Nonlinear Observer Design with an Appropriate Riemannian Metric

Ricardo G. Sanfelice and Laurent Praly

Abstract— An observer whose state lives in the same space as
the one of the given system and which guarantees a vanishing
estimation error exhibits necessarily a symmetric matrix field
which is related to the local observability information. A direct
construction of this matrix field is possible by solving off-line
ordinary differential equations. Using this symmetric matrix
field as a Riemannian metric, we prove that geodesic convexity
of the level sets of the output function is sufficient to allow the
construction of an observer that contracts the geodesic distance
between the estimated state and the system’s state, globally in
the estimated state and semi-globally in the estimation error.

I. INTRODUCTION

For a complete nonlinear system of the form

z = f(.l?) ) Yy = h($), (D

with z € R™ being the system’s state and y € R the mea-
sured system’s output, we consider the problem of obtaining
an estimate Z of the state x by means of the dynamical
system, called observer,

T = H(x,v), 2

with x € RP being the observer’s state, and £ € R" the
observer’s output, used as the system’s state estimate. More
precisely, we consider the following problem:

x = Flx,y)

(x) Given functions f and h, design functions F and H
such that, for the interconnection of systems (1) and
(2), the set

{(z,x) ER" X RP | x = H(x,h(z))} 3)

is globally asymptotically stable (see Section II for a
definition).

This note focuses on the particular case where the state
x of the observer evolves in the same space as the system’s
state x, i.e., they both belong to R™. In such a case, we can
pick the observer output function H trivial, i.e., pick

p=n, T =x. 4)

Many contributions from different points of view have
been made to address this problem. While a summary of
the very rich literature on the topic is out of the scope of
this note, it is important for us to point out the interest of
exploiting a possible non expansivity property of the flow
generated by the observer which emerged from [10]. Study
of non expansive flows has a very long history and has been
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proposed independently by several authors; see, e.g., [9], [6],
[4], [11] (see also [8] for a historical discussion). Indeed,
as we report in this note, when problem (x) has a solution
then there is necessarily a symmetric matrix field involved.
It is then very tempting to use it as a Riemannian metric
to measure the distance between system’s state x and its
estimation z, and therefore, characterize the non expansivity
of the observer flow.

Riemannian metrics have already been used in the context
of observers in [1], [2] for instance. In these papers, the
authors consider systems whose dynamics follow from a
principle of least action, which involves such a metric,
such as Euler-Lagrange systems with a Lagrangian that
is quadratic in the generalized velocities. The Riemannian
metric used in such observer designs depends only on the
system vector field f. This is a key difference with the
approach taken in this paper: the proposed metric depends on
the pair (f, h), i.e., it incorporates the observability property
of the system.

The paper contains three main parts. In Section II we show
that an observer whose state y lives in the same space as the
state « of the given system and which guarantees a vanishing
estimation error exhibits necessarily a symmetric matrix field
which is related to the local observability information. In
Section III we establish a relationship between the necessary
condition in Section II and a local observability of system
(1), as well as provide a construction of a symmetric matrix
field satisfying the necessary conditions in Section II. Finally,
in Section IV, using the above symmetric matrix field as a
Riemannian metric, we propose a set of sufficient conditions
for the construction of an observer guaranteeing contraction
of the Riemannian distance between system’s state and
estimated state.

From our knowledge of the literature, we believe that
the ideas which follow are new, although they can be
seen as extension of what was proposed in [12] under the
restriction of existence of a quadratic Lyapunov function
depending only on the estimation error. For the sake of
simplicity, all along this paper we work under, not always
written, restrictions like, for instance, time independence,
completeness of the given system, functions differentiable
sufficiently many times, single output, R™ as system state
manifold, among others. Further extensions relaxing some
of these assumptions are in fact possible.

