.w> ’¢>7 |¢>t:0 _ |g>

is given approximatively, for € small and ¢ € [0, ], by

|¢>t = ewt ’_>s:€t
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with ¢ a time-varying global phase. Thus for ¢t = T, [¢) coincides with |e) up to a global
phase. Notice the remarkable robustness of such adiabatic control strategy. We do not need
to know precisely neither the detuning A, nor the chirp and control amplitudes a and b.
This means in particular that such adiabatic chirp control from g to e is insensitive to all
parameters appearing in a 2-level system.

This adiabatic chirp passage can be extended to any ladder configuration that is slightly

an-harmonic.

2.5 Principle of adiabatic quantum computation

An alternative approach towards quantum computing is based on the adiabatic control de-
tailed in this section. This is for instance the case of annealing machines developed by one
of the D-Wave Systems Inc. a Canadian company. The main idea in this approach is that
many combinatorial optimization problems can be encoded as the problem of finding the
ground state of a multi-qubit Hamiltonian. Let us assume that we are interested in a classi-
cally hard combinatorial optimization problem that is encoded as the problem of finding the
ground state of the Hamiltonian H ;. Starting from a different Hamiltonian H for which
the ground state is well-known, we try to find an implementable time-dependent H (), such
that H(0) = 0 and H(T) = Hy. Initializing the system in the well-known ground state of
Hg, and assuming a slow variation of the Hamiltonian, and non-degeneracy of the ground
state during the evolution, the state of the system at time T should be close to the ground
state of H ;. Below, we present a typical example.

Consider the following classical omptimization problem: for a large n > 0 and a collection
(Xi,j)1<ij<n of real numbers, find the argument z of the minimization problem

e min A@) () EJ: ST

In order to solve this hard classical optimization problem, we consider an n-qubit system
(with the wave-function |¢) € (C?)®" = C2?"). We consider the Hamiltonian

H,= Z Ai,jaz(i)az(j) + uz%(i)_
1,7 i

Now, considering a smooth decreasing function f on [0, 1] with f(0) > maxi<; j<n |\i ;| and
f(1) = 0, we assume that the smallest eigenvalue of H,, is not degenerate for any u € [0, f(0)].
The ground state of H f() is close to the ground state of u)_; 0,W, which is given by the

well-known separable state
o) = (12 ’€>>®n.
V2

Also, note that the ground state of Hy is given by the separable state |q1) ® |g2) ® -+ ® |qn)
where |g;) = |g) (resp. |e)) when Z; = —1 (resp. T; = +1). Therefore, considering the
slowly varying Hamiltonian H(t) = H (), and initializing all the n qubits in the state
(l9) — |e))/V/2, the solution of the Schrodinger equation at time ¢ = 1/e is close to the state
lq1) ® |g2) ® -+ ® |gn) (solution of the optimization problem). By measuring the Pauli o,
operator on each qubit, we can therefore identify this solution Z.
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3 Optimal control

In this section, we introduce a widely used optimization technique for finding a control field
u(t) = (u1(t), - ,um(t)) that steers the state |1, (t)) of the system

i) = o+ Y wOH [ 0 = ) (30)

k=1

from its initial state [¢;) to a desired target state [1)f). As we will see, the same technique
can also be used to generate arbitrary unitary operations U .

3.1 Gradient ascent pulse engineering for state transfer

This approach, also known under the acronym GRAPE [13], has for goal to maximize the
functional
ws F(u) = |ty | (T,

where 1, satisfies the equation (30). The space of control functions u over which we want
to solve the above optimization problem could for instance be L*°([0,T]; R™). However the
GRAPE algorithm assumes a descretization of the time domain to N identical time intervals
of duration At = T'/N. We therefore look into maximizing the above functional over the
space of piecewise constant functions

u(t) = (us(t), - um(t)) = (ul,--- ,ud),  forte|(j—1)At AL, j=1,2,---,N.

