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Small-Gain Theorem for ISS Systems and Applications*

Z.-P. Jiang,T A. R. Teel,i and L. Pralyt

Abstract. We introduce a concept of input-to-output practical stability (IOpS)
which is a natural generalization of input-to-state stability proposed by Sontag. It
allows us to establish two important results. The first one states that the general
interconnection of two 1OpS systems is again an IOpS system if an appropriate
composition of the gain functions is smaller than the identity function. The second
one shows an example of gain function assignment by feedback. As an illustration
of the interest of these results, we address the problem of global asymptotic
stabilization via partial-state feedback for linear systems with nonlinear, stable
dynamic perturbations and for systems which have a particular disturbed recurrent
structure,
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1. Introduction

Studying uncertain dynamical systems is not only practical but a means of ad-
dressing the control problem for a large class of nonlinear systems based on a
simplified model (see [BCL], [CL], [JP], and the references therein). In this paper
we introduce some new design tools which, when combined together, allow us to
address the problem of stabilizing systems with intricate structure. In particular we
prove that the following uncertain dynamical system can be robustly stabilized by
means of partial-state feedback:

X;=Xp4y + filXgse X0 ZY), l1<i<n-—1,
Xp=u~+ f,(x15...,%Xp, Z,), 1))
Zi=qi(x1,...,xi,zi), 1Si$n,

where u € R is the input, (x4, ..., x,)T € R" are measured components of the state
vector, (Z,, ..., Z,) are unmeasured components, and the g,’s satisfy the following
assumption:
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(H) Foreachiin {1,...,n} the system
Zi =qix1s .5 Xis Z;) 2

is input-to-state stable with (x,, ..., x;) as input.

The basic concept which is used throughout this paper is the input-to-state
stability (ISS) property introduced by Sontag [S2], [S4]. This notion allows us to
address dynamic uncertainties in addition to static uncertainties [KKM1], [KKM2],
[MT2], [FK], and it allows us to deal with systems which, due to their overcompli-
cated structure, we prefer to consider as uncertain. In particular we show that
partial-state feedback can be designed this way for systems whose dynamics are
related to a feedback form. Along the way, we generalize the standard “adding one
integrator technique” (see, for instance, [T2] and [S4]). Some different approaches
on global stabilization for interconnected systems using the notion of ISS may be
found in [ T3] and [T4].

In Section 2 we begin with a notion of input-to-output practical stability (10pS)
which is a natural generalization of ISS. It is worth remarking that the IOpS notion
refines the classical input—output L® operator approach by making explicit the role
of initial conditions for stability analysis. With this concept, we establish a general-
ized small-gain theorem. This theorem completes a recent and important result of
Mareels and Hili [MH] about monotone stability under a nonlinear-type small-
gain condition. It is also related to the “topological separation™ concept introduced
by Safonov in [S1]. Section 2 also contains a result on gain assignment by feedback.
A consequence of these main results is that, for some special nonlinear systems, a
partial-state feedback exists to render the system ISS with respect to input additive
disturbances. This is in the spirit of a theorem for more general systems proved by
Sontag [S2] stating that smooth stabilizability implies smooth input-to-state stabi-
lizability by full-state feedback. In Section 4.3 we show how, by being able to
propagate the ISS property through integrators, we have at our disposal a tool to
design a stabilizing partial-state feedback for system (1). The result generalizes the
result of [PJ] on output feedback stabilization. Section 5 is devoted to the proofs
of the main theorems.

Facts and Notations

 Throughout this paper positive, negative, increasing, decreasing, smaller, etc.,
refers to the strict corresponding property.

+ |-| stands for the Euclidean norm, and 1d denotes the identity function.

» In what follows we are concerned with measurable input functions. There,
measurable has to be taken with respect to the Lebesgue measure. Also, as a
consequence of dealing with this very general class of input functions, the results
have to be considered only for almost every time.

* For any measurable function u: R, — R™, |lu|| denotes ess. sup. {|u(?)|, r > 0}
and, for any pair of times 0 < ¢, < ¢,, the truncationu, ,,,isdefined as follows:

ut) if telts,ts],
U, = i
2] = otherwise.

3)
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In particular, u,, 1, is the usual truncated function and to simplify the notation
we let

Ur = Upo, 11 4

* A function V: R" - R, is said to be positive definite if ¥'(x) is positive for all

nonzero x and is zero at zero.

A function V: R" — R, is said to be proper if V(x) tends to +o0 as | x| tends to

+00. A proper function is often called radially unbounded in the automatic

control literature.

+ A function y: R, — R, is said to be of class K if it is continuous, increasing,
and is zero at zero. It is of class K, if, in addition, it is proper.

+ A function : R, x R, — R, is said to be of class KL if, for each fixed ¢, the
function (-, t) is of class K and, for each fixed s, the function f(s, -) is non-
increasing and tends to zero at infinity.

« For any function 7 of class K, its inverse function y™* is well defined and is
again of class K .

« Completing the squares. For any a and b in R”, and for any positive real number
¢, we have

1
a’h<—a'a+eb'h. (5)
4¢

e Weak triangular inequality. For any function % of class K, any function p of
class K, such that p — Id is of class K, and any nonnegative real numbers a
and b we have

1@+ b) < y(p(@) + y(p o (p — 1) (B)). (6)

This inequality generalizes (12) of [S2] and is established by remarking that,
for any function o of class K, we have

7@+b)< max {y(@a+s)}+ max {ys+b)} ™
0<s<a(a) O<s<a~i(b)

» GAS stands for globally asymptotically stable and LES stands for locally
exponentially stable.

» UO (resp. SUO) stands for (resp. strong) unboundedness observability (see
Definitions 2.1 and 3.1 below).

» ISS stands for input-to-state stable and IOpS stands for input-to-output practi-
cally stable (see Definition 2.2 below).

2. Definitions and Main Results

2.1. Input-to-Output Practical Stability
Consider the following control system having x as state, u asinput, and y as output:

{x = f(x,u), xeR" ueR"

y=h(x,u), yeR?, ®)

where f and s are smooth functions.
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Definition 2.1. System (8) is said to have the unboundedness observability (UQ)
property if a function «° of class K and a nonnegative constant D° exist such that,
for each measurable essentially bounded control u(t) on [0, T) with 0 < T < o0,
the solution x(t) of (8) right maximally defined on [0, T') (0 < T" < T) satisfies

Ix(@O) < oa®(1xO) + i/, ¥ + D%, Vte[0, 1) ©

Definition 2.2, System (8) is input-to-output practically stable (10pS) if a function
B of class KL, a function 7y of class K, called a (nonlinear) gain from input to output,
and a nonnegative constant 4 exist such that, for each initial condition x(0), each
measurable essentially bounded control u(-} on [0, c0) and each t in the right
maximal interval of definition of the corresponding solution of (8), we have

ly@l < B(IxO)], &) + y(llull) + 4. (10)
When (10)is satisfied with d = 0, system (8)is said to be input-to-output stable (10S).