II. A NECESSARY CONDITION

Let ¢ = & — x be the estimation error. The interconnection
of system (1) and observer (2) under the conditions in (4)



admits (x,e) as state with dynamics given by
z = f(z) ¢ = Flx+eh(z)) — fx) . Q)

In this context, the set to be rendered globally asymptotically
stable (GAS) takes the form

A= {(z,e) eR"XR" |e=0} . (6)

By GAS of this particular set, we mean that there exists a
class-/CL function [ such that for all pairs (z, €) in R" x R™,
the solution (X((z,e),t), E((x,e),t)) of (5), issued from
(x,e), is right maximally defined on [0, 4+00) and satisfies

[E((2,e), 1) < B(le],t)

To state the following proposition, we need to introduce
the Lie derivative L¢P of the symmetric covariant tensor
field P of order 2 (see [3, Exercise V.2.8]). In x coordinates,
it satisfies:

Vt>0.

v LyP(x)v (7)
= 88_30 (UTP(JU)U) flx) + 20" P(x) (%(w)v) .

Proposition 2.1: 1f the set A is GAS for (5), then there
exists a C'*> function P : R” — R™" with nonnegative
symmetric matrix values satisfying

oh

v LyP(x)v < —v  P(z)v Y(x,v): %(x)v =0. 8

Proof: Since the set A is GAS, there exists (see, for
instance, [15, Theorem 3.2]) a C'*° function V : R" x R" —
R>¢ satisfying for all = in R"

V(z,0) =0 88—‘6/(30,0) =0 g@—a‘;(x,O) = 0,
P(z) == —5(,0) 2 0,
S f(w) + De) (Fla+ e, hia)) — @) (10)
< —V(z,e) V(z,e) € R" x R™ .

Since A is stable, it is also forward invariant. Then, the
solutions to (5) with e = 0 as initial condition remain in A
for all t > 0. In other words, e = 0 is an equilibrium point
of

é = F(z(t) + e h(x(t))) — f(z(t))
for any C! function ¢ — z(t). This establishes
F(z,h(z)) = f(x) Vo e R™ . (11)
By differentiating this identity with respect to x, we get

OF OF oh, . Of
b)) + G k@) Fr) = @)

and therefore

Setting e = rv, with r € R, in (10), we obtain

W o) f ()

r1—>0 r2 Oz
4 lim 22 z,v) F(x +rv,h(x)) —
r—0 r r

f(z))

1
=V (z,rv)

r—0 r2

With (9) and (11), we have that, for all (z,v) in R™ x R"
f(z))

LV, OF

= @(Jc, 0)%(30, h(z))v

To compute the limit of the first term of (13), note that the
Taylor expansion of %(Jc, e) around e = 0 is given by

oV oV o (oV
%(x,e) - %(‘xao) + % (%(‘xao) 6>

_;’_lg 82(
2 0z \© e

With (9), it follows that

< — lim

fim %Z (x,mv) F(z + rv, h(z)) —
r—0 r

(14)

>e> + 0, (ef?)

19V 19,1
lim 5 5z —(x,rv) = 3 5 (v P(z)v) . (15)
Similarly, we get
1 1 -
}1_{% —V(z,mv) = 3V P(z)v . (16)

Then, combining (14), (15), and (16), and using equation
(12), we have that equation (13) becomes

v P@ L @or L L

V(z,v) e R" x R" :

TP(z)v) f(z) < —%’UTP(x)’U

IIT. A LINK WITH LOCAL OBSERVABILITY

The necessary condition in (8) is linked to properties
of the family of linear time-varying systems obtained from
linearizing (1) along its solutions. We denote by X (z,t) a
solution to (1) at time ¢ issued from x. Since (1) is assumed
to be complete, for each x, t — X(x,t) is defined on
(—00,4+00). The linearization of f and h evaluated along
a solution X (z,t) gives the functions

af _ on
%(X(xat)) ) C‘L(t) - %

They allow us to define the following family of linear time-
varying systems:

£ = A€ , 0= Clt)E,

with state & € R” and output n € R. Systems (17)
are parameterized by the initial condition x of the chosen
solution X (z, t). Their state transition matrices are denoted
as ¢, for a given initial condition x € R™.