Therefore the functional F'(u) can be written as follows

m
F(u) = [(f|UNUNn_1---Uy|)]*,  Uj=exp (—z’At(HO + Z%HQ) :
k=1
The optimization is simply done by a gradient ascent method, where at each iteration, we
calculate the gradient of the functional with respect to wj,, k’th control amplitude over the
J'th time step and we update the associated control value by going in the direction of this
gradient. More precisely, we update the control value ui as follows

. oF
ou,

where € is a small step size. We further note that this gradient is analytically given by the
following simple computation. First, we note that the functional F' can be written as follows

F(u) = (| UNUN_1--- U [ = | (sip | 50) %,
where
Wii) = UUjo1---Uild)  and  |oyp) = Ul Ul Ul uy).
Furthermore, noting that none of U, ’s, except for U}, does depend on ui, we can calculate

LU?:—iAtﬁkUj, H, !

At j ]
= / e~ HOE Ly wr He) ppy T (Hot iy v Ho) g (32)

To prove the above equation, we have used the identity

1
= (/ eATBe_ATdT> eA.
=0 0
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Exercice 6. Prove the above identity, by showing the more general identity for an x-dependent
matriz A(z),

1
A A@) _ / dye-0A@ A ya@)
dx 0 dx

Hint: proceed by expanding the exponentials.

In the equation (32), for small At (At < ||Ho+ ), uinH_l), we can take the approxi-
mation Hy ~ H;. Thus

oF
o —iAL (g, Hi [95,0) (g | 5,00 — (jal Hi [5.8) (Wsr | ¥54)) - (33)

U
We can therefore summarize the basic GRAPE algorithm as follows:
1. Start with an initial control guess ui, fork=1,---,mand j=1,--- | N.
2. Starting from |¢;), calculate for all j =1,--- | N, [¢j;) =Uj--- Uy [1y).

3. Starting from [¢f), calculate for all j = 1,--- N, |1 ¢) = U;_H e UR, [Vg).

4. Evaluate 0F/ 8u‘,i according to (33) and update the m x N control amplitudes u‘,i ac-
cording to (31).
5. Go to step 2.

The algorithm terminates if the change in the functional F' from an iteration to the next one
is smaller than a threshold. Here are a few remarks on the algorithm.

Remark 1. In case we want to ensure limited control amplitudes (L?-norm for instance), we
can add a penalty Fye, to the above functional, with

N m )
Fpen = —aAtY Y |ul|?.

j=1 k=1

This leads to the update rule

. . OF .
uy, — u, + e— — 20eAtug..
ou),
Remark 2. The gradient ascent algorithms ensure a monotonic convergence towards a local

mazximum of the functional. Therefore, the initial control guess is rather important to avoid
getting trapped in such local mazxima instead of converging towards the global one.

Remark 3. The step size € needs to be small to ensure the convergence, but at the same
time choosing a too small step size leads to a slow convergence. One other possibility is to
vary the step size € at each iteration by choosing an optimal value. This would lead to more
computations at each iteration but perhaps a faster convergence.
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3.2 Gradient ascent pulse engineering for unitary generation

The same tool can be used to address the synthesis of unitary transformations, for instance
multi-qubit gates. The equation of motion for the propagator of the quantum system is given
by

d , =
U =—i(Hy+ ;uk(t)Hk)U, U =1I.

We consider the problem of generating a desired unitary U f, by maximizing the functional
F(u)=|Tr (U3U(T)) |
Note that as soon as U(T) = €U s, we have F(u) = 1.
Exercice 7. Prove that for any two unitary operators U and V'
| Tr (U*V)| < 1.
Once again descretizing the time to N steps of length At, we have
m .
UT)=UNUpy_y---Uy, U =exp (—iAt(Ho—&—Zuin)) .

k=1

We define for j =1,--- , N,

Vi=UUj, U, W;=U_U., . U\U
Therefore, we have
F(u) = | Tr (U3U(T)) |2 = | Tr (W}Vj) 2.
Simple calculations, similar to the previous subsection, lead to

ou
== = oatmm (Tr (WHHV;) T (VIW)).
8’1[7 J J
k
With this formulation of the gradient, the implementation of the GRAPE algorithm is pre-
cisely the same as in the previous subsection.