Remark 1.

1. For a multi-input system, it is sometimes very useful to specify one gain
function for each different input (see (17) for instance).

2. The notions of UO and I0S introduced here differ slightly from the strong
observability and T1OS properties introduced by Sontag in (38) of [S2] and,
respectively, (10) of [S2] in that dependence on the initial condition of the
particular state space representation (8) is made explicit. In addition, the offset
D has been introduced in the UO property. When y = x in (8), IOpS is called
input-to-state practical stability (ISpS). In this case, if d = 0 in (10), then I0pS
becomes input-to-state stability (ISS) as proposed by Sontagin [S2] and [S4].

3. Ifasystem has the UO property and is IOpS, then the system has the “bounded
input bounded state (BIBS)” property. If a system has the UO property and
is IOS, then, in addition, the system has the “converging input converging
output (CICO)” property. If a system has the UO property with D® = 0 and
is IOS then, in addition, it is stable in the sense of Lyapunov when u = 0 (sce

{12

Associated with a detectability property, the UO and [OpS properties imply
global asymptotic stability (GAS). To state such a result, we recall the following
definition:

Definition 2.3. Let @z, x, u) be the flow of system (8) at time ¢ starting from the
point x under the input u. System (8) is said to be zero-state detectable if, for all
x € R”,

(u=0,y() =0,V >0} = {lim @(t, x, 0) = 0}. (11)

t—w

Proposition 2.1. Assume system (8) has the UO property with D° = 0 and is 10S.
Under this condition, the origin of (8) is GAS whenu = 0 if and only if (8) is zero-state
detectable.



Small-Gain Theorem for ISS Systems and Applications 99

Proof. Clearly, GAS when u = 0 implies zero-state detectability. For the suffi-
ciency, stability follows from combining (9), with D° = 0 and u = 0, and (10), with
d = 0and u = 0, so that the norm of the solution, right maximally defined on [0, T”),
is bounded by a class K function of the initial state:

Ix()] < a®(Ix(0) + B(x(0)}, 0)),  Vte[O, T"). (12)

By contradiction, 7' = oo. For convergence, the IOS property implies that y con-
verges to zero when u = 0. Then, since the solution is bounded, it converges toward
its w-limit set which is nonempty and compact (see Theorem 1.8.1 of [H]). By
continuity this set is contained in the set {x: h(x, 0) = 0}. Thus, by zero-state
detectability the solution converges to zero. |

Other properties of IOpS systems are given in Section 3.

2.2. Main Results
Consider now the following general interconnected system:
Xy = fixy, Y2, uy), Y1 = hy(x1, y3, uy), (13)

Xy = fr(X2, 1, 43), V2 = hy(x, y1, us), (14)
where, for i = 1, 2, x; € R™, u; € R™, and y; € R?. The functions fi, f,, h,, and &,
are smooth and a smooth function % exists such that

(yl’ }’2) =h(x1:x2, u13u2) (15)
is the unique solution of

{Jﬁ = hy(xy, ha(x2, Y1, Us), 4q),

16
Va2 = hy(xa, hy(xy,y2,uy), ). 19

We have:

Theorem 2.1 (Generalized Small-Gain Theorem). Suppose (13) and (14) are 10pS
with (v, uy) (resp. (yy, u,)) asinput, y, (resp. y,) as output, and (B, (v, y1), d) (resp.
(B2, (v3, 73), d,)) as triple satisfying (10), namely,

1@ < B1(1x1(0), &) + yiClly2l) + yi(luddl) + dy,

1201 < B2(1x200L 8) + 3Ny aell) + v5(lluz]l) + ds.

Also, suppose that (13) and (14) have the UO property with couple (o, D?) (resp.
(23, D). If two functions p, and p, of class K., and a nonnegative real number s,
satisfying

a7

(Id + p2) o3 o(Id + py) o pi(s) < S’} Vs 2 s,

Id + py) o 7 o (Id + py) 0 3(s) < s, (18)

exist, then system (13)—(14) with u = (u,, u,) as input, y = (y,, y») as output, and
x = {x1, X,) as state is IOpS and has the UO property (is IOS and has the UO property
with D° = 0 when s, =d, = D? =0 (i = 1, 2)).
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More specifically, for each pair of class K, functions (r5, ps), a function § of class
KL and a nonnegative constant d (equal to zero whens; = d; = D? = 0(i = 1, 2)) exist
such that system (13)—(14) is IOpS with the triple (8, 7, + r, + 15, d) where

{rl(S) =(Id + p7") o (Id + ps)? o [ + y¥ o (Id + p3") 0 (Id + pa)? 0 y51(5), (19)
ra(s) = (Id + p;") o (Id + p3)* o [y + p3 o (Id + p*) o (Id + p3)* 0 y11(s).

Remark 2.

1. The twoinequalities (18) are equivalent. Both are written here for ease of future
notation.

2. Condition (18) has been introduced by Mareels and Hill in [MH] to state an
input—output stability result in the operator setting without making the role
of initial conditions explicit. This condition is a nonlinear version of the
classical small-gain condition (see, for intance, [DV]). Sufficient conditions to
check condition (18) are given in [MH]. Our task here was to complete the
result of [MH] in order to take into account the effects of the initial conditions
and to express the gain function y of the closed-loop system in terms of the
gains of the two subsystems. Our result can also be used to conclude asymptotic
stability for the internal variables under the conditions of Corollaries 2.1 and
2.2.

3. Theorem 2.1 deals with global practical stability. Its complement, local asymptotic
stability, holds (as in [TP]) when d; = D{ = 0and Vs > s, is replaced by Vs < s,
in (18).

4. The 10pS properties (17) and the small gain condition (18) with 5, = 0 imply
that the topological separation condition of Theorem 2.1 of [S1] holds. Indeed,
toeach tin R, and each output pair(y,, y,), we can associate the real number

d(y1, y2) = [y2l — v3lysl)- (20)

Then (17) implies readily that (2.3.2) of [S1] holds with the symbol v repre-
senting x,(0), d,, and u,. Also (17) ansd (18) imply that (2.3.1) of [S1] holds
for some function ¢, of class K, and with the symbol u representing x,(0), d,
and u,.

Corollary 2.1. Under the conditions of Theorem 2.1,if s,=d,=D? =0 (i = 1, 2)
and systems (13) and (14) are zero-state detectable, then system (13)—(14) is GAS when
u=0.