Au(t) = (X(,1)) .

a7



To state our following proposition, we need two defini-
tions.
Definition 3.1:

1) Given x € R”, system (17) is said to be uniformly
detectable if there exists a continuous function ¢ +—
K, (t) such that the origin of

is uniformly exponentially stable.

2) The family of systems (17) is said to be reconstructible
uniformly in z if there exist strictly positive real
numbers 7 and ¢ such that we have, for all x in R",

(18)

0
D, (5,0) Cr(s) " Cu(s)Pr(s,0)ds > €I . (19)

—T
Proposition 3.2:
1) Suppose there exist strictly positive real numbers p;

and ps, and a function P : R” — R™*"™ with positive
symmetric matrix values satisfying condition (8) and

0 < pI < P(x)< psI VreR", (20)

Then, for each x € R™, the linear time-varying system
(17) is detectable.

2) Conversely, suppose that the family of systems (17) is
reconstructible uniformly in x. Furthermore, assume
that the functions f and h have bounded differential.
Then, there exist a strictly positive real number A and
a continuous function P : R — R™*" satisfying (20)
such that the system

I = -1 %(x) - %(x)TH
On yTOR 1y 1)
| F S @) TS (@) - ATL
& = f(z)
admits the set {(z,II) € R™ x R™" : Il = P(z)} as

an invariant manifold.
Proof: We show item 1) first. We start by establishing
the existence of a continuous function k : R™ — R satisfying
for all x in R™

£rP() < k) go(@) 54 (@) — 5 P().

For this, let C'; be the compact set

(22)

Ci={xeR":i<|z|<i+1}.

There exists a real number k; such that for all &k > k;, we
have for all « in C;

oh oh 1
< k=—(z)"—(z) — = P(x) .
< ki@ 5t @) 5 P@)
Indeed, if not, with S™ being the unit sphere in R, there is
a sequence (x,,vy,) in C; x S™ satisfying :

L;P(x) (23)

2

1 - oh
By P n)Un = a..\4n)Un
v, P(xn)v n ax(x )

U;LrﬁfP(xn)vn + 9 =

Since the functions L¢P and P are continuous, the left hand
side is bounded. So any accumulation point (x,,, v,, ), known
to exist by compactness of C; x S™, satisfies

v LiP(2y) vy + %UIP(xw) v, > 0 ,
‘ oh ? (24)

%(xw)vw =0.

Since from (20) UI P(xy,) v, is strictly positive, (24) con-
tradicts (8). Then, (23) holds. It follows that any continuous

function £ satisfying
k($) > k?i Vo € Ci s Vi

satisfies the claim.
Now, to any = € R", we associate the functions :

H;(t) = P(X(.ﬁ,ﬁ)), V‘L(é-’ﬁ) = gTHw(t)ga

kX(z,1) L) Cu(t)T .

Kot) = ==

We have :

pil]? < Vu(&,t) < pslEf?
and, with (22) and (7) :

V(z,t,8)  (25)

d
7 (v L () v)
0
= 5. (VT P(@)v) f(2) :

=X (x,t)
—0 T (t)v — 20 T(t) (A (t) — K. (£)Cu(t)) v .