3.3 Other optimal control strategies

Take the n-level system i 4 |¢) = L(Ho + 7", upHy) [1), initial and final states [1),) and
|Yp) and a transition time T > 0 ((Ya|tva) = (Yu|ty) = 1). We are looking for optimal
controls [0,7] 5 t — w(t) minimizing fOT(ZZL:l u}) and steering |¢) from |ib,) at t = 0 to
|tp) at t =T (assuming the system to be controllable, we consider only the cases where such
a control exists). Thus we are considering the following problem

T / m
min ! /0 (Z@@e)) dt (34)

ug € L2([0,T|,R), k=1,...,m =1
iy ) = (Ho+ Y0l upHy) [v), t € (0,T)
[(0)) = [¢a), | (Wolth) [for =1
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for given T, |0,) and [vp) ((¥altba) = (¥p|thp) = 1). Notice that | (¢p]1)) |> = 1 means that
[9(T)) = € |¢) where § € R is an arbitrary global phase.

Since the initial and final constraints are difficult to satisfy simultaneously from a nu-
merical point of view, we will consider also the second problem where the final constraint is
relaxed

T/ m
min 9 (zum) &t + 31— [T )
0 \k=1

up € L2([0,T],R), k=1,...,m
Z% ‘¢> = %(HO + Z;cnzl uka) |¢> , te (07T)
1(0)) = [¥a)
(35)
with the positive penalization coefficient o > 0. Notice that for « large this problem tends
to the original one (34).

3.3.1 First order stationary condition

Pontryaguin’s Maximum Principle (PMP) introduced in Appendix B provides necessary opti-
mality conditions. In our case, these necessary conditions are given as follows. Notice that the
adjoint state can be seen as a Ket, denoted by |p) € C™ (of constant norm but not necessarily
1 in general) since it satisfies the same Schrédinger equation as [1).

For problem (34), the first order stationary conditions read:

Z% ) = %(HO + X unHg) [¥), t € (0,T)
iqlp) = E(H0+Ek yurHy)|p), t € (0,7)
[4(0)) = > | (Wl (1) 2 =1
For the relaxed problem (35), the first order stationary conditions read:
ta |¢> - %(HO + Z’;;;nzl uk:Hk) ‘1/}> , tE€ (OuT)
%T|P>_%(HO+Z?:1U1€H1€) p), t € (0,T) .
37

up = —1S <<p|Hk\w)>,k:1,...,m, te(0,7T)
[9(0)) = [¢a) , [p(T)) = = (hu[0(T)) [4hs) -

These optimality conditions differ only by the boundary conditions at t = 0 and ¢ = T": the
common part

i ) = H(Ho+ Y5 wnHp) [¢), t € (0,7)
i |p) = 3 (Ho+ Y py weHy) p), t € (0,7)
up = — 1S ((p|H)  k=1,...,m, te(0,T)

is a Hamiltonian system with [¢)) and |p) being the conjugate variables. The underlying
Hamiltonian function is given by : H(|¥), |p)) = min,crm H(|)), |p) ,u) where

womnss(E) o Fnl) o

29

Ho—l—Zuka
k=1




tTh]f;:s for any solutions (|, |p) ,u) of (36) or (37), H(|®), |p) ,u) is independent of £. Notice
H(l), Ip)) = (< 'HO >) 2 @s«py?@))

3.3.2 Monotonic numerical scheme
For the relaxed problem (35), there exists a general monotonic iterative scheme to find the
solution. Defining the cost function

T m
J(u) = 5/0 (Z@(ﬂ) dt + § (1 — |(Wltu(T))*)
k=1

where [t,,) denotes the solution of i< |¢) = +(Ho + > jo, upHp) [¢) starting from |1),), and
starting from an initial guess u® € L?([0, 7], R™), this scheme generates a sequence of controls
u” € L*([0,T],R™), v = 1,2,..., such that the cost J(u") is decreasing, J(u**1) < J(u¥).