Proof. The result follows readily from Theorem 2.1 and Proposition 2.1 after it is
recognized that, if (13) and (14) are zero-state detectable, the interconnection (13)—
(14) is zero-state detectable. [ ]

Remark 3. When establishing GAS results using Corollary 2.1 we, in certain
instances, assume that each subsystem is ISS (see Remark 1.2) since this is sufficient
to guarantee that each subsystem has the UO property and is zero-state detectable.
See Proposition 3.1 and Corollary 3.1 for another motivation of the ISS assumption.
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As stated in Remark 1.2, IOpS (resp. IOS) is ISpS (resp. ISS) when the state is
seen as an output. In this case the UO property with D® = 0 is obviously satisfied.
The following corollary is a particular case of Theorem 2.1.

Corollary 2.2. Consider system (13)—(14) with y, = x, and y, = x,, i.e.,
Xy = f1(x1, ya2, wy), Y1 = X1 (21)
X = folxzs Y1, tz), Y2 = X3. (22)

Assume that both the x| and x, subsystems are ISpS (resp. ISS) with (y,, u,) and
(¥, uy) considered as inputs, i.e., (17) holds. If, in addition, the small-gain condition
(18) is satisfied, then the complete system (21)—(22) is ISpS (resp. ISS when s, in (18)
is equal to zero) with (u,, u,) as input.

Another interesting result relying upon the notion of IOpS is the following gain
assignment theorem:

Theorem 2.2 (Gain Assignment). Consider the control system

{C’ = Al + B(H¢ + w,),

¢=F&+ Gu+ o, @)

with u e R as input, { € R, £ € R" as components of the state, (w,, w) € R x R” as
perturbations, and { as output. Assume (A, B) is stabilizable, (F, G) is controllable,
(F, H) is observable, and (H, F, G) has maximal relative degree. Under these condi-
tions, for any function y of class K, a smooth function u,({, &), with u,(0, 0) = 0,
exists such that system (23) in closed loop with u = u,((, &) + v is:

1. ISS with (wy, , v) as input.
2. 10pS with (wy, w, v) as input, { as output, and the function y as gain.

Moreover, if the inverse function y™* of y is linearly bounded on a neighborhood of
0, the closed-loop system (23) can be rendered 108 with (w,, w, v) as input, { as output,
and the function y as gain.

Remark 4.

1. There is no contradiction between the ISS and IOpS properties. The “practi-
cal” in the latter means only that, in general, y is actually assigned only outside
a neighborhood of 0.

2. The first point of Theorem 2.2 guarantees that the closed-loop system (23) with
(wp, w, v) as input and { as output has the UO property with D° = 0 and is
zero-state detectable. In fact, it has the stronger SUO property (with d° = 0)
of Definition 3.1 below.

3. The motivation for assigning a gain function with an inverse that is linearly
bounded on a neighborhood of 0 comes from Theorem 2.1 together with
Lemma A.2.
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The proofs of Theorems 2.1 and 2.2 are given in Section 5. To illustrate the interest
of these two theorems, let us consider the following single-input system:

{3& = f(x,z) + u,

z = q(x,2),

(24)

where (4, x, z)isin R x R x R?, and f and q are smooth functions. When z = g(x, z)
is ISS with x as input the whole system (24) is made ISS with v as input by a feedback
law such as

u=—x—f(x,z) + v (25)

This follows, for example, from the first part of Proposition 3.2 which is a special
case of Theorem 2.1. However, making system (24) ISS with a feedback law as

u=9%x)+v (26)

is still an open issue. Nevertheless, the next corollary shows that system (24) can be
made ISpS with a partial-state feedback control §(x).

Corollary 2.3.

1. If in (24) the z-subsystem is ISpS with x as input, then we can find a smooth
partial-state feedback 9(x) which is zero at zero and such that, with

u=3(x) + o, 27)

system (24) is ISpS with v as input.

2. If the z-subsystem, with x as input, is ISS and, with f(x, z) as output, is [0S with
a gain function linearly bounded on a neighborhood of Q, then, with (27), system
(24) becomes 1SS with v as input.

3. If the z-subsystem, with x as input, is ISS, (0, 0} = 0, and the matrix (84/0z)(0, 0)
is asymptotically stable, then 3(x) in closed loop with (24) gives GAS and LES.

Remark 5. The conditions of point 3 of this corollary are sufficient, but not
necessary, to give the conditions of point 2. See Lemma A.2.

The proof of this corollary is given later. This result extends to the partial-state
feedback case or dynamic uncertain case the “adding one integrator technique”
(compare with Theorem 4 of [T2]). In Section 4.3 we see that Corollary 2.3 can be
used as one of the tools to design a stabilizing partial-state feedback for system (1).

3. Further Facts About the IOpS Property

The main purpose of this section is to establish other properties of IOpS systems.

We first point out that the notions of IOpS (resp. IOS) and ISpS (resp. ISS) are
strongly related. Indeed, consider again system (8) where f and h are smooth
functions.
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Definition 3.1. System (8) is said to have the strong unboundedness observability
(SUO) property if a function B° of class KL, a function y° of class K, and a
nonnegative constant d° exist such that, for each measurable control u(t) defined
on [0, T)with 0 < T < oo, the solution x(¢) of (8) right maximally defined on [0, T")
(0 < T' < T) satisfies

Ix(O] < B2UIxO)), &) + (I, y)TD +d° Ve [0, T). (28)

Remark 6. The SUO property implies the UO property and, when d° = 0, the
zero-state detectability property.

We have, similar to Propositions 3.2 and 7.1 of [S2], and in the spirit of Proposi-
tion 2.1:

Proposition 3.1.  If the x-system is ISpS (resp. ISS), then system (8) with y as output
has the SUO property (resp. the SUO property with d° = 0) and is 10pS (resp. 10S
if, in addition, h(0, 0) = 0). Conversely, if system (8) is IOpS (resp. I0S) and has the
SUQ property, then the x-system is ISpS (resp. 1SS if, in addition, d° = 0).