IN

So, for § given by (18), we get :

d
_VJ, ;t S _Va; at .
V(D) (&)
The conclusion follows with (25).
To show item 2), note that, by boundedness of % and
there exist scalars M7 and My such that

oh
ox?

| (t, s)| < exp(Milt —s]) ,  |Ca(t)] < Mo
V(z,t,8) eR" X RxR .
Let A > 2M, . Define

P(z) = 0 (26)
Tlim exp(As) @, (5,0) " Cy(s) T Cr(s) Py (s,0)ds .
——0o0 Jp
Since, for each x, we have
| exp(As) P (s, O)TC’x (s)TC’x(s)(ﬁx (s,0)]
< M3 exp(]\—2M]s) Vs<O0,

and, for each s, the function z — X(xz,s) and therefore
the functions = +— (®,(s,0), Cy(s)) are continuous, P is a
continuous function on R™. Using (19), it satisfies, for all x
in R”,

P(z)

Y

0
/ exp(As)®,(s,0) " Cu(s) " Cr(s) Py (s,0)ds

—T

eexp(—=A7) T

Y

Ve € R,



0 M22
exp(As) exp(2Mq|s])ds T = N2,

Then, the bounds in (20) hold with p; = eexp(—A7) and
M2
Ps = x=31; -
To conclude our proof, it remains to show that

(X (x,t), P(X(z,t)) is a solution of (21). For this it is
sufficient to prove that aP(X (x,t)) exists and satisfies

P(z) < M} / I

—00

(X(z,1) = —P(X(2,1)As(t) — Ae(t) T P(X (1))
+ Co(t) T Cu(t) — ANP(X(z,1)) . (27)

—P
dt

Evaluating (26) along X (x,t) gives

0
exp(As) P x (4,1 (5, O)TC’X(%,:)(S)T
X CX(x,t) (S)(I)X(%t) (S, O)ds

P(X(z,t)) = lim

T——00

where, by definition,

Oxnls) = o(X(X(z,1),5)
= @(X(x t+s)) = Cu(t+s) . oo
oz ’ *
Similarly, we have
Axn(s) = Au(t+5) (29)
and therefore
Dx(er)(5,0) = Bu(s+1,0)D,(0,1) . (30)
Note finally that
D, (s,7)Py(rys) = 1T V(s,r)
implies
8;? (s,7) = —=P@y(s,7) Az (r) Y(s,7) . 31)

Using the expressions above, and changing s+ into s inside
the integral, P(X (z,t)) can be expressed as

P(X(z,1))
0
= Tlim exp(As) @, (0,1) T @, (s +1,0)TCL(t +5)"
——0o0 Jp

X Cyp(t+ )Py (s +1¢,0) P, (0,t)ds ,
exp(—At)®,(0,1) "

<[ | exp(A) . (5,0) T Ca(s)T

T——oo Jp

X Cp(8)P;(s,0)ds| ®,(0,¢) .

We conclude that (27) holds by taking the limit of
P(X(xz,t+7r)) — P(X(z,t))

when r goes to 0, with the
help of (31). m

Item 1) in Proposition 3.2 indicates that the existence of
P satisfying (1) is closely related to the local observability
information of (1). The second item, and more specifically
the expression (26), suggests a method to approximate P(x).

Given a point z € R" where we want to evaluate P, we
compute the solution X (x,t) to & = f(z) backward in time
from the initial condition x, at time ¢ = 0, up to negative time
t = =T, for some T' > 0 such that exp(—\T) is sufficiently
small. Then, P(x) is given by II(0), the solution at time
t =0 of

I = —MA,(t) — A(t) T + Colt) Co(t) — AII
with initial condition II(—7") = 0 at time ¢t = —71'.
IV. SUFFICIENT CONDITIONS

In this section, we employ a symmetric matrix field P
satisfying
Oh, .t0Oh
ox (z) ox
to design the function F' of the observer (2). To that end,
we use P as a Riemannian metric on R™. Then, define the
length of a C'' path v between points x; and x» as

S5 So T
ce ﬁ—Z(s) PO(s) 5L () ds

Y(s1) = x1 Y(s2) = a2 .

The Riemannian distance d(x1, z2) between two such points
S2

LiP(z) — z) <0 Vo € R"
!

L(v)

where

is then the minimum of L(v)| among all possible piece-
S1

wise C! path v between z; and x». With the Hopf-Rinow
Theorem (see [3, Lemma VII.7.8]), we know that, if every
geodesic can be maximally extended to R, then the minimum
of L('y)‘
nonuniquéi geodesic, which is called a minimal geodesic.
In the following, v* denotes such a minimal geodesic.