This scheme does not guaranty in general the convergence to an optimal solution. But
applied on several examples, with a correct tuning of the penalization coefficient «, it produces
interesting controls with |¢(7")) close to [i3). Such monotonic schemes have been proposed
for quantum systems in [19] (see also [22] for a slightly different version). We follow here the
presentation of [5] which also provides an extension to infinite dimensional case. See also []
for much earlier results on optimal control in infinite dimensional cases.

Take u,v € L*([0,T],R™), denote by P = [1) (15| the orthogonal projector on |1, then

G — Dol Pl — o)+ (e — ol Plibo) + (ol Pl —wm)

J(u) — J(v) = — (<

T3y (ug — o) (ug, + v)
5 .

Denote by |p,) the adjoint associated to v, i.e. the solution of the backward systems

Sl =3 (Ho - zvkﬂk) o)+ (7)) = aP (1)

k=1
We have
() — o) = 7 (Ho +kaﬂk) (1) — [9o)) + 7 (Zwk - mHk) ).
k=1 k=1

We consider the Hermitian product of this equation with the adjoint state |p,):

1 1
<pv (d}udt D > = n <pv y — ¢v> + 5 <pv
An integration by parts yields

Ho+Y 7" v Hy,
7

2o (wn—ve)Hy,
7

bu) -

/ T <p ’dw“ L)) = (polthu = o)z — (Poltou — 0o

0

) _/(]T<de
1/OT<

Yu = o)

H v H
= <71Z)U|P’¢u wv> Dy w

Yu =)
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2y (ur—vk) Hy,
)

since [$0(0)) = [ (0), [po(T)) = ~aP [13,(T)) and & (po] = —} (o] (k=) we
T
—« <%|P!% - T;Z)v>T = 1/ <pv

get:
i), )
Thus oR (| Pl — Yo)g) = =+ J5 S ((po [ hey (uk — vx) Hg| ). Finally we have
J(u) = J(v) = =5 ((u = Yol Pl — 00))p

+§g </OT(Wc — i) <uk +vg + %%((pv |Hk\¢u>)> dt) ,

If each wy, satisfies u, = —+S ((py [Hy| 1)) for all ¢ € [0,T') we have

Ju) — J(0) = ~8 (W — o Pl — )y f(/ (e = 0?)

and thus J(u) < J(v).

These computations suggest the following iterative scheme. Assume that, at step v, we
have computed the control u”, the associated quantum state |¢”) = [i,») and its adjoint
[p”) = |pur). We get their new time values u”!, [p**1) and [p“*1) in two steps:

1. Imposing u”Jrl = — 13 ((p” |Hy| 1)) as a feedback, one get u”*! just by a forward
P .

integration of the nonlinear Schrédinger equation,

L) = (Ho—is«p” w>)Hk) 9), h(0)) = ),

k=1
that provides [0,7] 3 t ~ |¢*) and the m new controls up .

h

2. Backward integration from ¢t =T to t = 0 of

|P (Ho + ZUVH k) Py, |p)p = —a (| (D)) [¥)

yields to the new adjoint trajectory [0,T] 3 t — [p“*1).
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A Concepts of control theory

A large part of control theory is based on differential equations: this is the so-called state
space representation of deterministic systems in continuous time (versus stochastic systems
using stochastic differential equations). It goes as follows: consider a physical system (e.g. a
satellite, a car,...), described by its state z(¢) at time ¢ (e.g. position and speed), on which one
can act a every time by means of a control u (e.g. engine push for a satellite). We represent
the state by a vector of R™, the control by a vector of R™, and we model evolution of the
vector x(t) by a control system (or controlled differential equation)

()¢ Sl = e u),  telo)

where 7 > 0.