Proof. With the help of (6), the first assertion is directly proved just by remarking
that two functions «, and «, of class K exist such that, for all (x, u),

[h(x, w)] < |h(QO, O)] + ac(Ix]) + o, (Jul). (29)
For instance, o, and o, in (29) may be taken as
a.(s)=s+ max |h(x, u)— h(0, 0)], (30)
u) <]xf<s
2,(8) = s + max |h(x, w) — h(0, 0)|. (31)
|x|<fu|<s

Conversely, if system (8) is IOpS and has the SUQ property, then, by a contradiction
argument from inequalities like (32) and (34) below, we can show that, for every
measurable essentially bounded input u on [0, c0), y and x exist and are bounded
on [0, o). Moreover, two functions § and f° of class KL, two functions y and y° of
class K, and two nonnegative constants d and d° exist such that, using time
invariance and causality, for all t > ¢, > 0,

@I < B(Ix(to)l, t — o) + v(llull) + 4, (32)
[x(@®)] < B(x(to)l, £ — to) + U, yi,. )" ID) + d° (33)
By substituting (32) with ¢, = 0 into (33) with ¢, = t/2, we obtain

w01 < x@] %) + y‘)(nun * ﬁ(lx(on, ;) +7(lul) + d) +d% (34
Moreover, from (32) and (33), we have, for any function p of class K, and allt > 0,
F(3)
+7%0(ld + p)o (Id + y)(|lull) +y° o (Id + p~') o (Id + p)(d) + d° (35)
=, (36)

We can conclude by replacing | x(¢/2)| in (34) by the bound s,, given in (35). MW

< [B°(x(0)), 0) + y° o (Id + p~Y*(B(1x(0)], 0))]
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Remark7. We remark that, by following the same lines as in the proof of Theorem
2.1 (see (98)—(109)), from (35) and (34), we can obtain the following more precise
statement:

For any pair of class K_-functions (r, p), a function f, of class KL and a
nonnegative constant d, (d, = 0 when d = d° = 0) exist such that

Ix(@] < B(xO), ) + ¢ +v° o (Id + p) o (Id + ) (Ilu]}) + d.. G0

Corollary 3.1. Under the conditions of Theorem 2.1, if systems (13) and (14) have
the SUO property, system (13)—(14) is ISpS (resp. ISS if s;,=d? = d, =0 (i = 1, 2)).

Proof. The result follows readily from Theorem 2.1 and Proposition 3.1 after it is
recognized that if (13) and (14) have the SUO property (resp. the SUO property
with d? = 0), then the interconnection (13)-(14) has the SUO property (resp. the
SUO property with d° = 0). [ |

In Theorem 2.1 we gave a small-gain condition under which the interconnected
system made of two IOpS systems is again IOpS. In some cases this condition is
trivially checked. Precisely, when system (13)—(14) takes the following form,

{)& = f(x,z,u),
Z=g(z,u),

as a straightforward consequence of our previous results, we have:

(38)

Proposition 3.2.  If the x-subsystem of (38) is ISpS (resp. ISS) with (z, u) as input and
the z-subsystem of (38) is ISpS (resp. ISS) with u as input, then system (38) is ISpS
(resp. ISS) with u as input.

This proposition shows that the ISpS property is closed under composition. This
fact has already been noticed by Sontag [S2, Proposition 7.2] for input—output
stability.

We finally note the following useful fact:

Fact 1. If the system

X =flxv), veR? (39)

is ISpS with v as input, and if @: R™ - R™ is a continuous function, then (39) is also
ISpS with u as input when

v = @(u). (40)
Proof. Withy = x,let(f, v, d) be the triple given by the ISpS property (see Remark
1.3) of (10). Let

do = |o(0)]- (41)
The system

X = flx, p() (42)
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is ISpS with u as input and with (8, y o 2y,, d + y(2d,)) as triple satisfying (10) where
Yo 18 the function of class K defined as

7o) = max {|o() — (O)I} +s, Vs>0. W (43)
luj<s

uj <

4. Applications

4.1. A Detour from the Center Manifold Reduction Theorem

Consider the following system:

{Z = q(z,{),
{=f0) + wz0),

with (z, {) € R? x R” as state and w € R" as coupling nonlinearity. Assume:

(44)

1. The vector field fis homogeneous with degree r and { = 0 is an asymptotically
stable equilibrium point of ¢ = f({).

2. The z-subsystem with { as input and w(z, {) as output has the SUO property
with d7 = 0 in (28) and is TOS with gain y,(s) < u|s|” for some nonnegative
real number .

Proposition 4.1. Under these conditions and if u is sufficiently small, the zero
solution of (44) is GAS.

This result generalizes the lemma on p. 442 of [1] or Lemma 4.3 of [BI] where
the local counterpart of this result is proved by applying the center manifold
reduction theorem which imposes f({) = F( with F an asymptotically stable matrix.
System (44) has been treated in a different way in Section 4 of [JP].

Proof. From [R] for example, for any k > 1, a homogeneous C! function ¥ and
four positive real numbers ¢, to ¢, exist so that, for all ¢,

0
el < V) < cplL, »6—2/(5) <l (43)
oV
6—C(C)f(C) < = (46)

Now, for all measurable essentially bounded () defined on [0, +o0) and any initial
condition {(0), let {(¢) be the solution of the {-subsystem right-maximally defined
on [0, T). Along this solution, we get

V< —cy0F 1t + cq oo (47)

< =3l = 1T Gl — ¢slo)). (48)
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It follows from [S2] that the {-subsystem with  as input is ISS with gain

1/k
_(c2\" 2
v;(s)—(cl) sl 49)
Our conclusion follows readily from Corollary 3.1. |

4.2. Linear Systems with Nonlinear, Stable Dynamic Perturbations

Consider the following system:

2 =q(z,{),
{ = AL + B(HE + 0o(z,0)), (50)
& =F¢ + Gu + w(z,0),

with u € R as input, (z, {, £) e R? x R! x R" as state, and (w,, ) € R x R" as cou-
pling nonlinearities. Assume:

1. (4, B) is stabilizable, (F, G) is controllable, (F, H) is observable, and (H, F, G)
has maximal relative degree.

2. The z-subsystem with { as input and (w,, @) as output has the SUO property
with a d? = 0 in (28) and is IOS with a gain function y, linearly bounded on
a neighborhood of 0.

Proposition 4.2. Under these conditions, we can design a smooth partial-state global
asymptotic stabilizer u((, &) for system (50) such that system (50) withu = u({, &) + v
is ISS with respect to v.

This proposition belongs to the class of results known for these so-called partially
linear composite systems studied, for example, in [SK], [SKS], [S5], [T1], and
[LS]. As proved in [S5], when ! > 1, extra assumptions must be imposed on the
z-subsystem to guarantee controllability to the origin even when (4, B) is con-
trollable and the coupling terms (w,, @) are not present (see also Theorem 3 of
[SKS]). These extra assumptions are in place to guarantee that the state z remains
bounded while the state { converges to zero, as in [S3]. For example, growth
conditions on ¢ may be imposed [SKS, Proposition 5], [SK, Theorems 6.2 and 6.4].
Here, to address the coupling terms, we impose the SUO and IOS properties on
the z-subsystem with (w,, ®) as outputs. According to Corollary 2.1, this could be
relaxed to UO 4 IOS + zero-state detectable if only GAS is desired.