Lemma 4.1: Suppose that a function P : R — R™"
with symmetric values satisfies

0 < P(x) VxeR" |

is actually given by the length of a (maybe

lim 72p;(r) = 400, (32)
T—00
where, for any positive real number 7,
pi(r) = min min v’ P(x)v .
z:|z|<rwv:|v|=1

Then, with P as Riemannian metric, any geodesic can be
maximally extended to R.

Proof: Let x1 and xo be any point in the ball B,
centered at the origin and with radius r. The Euclidean
distance |21 — x| satisfies

S1

where 7 is any C'! path between x; and xo. This implies :

S2 52 d
o) = Ve [ |5 ds = Vit e -l
N (33)
Let «y be any geodesic maximally defined on (0_, o). By
definition, it satisfies

:
D) Plos) T(s) = 1

D s)

ds > — .
s s > |z — xa,

Vs € (o_,04). (34)



Let [s1, 2] be any closed interval contained in (o_, o). The
function « : [s1, $2] — R"™ is bounded (with the Euclidean
norm). We denote

max _|y(s)] .

T[s1,82] —
[s1,82] s€ls1.50]

By continuity, there exists s12 in [s1, 2] satisfying

= |v(s12)]-

T[$17S2]

Then, from (33), we obtain

S2

) = |512 — 52| .
(35)

Because (0_, 04 ) is the maximal interval of definition of
v, if o_ is finite, we must have

(7(51% Z—Z(Sl)>

But, by definition of s15, we have the implication

Pi(Tsy,s0)) [V(512) —v(s2)] < L(7)

lim
§1—0_

= +0 .

lim [y(s))] = 400 = lim [y(s12)] = +o0

S1

and therefore, with assumption (32),

lm 4\ /pi(7(s;,s0)) [7(512) = ¥(52)] = +oo .

s1—0—

This contradicts (35). Then, we must have

lim ‘Z—Z(sl) = 400 .

s1—0—

But, again, this contradicts (34) since we just established
that v is bounded on (o_, o), which, with (32), implies
that P o~y is bounded away from 0.

The same arguments apply to show that 04 = +00. BN

In the following the function P is assumed to satisfy
the conditions of Lemma 4.1. Consequently, the Riemannian
distance is given by the length of minimal geodesics.

With these preliminaries, our problem is now to define
the observer vector field & — F(Z,y) so that it makes the
Riemannian distance d(Z, z) between estimated state 2 and
system state = to decrease along solutions. More precisely,
let v* be a minimal geodesic satisfying

v0) =2 , (@G =2,
Then, the Riemannian distance d(Z, z) is
E
i) = 160 = 1o

As already remarked in the proof of Proposition 2.1, a
necessary condition for having the set A in (6), which is
also the set of pairs (Z,z) with d(&, ) = 0, stable is

F(z,h(z)) = f(z) Vr e R".

This is a first constraint we impose on F'. It implies that the
observer contains also all solutions to (1). Then to study how
the distance d(Z, z) evolves along the solutions, we define a
C! function T" as a solution of

ar

o, (51 = F(L(s,1),h(x))

(36)

[(s,0) = v*(s) .

From the first order variation formula (see [14, Theorem
6.14] or [7, Theorem 5.7] for instance), we get

* T
Sda,a) = “T(3) P (5) F(G(65),)

dy T .
——5 (0 PO (0) F(v(0),y) -

Since the last term on the right-hand side is imposed by (36),
to obtain %d(ﬁ, x) nonpositive we are left with choosing F
< T
so that %(@ P(v*(8))F(v*(8),y) is negative enough to
dominate that last term. Satisfying this requirement would
not be a problem if %(@ were known. Indeed, by defini-
tion, since
() = 1,

it would be sufficient to choose, at least when h(Z) is far
from y,

F(e.) = k() P@E " ()
with k& : R" xR — R an arbitrary C* function. But <~ (3)
represents the direction in which the state estimate & “sees”
the system state x along a minimal geodesic. Unfortunately,
such a direction is unknown and we know only that = belongs
to the following level set of the output function

9(y) = {z:h(@)=y}.