What is the meaning of the latter expression? The function wu(t), t € [0, 7], called control
law is the mean of action on the system (X): it will be chosen in terms of the goals to be
achieved. To a control law u(-), is associated an ordinary differential equation

(B0 Da)= ftaw),  tefor)

where f,(t,2z) := f(t,z,u(t)). Hence, a function z(-) is solution of System (X) if there exists
a control law u(-) such that z(-) is solution of (¥,).
The main concepts to address are the following.

Controllability given an initial state g € R, a final state v € R™ and a time t =7 > 0, is
it possible to find a control law u(-) steering System (X) initially in x(0) at ¢ = 0 to the
state v at time t = 77 Equivalently, is it possible to control System (X) from z to v in
time 77

Motion planning To the above structural question, corresponds the more practical problem
of determining an effective procedure which associates, to a pair of states xg,v € R"
and a time 7, a control law u(-) steering the system from z(0) to v in time t = 7.

Stabilization Is it possible to build a control law u(-) which asymptotically stabilizes System
(X) at an equilibrium point zg, i.e., such that, for every initial condition x(0), one has

li =207
A w0 =
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Observability In order to achieve a control goal (motion planning, stabilization, etc...) and
therefore to choose the appropriate control law, a certain amount of information on the
state x of the system is available at every time t. It is usually obtained by measurement.
However, it is not possible to measure in general (one says to observe in control theory)
directly the full state z(¢) but only a function y(¢) of the state and the control

y(t) = g(x(t), u(t), t).

One must then "reconstruct” the state z(-) from the output y(-). The observability
issue resumes therefore to the following: does the knowledge of y(t) and u(t) for every
t € [0, 7] allow one to determine the state z(-) for every t € [0, 7] (or, let say the initial
state x(0))?

B Pontryaguin Maximum Principe

This appendix is a summary of the necessary optimality conditions called Pontryaguin Max-
imum Principle (PMP) for finite dimensional systems (for tutorial exposures see [3] or [2]).
Take a control system of the form %x = f(z,u), x € R", u € U C R™ with a cost

to maximize of the form J = fOT c(x,u)dt (T > 0), initial condition z(0) = z* and final
condition x(T) = 2. The functions f € R™ and ¢ € R are assumed to be C' functions of
their arguments. If the couple [0,7] > ¢t — (x(¢),u(t)) € R™ x U is optimal, then there exists
a never vanishing and absolutely continuous function* [0,7] > t — p € R™ and a constant

po €] — 00, 0] such that:
(i) with H(z,p,u) = poc(x,u) + > iy pifi(z,u), x and p are solutions of

d OH d OH

%xzaip<$7p,u>, ap:_%(xvpau)v

(ii) for almost all ¢ € [0, 7]

H(z(t),p(t),u(t)) = H(z(t),p(t)) where H(z,p)= r;leaécH(x,p,v).

(iii) H(x(t),p(t)) is independent of ¢ and its value h, depends on T if the final time is fixed
toT or h =01if T is free (as for minimum time problem with U bounded and ¢ = —1).

Conditions (i), (ii) and (iii) form the Pontryaguin Maximum Principle (PMP). Couples [0, 7] >
t — (x(t), u(t)) satisfying these conditions are called extremals: if py = 0 the extremal is called
abnormal; if pg < 0 the extremal is called normal. Strictly abnormal extremals are abnormal
((x,p) satisfies (i), (ii) and (iii) with po = 0) and not normal ((z,p) never satisfies (i), (ii)
and (iii) for pg < 0). Abnormal extremals do not depend on the cost ¢(x,u) but only on the
system itself %x = f(x,u): they are strongly related to system controllability (for driftless
systems where f(x,u) is linear versus x, see [0]).