Proof. From Corollary 3.1, the result holds if we can find a control law u({, &)
which makes the ({, £)-subsystem, with (wg, @) as input and { as output, I0S,
with gain function (2y,(2s))™* and to have the SUO property with a d@ =0
in (28). However, such a fact is proved under the assumptions of Proposition 4.2 in
Theorem 2.2. ]
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4.3. Pure Feedback Systems with Dynamic Uncertainties
Let us now consider the single-input system mentioned in the introduction:
X = X4 + filX1, Z), 1<ig<n-—1,
X, =u+ fi(X,, Z,), (51
Z;=q(X,Z), 1<i<n,
where, for each i in {1, ..., n}, the vector X; in R’ is defined as
Xi=(x4,.-05 %) (52)

and is part of the measured system state components, Z; in R™ is part of the
remaining unmeasured state components, # in R is the input, and the f’s, g;’s are
smooth functions.

Our objective is to design a control law u, involving the components (x4, ..., X,)
only and rendering any trajectory of the closed-loop system (51) globally bounded
and if possible to guarantee global asymptotic stability.

We make the following assumption about the unmeasured dynamics of system
(S1)

(H1) Foreachiin {1,...,n}, the system
Z, = q(X,, Z)) (53)
is ISpS with X as input.

For proving not only boundedness but also asymptotic stability of an equilibrium
point, we need the following extra assumption:

(H2) Foreachiin{l,..., n},(0q;/0Z;)(0, 0)is an asymptotically stable matrix, we
have

fi(0,0) =0, (54)
and the system
Z,=aq(X: Z,) (55)
is ISS with X as input.

This type of system has been extensively studied by many researchers with
different viewpoints including state feedback stabilization, or (dynamic) output
feedback stabilization (see [KKM2], [MT1], and the references therein). In the
absence of the dynamic uncertainties characterized here by z, results on the global
stabilization of (51) are available in [KKM1], [KKM2], [MT2], and [FK].

To solve our problem the idea is to use, recursively, Corollary 2.3, Proposition
3.2, and Fact 1 established in the previous sections as three basic tools.
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Step 1. Consider first the subsystem of (51):

{5% =X, + fi(*1,Z}),

Zl =q,(x1,Z;) (56

By applying Corollary 2.3 to system (56), we get a smooth function 3;(x,) which is
zero at zero and such that, with
Xy = 91(x1) + x3, (57)

system (56) is ISpS with x¥ as input. Moreover, if (H2) holds, this system is also ISS
with x¥ as input and LES when x% is zero. We denote

x¥ = xy, 2t =12, 4 :=14,. (58)

Step i (2 <i< n). Assume that we have designed a smooth function §;_; so that
the system

T - £ * *
B 5
is ISpS with x} as input if
x; = xF + §-1 (). (60)
Here, by induction, (x}, x%, ..., x}_,) are part of the components of Z¥ ;.
Consider the new variable
xF = x; — xty) (61)
and let
Z¥ =(Z,, (50, ZED ) (62)

We can rewrite the system
Zi = qi(x1,.. s %, Z3),
My =X+ fin (G ZE), (63)
ZI?—1 =§; 1 (x} 1, Z5)

as

q:(xF, S (xF) + x5, .., 9 (X)) + xF, Z)
(x?‘ + 8 () + f:-—l(x?:—l» Z;k—1)>
g1 (X1, Z1 1)

Since the z,-subsystem of (51) is ISpS with (x, ..., X;} as input, and the map which
transforms (x,, ..., ;) into (x¥, ..., x¥) is a global difffomorphism preserving the

origin, a direct application of Fact 1 shows that the system

ZF = (x5 ZY) = (64)

Z; = qi(xt, $,0eF) + x%, ..., i (k) + x5 ZY) (65)
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is ISpS with (x¥, ..., x¥)asinput. So, by applying Proposition 3.2, we see that system
(64)is ISpS with x}* as input. The ISS and LES properties also hold if (H2) is satisfied.
Also, our change of variable gives
X¥ = x40 + filXs, Z)) = V8, (XE ) OcF + f:'—x(x?:—p Zty)) (66)
where V9, _, stands for the gradient of 9,_,, or, in a form compatible with Corollary
2.3,
X = xi + fixk Z8), (67)
where f; is given as
filet, Z8) = St $:O) + x4, ., 8oy (xE) + XE, Z)
= VO () OF + fioa (6, ZE ). (68)
Now we apply Corollary 2.3 to system (67) and we get a function 3;(x*) which is
zero at zero and such that, with
X+ = H(cF) + xfyy, (69)

system (67)—(64) is ISpS with x},, as input. It is also ISS and LES if (H2) holds.

Step n. As above, we get a control law 3,(x}) such that
u=_9,(x¥)+v (70)
makes the system, derived from the previous n — 1 steps,
{x:f =u+ f(x} Z3),
n =4 Z)
ISpS with v as input. Therefore, the solutions (x*(¢), Z*(t)) of (71) with
u=8,0cy) (72)

are uniformly ultimately bounded. Since the map which transforms (x*, Z*) into
(xps Zy5 -5 X1, Z,) is a global diffeomorphism and preserves the origin, this implies
that, for any initial condition, the solutions (x, z) of the closed-loop system (51) are
bounded. The ultimate bound for the transformed coordinates (x*, Z*) depends
mainly on the d;’s associated with the Z;'s subsystem. However, for the original
coordinates (x,, Z,, ..., Xy, Z;), their ultimate bound depends also, and in a very
intricate manner, on the controller. We even have the possibility that, by trying to
push the ultimate bound for (x}, Z¥) to zero, the ultimate bound for (x,, Z,,, ..., x;,
Z ) will go to infinity. This is known as the peaking phenomenon [SK]. However,
if assumption (H2) holds, system (71) with

u=38,(x¥+v (73)

(71)

is ISS with v as input and LES when v is zero.
We summarize with the following result:

Proposition 4.3. Under assumption (H1), we can design a smooth partial-state feed-
back u(xy, ..., x,) such that, for any initial conditions, all the trajectories of system
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(51) in closed loop with
U=U(X(s..., X, (74)

are bounded. Moreover, if assumption (H2) holds, we can design a global asymptotic
partial-state stabilizer u(x,, ..., x,) for system (51).

5. Proofs

5.1. Proof of Theorem 2.1

A first fact to be noticed is that (18) implies the existence of a nonnegative real
number d, such that

vy o(d + p;)oyi(s) < (Id + p)7'(s) + dg,} s> 0
71 o (Id + py) 0 73(s) < (Id + p,) 71 (s) + ds, -
with d; = 0 when 5, = 0.