Then, to satisfy the above requirement, we need the property:
given & and y, the level set of the output function $(y) is
“seen” from 2z within a cone whose aperture is less than
m. This property implies that $(y) is weakly geodesically
convex.

Definition 4.2: A subset S of R"™ is said to be weakly
geodesically convex if, for any pair of points (21, x2) € S,
there exists a minimal geodesic v* satisfying

dv*
ds

,7*(51) = T , ,7*(52) = T2 ,
v(s) €S Vs € [s1,80] .

Lemma 4.3: Let P be a Riemannian metric, a subset S of
R™ such that, for any & in R™ \ S, there exists a unit vector
vz such that, for any minimal geodesic v* satisfying

¥ (0)esS | v () = &,
we have
D 5) P e < 0
s T) vz
ds xT )
is weakly geodesically convex.
Proof: Assume that S is not weakly geodesically
convex. Then we can find pair (1, z2) of points of S such
that for any minimal geodesic 7] satisfying :

7(O) =a1 . A(s2) = 22
there exists §; in (0, s2) for which ~7(81) is not in S. Let

&= (1) -



~7 is a minimal geodesic satisfying
r1=70)€S , A1) =2¢85.
Similarly
Y3(s) = 7i(s2 =)
defines a minimal geodesic satisfying, with 55 = s9 — 51,

’y;(gg) = 505_15’

With our assumption we know there exists a unit vector v;
satisfying

r2=7%(0)€S

M (s )TP(J%)U <0 D (s )TP(A) <0
& s S ) Uz .
ds ' ds 7
But this impossible since we have :
Ay .y _ds o,
ds (51) = = ds (52) -

|
This lemma motivates our restriction to consider the level
set of the output function $)(y) as being weakly geodesically
convex for any y in R. Actually, we ask for the stronger
property that $(y) is an invariant set for the geodesic flow
which implies the weak geodesic convexity.
Definition 44: We say that $(y) is maximally geodesi-
cally convex for any y in R if, for any pair (z,v) in R™ x R"
satisfying :

oh
%(x)v =0 , v P(x)v = 1,
the geodesic v satisfying :
dvy
0 = —_ 0 =
W0 = . T =

is defined on (—oc, +00) and takes its values in $(h(zx)).
Remark 4.5: The maximal geodesic convexity of $(y) for
any y in R holds if we have

92h " 9h
— — (z) T
axzaxj (x) — axm (x) 1] (x)
oh oh .
= gi(x)—axj (z) + gj(x)—axi ()  V(,j), Vx

where IV are the Christoffel symbols and g; are arbitrary
functions.

More about geodesic convexity can be found in [13] for
instance.

Proposition 4.6: Let P : R" — R™" be a sufficiently
many time differentiable function with symmetric matrix
values satisfying, for all z in R",

0 < pil < Pla) < pgl (38)
oh, on
LiP(2) — 5-(2) () < —aI < 0. (39

Assume the set H(y) is maximally geodesically convex for
any y in R. Under these conditions, for any positive real

number F there exists a continuous function kg : R — R
such that the observer given by

O
ox

renders the set A asymptotically stable with domain of
attraction containing the set {(z,%) : | — 2| < E}.