4An absolutely continuous function [0,T] > ¢ —+ 2 € R™ satisfies, by definition, the following condition: for
all € > 0, there exits n > 0 such that, for any ordered sequence 0 < ¢t; < ... < ¢t < T of arbitrary length k
fulfilling 37" [ti41 — t;] < 1, we have S0 [2(tiy1) — 2(t;)| < e. Such functions are differentiable versus t,
for almost all ¢ € [0,7T] and, moreover we have z(t) = z(0) + fot z(s)ds.
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Assume that we have a normal extremal (x,u), i.e. satisfying conditions (i), (ii) and (iii)
with po < 0. Assume also that u — H(z,p,u) is differentiable, o concave, bounded from
above, infinite at infinity and that U = R™. Then condition (ii) is then equivalent to ‘?%H =0.
Replacing p by p/po, PMP conditions (i), (ii) and (iii) coincide with the usual first order

stationary conditions ( T means transpose here):

d d Of\" dc\ T Of\" dc\ T
dat” / at? <8x> P <8x> ’ ou) P\ ou (39)
with the boundary condtions z(0) = 2%, z(T) = 2. From static equations in (39) we can
express generally u as a function of (z,p), denoted here by u = k(z,p). Then H(z,p) =
H(zx,p, k(x,p)) and the first order stationary conditions form an Hamiltonian system
d OH (z.p) d OH (z.p)
—xr=—(z —p=——(x
dt Op Pl P oz P
since % = %ﬂ + g%g—]; = ‘llj because giuﬂ = 0 (idem for g%). In general, this Hamiltonian
system is not integrable in the Arnol’d-Liouville sense and numerical methods are then used.
These first order stationary conditions can be obtained directly using standard variation
calculus based on the Lagrange method. The adjoint state p is the Lagrange multipliers
associated to the constraint %x = f(x,u). Assume T given and consider the Lagrangian
Lz, &,p,u) = c(z,u) + > iy pi(fi(x,u) — ;) associated to

T
max / c(x,u)dt.
0

U, x
fz,u) — %x =0
z(0) = 2%, 2(T) = °

The first variation 6L of £ = fOT L(x, &, p,u)dt should vanish for any variation dx, dp and du
such that §z(0) = dz(T") = 0:

e 0L = 0 for any Jp yields to %x = f(z,u);

9\ T
e 0L =0 for any oz with 0x(0) = 0x(T) = 0 yields to %p =— (ﬂ> D — (‘9‘3)T

e 0L =0 for any du yields to % + Zipiaa{f =0

We recover the stationary conditions (39).
It is then simple to show that the stationary conditions for

T
max /0 c(z,u)dt + U(z(T)),

U, T
flz,u) — %x =0
x(0) =z
where the final condition 2(T") = 2? is replaced by a final cost I(2(T") (I a C! function), remain

unchanged except for the boundary conditions that become

£(0) =%, p(T) = (?)T (+(T)).

35



	Resonant control, rotating wave approximation
	Multi-frequency averaging
	Approximation recipes
	Two approximation lemmas
	Rabi oscillations and single qubit logical gates
	-systems and Raman transition
	Jaynes-Cummings model
	Single trapped ion and Law-Eberly method
	Cirac-Zoller two-qubit gate

	Adiabatic control
	Time-adiabatic approximation without gap conditions
	Adiabatic motion on the Bloch sphere
	Stimulated Raman Adiabatic Passage (STIRAP)
	Chirped pulse for a 2-level system
	Principle of adiabatic quantum computation

	Optimal control
	Gradient ascent pulse engineering for state transfer
	Gradient ascent pulse engineering for unitary generation
	Other optimal control strategies
	First order stationary condition
	Monotonic numerical scheme


	Concepts of control theory
	Pontryaguin Maximum Principe 