(75)

Step 1: Existence and Boundedness of Solutions on [0, c0). For any pair of measur-
able essentially bounded controls (u,(t), u,(t)) defined on [0, +o0), for any initial
condition x(0), by hypothesis of smoothness, a unique solution x(t) of (13)—(14) right
maximally defined on [0, T) with T > 0 possibly infinite exists. Also, since (13) and
(14) are 1OpS, for any 7 in [0, T') and any

0<tg<tg<t, <ty <T—r, (76)
we have, using time invariance and causality,

ly1(tn + ) < Bi(1x1(tio + D trr — t10) + VUYap g +eey, +all) + 7101 ])

+d,, (77
1yatar + O < Ballx2(t20 + D 21 — t20) + V3V 11130 45,00, +a1ll) + V3 (H1U2])
+d,. (78)

For ease of notation, set y; = y and v; = {(||u;|). Then pick an arbitrary T, in [0, T)
and let

T=tg=10=0, t2y =T, t;; €0, Tl (79)
By applying (6) and using (75), we get successively
121l < B2(1x2(0), 0) + 72(B1(1x1(0)], 0) + 71 ([y2r,ll) + vy +dy) + v,

+d, (80)
< B2(1%2(0)], 0) + v, o (Id + py) 0 y1(1yar, )

+ 95 0(Id + p7)(B1(1x,(0), 0) + vy + dy) + v, + d; (81)
< B(1x,(0)1, 0) + (Id + Pz)_l(“yzrou) +d;

+ 20 (Id + pr)(B1(1x1(0)1, 0) + vy + dy) + vy + da, (82)

< (Id + 3 Y(B2(1x2(0)), 0) + d5
+ 720 (dd + pr)(B1(1x1(0)), 0) + vy + dy) + v, + dp). (83)
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Since Ty is arbitrary in [0, T) and the right-hand side of (83) is independent of Ty,
y,(t) is bounded on [0, T). By symmetry, the same argument shows that y, () is
bounded on [0, T). Since the x,-subsystem and x,-subsystem satisfy the UO prop-
erty, we conclude that x, (t) and x,(¢) are bounded on [0, T'). It follows by contradic-
tion that T' = +o0.

Step 2: The 10pS Property. Continuing from (83), we can establish bounds on the
outputs in the following manner. From (6), for any function p, of class K, we have

28] < (Id + p21)(B2(1x2(0)], 0) + d3 + y5 o (Id + p1)
o (Id + p31)(B1(1x1(0)], 0))
+y,0(d+piY)o(@d + p3)(v, +dy) + v, +dy)  (84)
< (Id + pyY) o (Id + p3 ) (B2(1x2(0)], 0) + 75 0 (Id + p1*)
o (Id + p31)(B1(Ix,(0)), 0))) + (Id + p; ")
o(Id + p3)(ds + y, 0 (Id + pit)
o (Id + p3) (v, + dy) + vy + d). (85)
So, by symmetry, we have established
@I < 6,(1xO))) + Ay, [y < 8(1x(O)]) + Ay, (86)
with
81(s) = (Id + pi*) o (Id + p3")(B1(5, 0) + 7, o (Id + p3)
o (Id + p37)(Ba(s, 0))),
S(s) = (Id + p;") o (Id + p3*)(Ba(s, 0) + 72 0 (Id + p ')
o (Id + p31)(B4(s, 0))),

Ay =(Id + pr')o(Id + p3)(ds + 71 0 (Id + p3 1) o (Id + p3)(v, + d,) o
+uv, +d,),

A, =(1d + p3') o (Id + p3)(ds + 7, 0 (Id + prt) o (Id + p3)(v; + dy)
+ v, + dy)

With these bounds on the outputs we can use the UO property to establish bounds
on the states x;. In particular, let (o, D?), i = 1, 2, be two couples satisfying (9)
respectively for the subsystems (13) and (14). In this case any solution x(t) of (13)—(14)
satisfies, for all t > 0,

%1 (8)] < af(1x, O + [I(ufps y3i, vI)TH) + DY, (88)

%201 < a3(1x,0)] + I3,, ¥1,, ¥3) 1) + D3. (89)
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From (86), (8R), (89), and (6), we have
Ixll < (@ + a3) o (21d + 25, + 25,)(1x(0)))
+ [{af + ad)(2llull + 2A, + 2A,) + D9 + DY
= 03(Ix{0)]) + A4

=3

(90)

oo

with §, and A; (i = 1, 2) defined in (87).
With this bound on the state, inequalities (36} can be completed as follows: Let

t t t
Lo = 7 Ly = 5 Iy =1, I, € [5’ t], on

and substitute (77) in (78), so that we have, forany t >0 and v = 0,
t

‘)+V2+d2

[y2(t + 1) > B2 (Sw, 3

+ ?2(?&(“)’2{:;4“,0;5[.[;) + 6y <Scm %’) +v+ di). (92)

Thus, by applying (6) and using (75), we obtain, for all t > 0 and 7 > 0,

Vot + 7)1 < [ﬁz (Sw ;) +y20(Id + pr')o(Id + ﬂz_l)<ﬂ1 (s(,,, 2))-]
3

+(d + pz)_l(liJ’z[r/4+r,w,li) + yz0{ld + pfl) o(ld + p3)(v;, + ds)
+ v, +d, +ds. 93)

Note that the term between brackets in (93) is a function of ctass KL with respect
to (84, £). Further,

ypo(Id + o1 o (Id + pa)(v, +dy) + v, +dy + ds
=[(Id + p; Yo (Id + p3)]71(A,). (94)

So we apply Lemma A.1 to (93) with 7 fixed, z(¢) = |y,(t + ), p = %, A=(1d + p3),
and p = (Id + p,)7". It follows, using symmetry, that two functions $, and f, of
class KL exist such that, forall ¢ > 0 and 7 > 0,

(9ot + ) < Bilsrt) + Ay,
(Y2t + 1) < ﬁz(sw,t) + A,

Then from (86) on one hand and (95) on the other hand, we have, for all t > Q, the
two inequalities

(55)

O < By(5m 1)+ Balss 1) + Ay + Ay, (96)
(O] < (8, + 8,)(xO)) + A, + A,. 97)

This is not yet the IOpS property since s,, (in (90)) depends not only on x(0) but
also on u and the ds. To split this dependence, we define the following function
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on R3:
als, A, t) = min{([;’1 + /3’2)(53(s) + A, 1), (61 + 65)(s)}. 98)
Then, for any function « of class K, and for each (s, A, t), we have
a5, A0 < o5, 07 (s), 1) + o(x(A), A, ) (99)
< By + B)O05(5) + a7M5), 1) + (81 + 85) o al(A). (100)

The first inequality follows from considering the two cases, A < «*(s) and s < a(A),
and using the fact that, for each ¢, the function a(s, A, ¢) is increasing as s and A
increase.