Proof: First we observe, with the help of Lemma 4.1,
that our assumptions on P imply that the Riemannian dis-
tance d(z1,x2) is given by the length of minimal geodesics
between x; and x5 and satisfies :

F(&,y) = f(&) + ke(@) P(2)" 2=(2) [y — h(2)] (40)

piley — 22| < d(z1,22) < pslrr — 2 . (41)

This implies that we have the inclusion :
{(z,2) : |&—z| < E} C {(z,&) : d(Z,z) < psE}. (42)
(38) and (39) imply also that we have
oh " oh

LyP(z) — %(x) %(x) < _Z_i P(z) VYreR™. (43)

Now, for any pair (Z,2) in R” x R™ and any minimal
geodesic v* satisfying :

7)) ==z |
(40) with y = h(x), gives :

dy T ‘i ‘s
s (8) P(v(3)) [F(v*(8),y) — f(v"(9))]

* T
T (0) P () PG (0),) — F3° (0)]

= —k(#) P (5) (o7 (5) — hia)

7' (8) = @,

On the other hand, we have :

d’)/* T 1

P(@)f(#) ~ =(0) P()f()

3 * T
:/O %(ddz (s) P(v*(5))f(7*(€)>> ds,

But, with the definition of the Lie derivative L¢P and (43),
we have :

* T
" (djs () PG () f° (s>>>

P *
= S £ )2
< s oy 2
where, in the last equation, we have used :
dv T dy*

() PO’ (s) () = 1.

So, with (37), we have obtained :

d . 1 [Sdho~y* ¢ .
— < Z _
d(&,z) < 2/0 s (s) 5




LT 6) (hor* (3) — hiw))

By integrating by parts and using the fact that d(Z,z) = 8,
this yields:
d 4i

Zd(# < _
dtd(x,x) S

— kp(Z)

d(z, x) (44)
1] dho~*

- [ket) - 5| P20 00 - o)

1 [*[d®ho~* N

In view of (41) and (42), to complete our proof, it suffices
to show the existence of kg such that we have :

%d(f,x) < - 4358 d(z,x)  Y(z,2) €D
where D is the open set
D = {(z,&) : d(@,z) < psE} .

As a preliminary step for this, we observe that, for any pair
(Z,2) in R™ x R™ satisfying :

h(z) # h(x)
and any geodesic vy satisfying :
1W0) == , A8 =2,
we have :
C”;: L(s)(hor(s) —h(z)) > 0  Vs£0. (45

Indeed assume there exists s satisfying :

dho~y _ 0Oh dry B
s (s) T— %(’Y(S))E(S) =0,
D) Plos) 2(s) = 1.

Then the maximal geodesic convexity of $(h(y(s)) implies :
hon(s) = hon(0) = h(z) Vs
which contradicts :

ho~(8) = h(z) # h(z) .

dho . .
B has a constant sign. But, since we have :

So I

h(&) — h(z) = /O df;:”

this sign must be the same as the one of as h(&) — h(z).
Now, for each integer ¢, we introduce the compact set :

D; = {(x,%) : d(&,2) <psE, i<|z| <i+1}

(s)ds

and we remark that, for a given geodesic +y satisfying v(0) =
x , the functions

b0y (5) (h o y(s) — h(wn))

?

s - 2%/0 [d;%(s)(ho'y(s)—h(x)) ds

are well defined and continuous and satisfy :
1 [*[d?hoxy
ds?

lim

=025 o (s) (hoy(s) = h(x))| ds = 0.

Let us prove the existence of a real number k; such that, if
the function kg satisfies :
kp(#) > ki Vi <|#] <i+1,

then, for any pair (Z,2) in D; and any minimal geodesic v*
satisfying :

V) =z, 6 =1,
we have :
gi B (5) (h o ¥ (8)) — h(x))
ap, T Fe@) : S
> -5 | [ @ oy o) —hw))| ds

If k; would not exist, we could find a sequence
(8n, Tny T, ve), with (z,,2%,) in D; and ~% a minimal
geodesic satisfying

’7:;(0) = Tn , ’Y:L(gn) = In,
such that
dhovy’ /A PN
qi 1] == (8n) (ho v (8n)) — h(zn))
_ = s 4
4ps + [n 2] Sn (46)
1 3n thO’y*
< - — n(s) — :
< -5 [ | e (o) - ] as