In view of (90), (98), and (100), (96) and (97) imply, for all t > 0,

1Y) < a(1x(0)], As, 1) + A; + A, (101)
< (By + B)G5(1x(O)]) + a1 (1X(0)]), &) + (8 + ) 0 a(A3) + A; + A, (102)

The first term on the right-hand side of (102) is a class KL function of (|x(0)}, £). The
definitions of A, in (87) and (90), the fact that u = (u], u; )", and simple computations
based on (6) give, using the notation (19),

Ay <ry(ul) + dy, (103)
Ay <ry(lul)) + s, (104)
Ay < (0F + a9) o (41d + 4r; + 4r;)([[ull) + (o + «9)(4d, + 4d,) + DY
+ Dj. (105)
where

dy = (Id + p7Y) o (Id + p3) o (Id + p3*)[d; + dy + 77 o (Id + p3")
o(Id + p3) o (Id + p37)(d;)], (106)
dy = (1d + p3") o (Id + p3) o (1d + p3")[d, + ds + 33 o (1d + p; ")
o(Id + p3) o (Id + p3*)(dy)].  (107)
Then, using (6) again, we have
(01 + ;) o a(A3) < (6; + 8,) 0 20 (209 + 203) o (41d + dr, + 4r,)(||u))
+ 0y + 85) 0 (262 + 202)(4d, + 4d,) + 2D? + 2DY). (108)
Now, given any function r; of class K, we can pick « such that
(0 + 65) 0 o0 (20 + 209) o (41d + 4r, + 4r,)(s) < r4(s), Vs>0 (109)

(for example, & = (Id + J; + 6,) P orz o (Id + (202 + 203) o (4Id + 4r, + 4r,))™).
This in conjunction with (102), (103), (104), and (108) implies the IOpS property for
system (13)—(14) with the triple (§, r; + 7, + r,, d), where

B(s, 1) = (By + B,)(35(5) + 27 (s), 1), (110)
d=d;, +d, + (3, + 8,) o (223 + 2a3)(4d, + 4d,) + 2D? + 2D2). (111)
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Whend, =D? =0(i = 1,2)and d, = 0 (ie, 5, = 0), we get d = O implying the I0S
property holds. Finally, the UO property for the interconnection follows from the
UO property for each subsystem. u

5.2. Proof of Theorem 2.2

Theorem 2.2 is a direct consequence of Lemmas 3.2-3.4 of [PJ].
Introduce the new variables

(21,---32;;):(1)5, (61,.._,6,,):(1)60, 60=w09 (112)
where @ is the (invertible) observability matrix of (F, H):
®=[H'F'TH"---(F''H']". (113)

By hypothesis, system (23) is rewritten as
{ = AL+ B, + @y),
E=C, 4+, l<i<n, (114)
Z, = (HF"'G)u + HF"¢ + @,

Note that our assumptions imply that HF"'G # 0.
Following Lemma A.1 of [PI], for any function y, of class K, and each positive
real number #, a smooth function k, of class K exists such that

ko(s + 1) = 7,(s), Vs =0. (115)
Then we define
dk() 2s
k(s)=s sup — ()¢ + ko(2) dt. (116)
osr<t ( ds 0

This function 1s of class K, is convex, and satisfies
dk
k(s + 1) = ko(s + 1) = y4(s), s$(s) >k(s), Vs=0. (117)
In (115) 5 can be chosen as 0 whenever v, is linearly bounded on a neighborhood

of 0. Since (4, B) is stabilizable, a matrix K exists such that 4 — BK is stable. Let
P be the positive definite solution of

{A—BK)'P+ P(A—-BK)= —1I (118)
and consider the function
Vol(0) = k({7 PY). (119)
Along the trajectories of
{ = AL + B(ug + @), (120)

the time derivative of ¥, satisfies (using (117))

Vy = %(CTPC)[—CTC + 2L TPB(uo + K + @p)] (121)

< _)“max(P)—1 VO + 6% (122)
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provided that we take
w= K~ EPoBTR (123

By applying recursively the generalization of the adding one integrator technique
given in Lemmas 3.2 and 3.3 of [PJ], we get a smooth, positive definite and proper
function V,((, &,, ..., &,) and a smooth function u,((, &,, ..., £,) such that (see [PJ]
and p. 135 of [J])

un(o) = 07 VO(C) S I/n(C’ El’ RS En)’ V(C, El: (RS ] zn) € RH-"' (124)

Along with the solutions of (114) in closed loop with u, + v, the derivative of this
function V, satisfies

Vi) < — e PY V00, EL(0), .., E4(D)

fOE0ED (@) + o) (123)

ie{0,1,..., n}

for all ¢ in [0, T), the domain of definition of the right maximal solution ({(t), &),
.., £,(1)). A direct application of the Gronwall lemma implies, for all ¢ in [0, T),

n + )(n +2)

V() < e Py (0) + 5

......

(126)

Since V, is positive definite and proper, two functions o, and «, of class K, exist
such that

al(I(C: 21, AR ] En)TD < Vn(Cs 21, e En) < aZ(I(C7 Ela sy En)TI) (127)

From (126) and (127), it results that the solutions ({(z), &,(¢), ..., &,(t)) are bounded
on [0, T) and then T = +o0. In fact, the closed-loop system (114) is ISS with
(o, @, ..., @,, v) as input. Finally, by (112), we conclude that the original system
(23) is ISS with (w,, w, v) as input.

It remains to prove the IOpS and I0S properties. In view of (117), (119), and
(124), we have

(VIl(V;I(C, 215 ey En)) + 7’)1/2
Amin(P)? ’

Then, using (6) and (126), we obtain, for all t > 0,

]CI < V(Ca 21, ey En) € Rl+n‘ (128)

12

1 1t 1
(1) < mm(P)l/Zyll(ze Ama(PT Y (0)) 12 4 #F)ﬁ
1
ML [ ((n + D + DAy (PY(L + (B (007, @4, 1) T1)*)]2,

(129)

with ®@ in (113). By (127) and (112), the first term on the right-hand side of (129) is
a function of class KL of (|({(0), £(0)) "}, t). The second term is equal to zero if y, is
linearly bounded on a neighborhood of 0 since, as we saw, 7 = 0 in this case. Then,
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given any function y of class K, it is possible to choose a function 7, of class K,
such that

1

ﬁ};)ﬁ[?fl((n + D+ 22 (P)(L + [@)s)] < 9(s),  V¥s =0, (130)
and such that y, is linearly bounded on a neighborhood of 0 whenever 7! is. From
this, the third term on the right-hand side of (129) is dominated by y(ji(w, v)"{). W

5.3. Proof of Corollary 2.3

From Proposition 3.1, the z-subsystem with f(x, z) as output and x as input has the
SUO property and is 1OpS. Let y, be its gain function which, without loss of
generality, we can assume to be of class K. By applying Theorem 2.2 to the
x-subsystem of (24) with

=1, n=20, A=0, B=1, (131)
and
Hé =u, By = f(x’ Z)’ = %(2'))2)_1 = V% (132)

we get a smooth feedback law u,(x), which is zero at zero, such that the x-subsystem
of (24) in closed loop with u = u,(x) + vis IOpS with (f(x, z), v) as input, x as output,
and y, as gain function. We remark that by defining

9(x) = u,(x) — Kx, (133)

with K any nonnegative real number, the same result holds with u = 9(x) + v. So,
in particular, the small-gain condition (18) is satisfied between y, and y, with s, = 0.
With Remark 4, we know that the x-subsystem has the SUO property witha d? = 0
in (28). Hence the first point of Corollary 2.3 follows from Proposition 3.1 and
Corollary 3.1.

Point 2 follows in the same way since, in this case, the x-subsystem of (24) in
closed loop with u = $(x) + v is made IOS with gain y,.

Next, under the conditions of point 3 and according to Proposition 3.1 the
z-subsystem with x as input and f{(x, z) as output is IOS. Moreover, from Lemma
A.2, the z-subsystem is ISS with a gain which is linearly bounded on a neighborhood
of 0. From the smoothness of f, we can obtain a gain from input to output which
is also linearly bounded on a neighborhood of 0. The GAS property follows readily.

Finally, to prove the LES property, we observe that, when we regard x as the
output of system (24), (24) is hyperbolically minimum-phase with relative degree 1
(see [BI]). From Theorem 24.1 of [L1] on the conditions for stability supplied by
the first approximation and the root locus technique of [E], by choosing K large
enough, the partial-state feedback 3(x) renders the zero solution of (24) LES. N

6. Conclusions

The notion of input-to-output practical stability (IOpS) introduced in this paper is
a natural generalization of Sontag’s input-to-state stability property. We have
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shown that the notion IOpS allows us to establish a generalized small-gain theorem
(see Theorem 2.1 and Corollary 2.1) and a gain assignment theorem (see Theorem
2.2). The first one extends the small monotone gain theorem proved by Mareels and
Hill in [MH] by including a stability result of Lyapunov type. With these results,
we have been able to prove a result in the spirit of the center manifold reduction
theorem (see Proposition 4.1), to give conditions under which a linear system with
nonlinear, stable dynamic perturbations is globally asymptotically stabilizable (see
Proposition 4.2), and finally to show that the ISS property can be propagated
through integrators by choosing an appropriate partial-state feedback (see Corol-
lary 2.3). The latter provides an interesting tool for control design. In particular, for
a class of nonlinear control systems composed of a chain of dynamically perturbed
integrators, we showed how to design a robust partial-state feedback to render all
the trajectories of the system bounded. A sufficient condition for the global asymptotic
stabilization of the whole system is that the ISS inverse dynamics are locally
exponentially stable.
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Appendix

The following technical lemmas have been used in the proofs of Theorem 2.1 and
Corollary 2.3.

Lemma A.l. Let 8 be a function of class KL, let p be a function of class K such
that Id — p is of class K, and let u be a real number in (0, 1]. For any function A,
such that A — Id is of class K, a function B of class KL exists such that, for any
nonnegative real numbers s and d and any nonnegative real function z(t), defined and
essentially bounded on [0, +00) and satisfying

z(t) < B(s, ) + p() Zue,ll) + 4, Ve € [0, +00). (134)
we have

2 < Bis,t) + (Id — p) ™t o A(d),  Vte [0, +o0). (135)

Proof. With the function A fixed as stated in the lemma, we associate a function
Z(t) to any function z(t) satisfying (134):

2(t) == 2() 1|2 gus, oyl — (1d — p) " 0 A(d)), (136)
where y(x) = 1if x > 0 and y(x) = 0 if x < 0. Note that, since 0 < u < 1,
Jzgol —Ad = p) 0 Ad) <O = z()<(Ad—p) o),  (137)

IZp,apll = (Id = p) 0 A(d) >0 = d<i™ o (Id — p)(lzgu, ) (138)
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From (134), (136), and (138), the function Z satisfies
2(t) < Bls, ) + P(IZepll), V2 €0, +o0), (139)
where p is defined by
pi=p+ito(d~—p). (140)

Note that the function p is of class K, such that Id — p is of class K,,. If we find a
function § of class KL such that

2O < fGs, 1), V>0, (141)

then, by definition of Z and (137), (135) holds for z. The proof of existence of such a
function ﬁ follows exactly the same lines as in Lemma 2.1.4 and Proposition 2.1.5
of [L2] (see also proofs of Lemma 3.1 and Proposition 2.5 of [LSW1]) once the
following claim is established:

Claim. For any r and ¢ > 0, a nonnegative real number T exists such that if z(t)
satisfies (139) with s < r, then we also have

) <e V=T (142)

Proof. Lett, =0 andt; > 0 be the first time instant such that

i
Bir,t) < (I — ) > (1d = 7)™ (B O)). (143)

Then, for any integer n > 1, let ¢,,, > 0 be the first time instant such that
Id-p Id+p\ N
i, tm)s( : ”)( 3 ") ° (- 7)™ (B(r, 0). (144

Since f is a function of class KL, such a t,, exists. Then we define a sequence of
nonnegative real numbers {7, },., as follows:

1
fo=0, f,¢ = max {tnﬂ, l_tf"} (145)

Finally, we remark that, for each x > 0, ((Id + p)/2)"(x) is a decreasing sequence
and converges to zero as n goes to co.

Now we prove by induction that if Z(¢) satisfies (139) with s < r, then we have, for
alln >0,

20) < (Id : ’—’)" o(ld - P (B 0), Vi, (146)

Indeed, s < r and (139) imply
Z(t) < (Id — p)*(B(r, 0)), Ve = 0. (147)

This implies (146) for n = 0. Then suppose (146) holds. With (139), we get

Id+p

) < B, )+ Po ( ) o(Id — 5) (B, 0), Ve %t (148)
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This in conjunction with (144) implies

20) < (Id; P ) o — P AR O) V= Fyy. (149)

Therefore, (146) holds for every nonnegative integer n. This concludes the proof of
the claim and, as mentioned above, the proof of the lemma with Lemma 2.1.4 and
Proposition 2.1.5 of [L2] or proofs of Lemma 3.1 and Proposition 2.5 of [LSW].
(An idea about these results can be found in Appendix B.3 of [K].) n

The following lemma follows straightforwardly from Theorem 4.10 of [K] (see
also Theorem 1 of [VV] and Lemma 6.1 of [S2]):

Lemma A.2. Let Z = q(z, u) be an ISS system with u as input, and assume that
(0q/62)(0, O} is an asymptotically stable matrix, then a function § of class KL, a
Sfunction y of class K, and two positive real numbers n and k exist such that

y(s) < ks,  Vse[O, 7], (150)
and, for any measurable essentially bounded control u,
[z(0)] < B(1z(0)], 1) + y(Jlul). (151)
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