Because (2, &y,) is in D;, and ~ is a minimal geodesic,
we have :

This implies that ) : [0, psE] — R® takes its values in a
compact set independent of 7. ;; being also a solution of
the geodesic equation, it follows (see [5, Theorems 5, §1]
for instance) that there is subsequence denoted n; and a
quadruple (8,,, Ty, &, V) such that :

lim (§n1;xn1;-%n1) = (§w;xwa-%w)a
nip—oo

lim 4y (s) = 7u(s) uniformly in s € [0, psF]

nip—oo
where 7, is a solution of the geodesic equation and therefore
a geodesic satisfying 7,(0) = 2,,7(8w) = Z,. With
(45), this convergence implies also :
_ 4

4ps

(47)
1 Sw d2ho Yoo

> o ; [T(S) (hovu(s) —h(x))| ds .
On the other hand, again since v : [0, psE] — R® takes

its values in a compact set independent of n, the functions h,
2 . . .
9h and % restricted to this compact set are continuous and

ox

bounded. The same hold, from the geodesic equation and
* 2 %

completeness, for v}, d;;' and dd:;' restricted to [0, psF].




This implies that the right hand side of (46) is bounded, say
by B. Consequently, we have :

dhofy;; e * [ A BpsE
T(sn) (hO’yn(Sn)) - h(xn)) < n_ 1
2
With (45), this implies :
dho%.} ~ R
T(Sw) (hoyw(8s)) = h(zy,)) = 0.
‘We must have :
h(Zy) — h(zw) = hov,(8w) — h(zy,) = 0. (48)

Indeed, if not, we get :

%(gw) = %o, ddl:(gw) = )
%(m)u =0, v Pli,)v=1.

With the maximal geodesic convexity of $(y) for any y, this
implies :

h(vw(s)) = h(zo) Vs
which is a contradiction for s = 0.

So now either
(49)

or we have
h(v.(8)) = h(x,) Vs . (50)

To prove the latter, we remark that, if 5, # 0, then (48)
implies that the function h o «,, has a stationary point in the
interval [0, 8], i.e. there exists sg satisfying :

_dhon, _0Oh
0 = dS (50) = ax(xo)’l)o
with the notations
d
ro = Yw(s0) Vo = &(SO)-

ds
So, as above, the maximal geodesic convexity of $(y) for
any y implies (50).

But whether we have (49) or (50), we obtain :

1 S Td2hon,

25, Jo [ ds?
which contradicts (47).

Hence we have established the existence of k; by contra-
diction.

The proof is completed by picking kg as any continuous
function satisfying :

kp(z) > ki

(s) (h o 7w (s) — h(x))| ds = 0

Vi i <|# <i41.
]

According to Proposition 4.6, we are able to design an
observer provided we have a function P satisfying (38)
and (39) but also making the level set $(y) maximally
geodesically convex for any y in R. It is interesting to note
that this condition is satisfied each time there exists an ob-
server whose convergence can be established with a quadratic
Lyapunov function which depends only on the estimation
error (see [12]) and with one of the state components as
measured output.

V. CONCLUSION

We showed that if the observer problem can be solved
for the system (1), then there exists a symmetric matrix
field P satisfying the property (8). We showed also that the
satisfaction of such property is related to the observability
of the linear time-varying systems obtained from linearizing
(1) along its solutions.

Conversely, from the data of a symmetric matrix field
satisfying (8) and under geodesic convexity of the level sets
of the output function, we constructed an observer which
gives convergence to 0 of the estimation error e, globally
in the estimated state & but semi-globally in the error e.
To prove this result, we use the symmetric matrix field
as a Riemannian metric. We have also established that the
geodesic convexity is somehow necessary if we want to be
able to make the Riemannian distance between estimated
state and system state to decrease along the solutions. But,
at this time, it is not known whether it is necessary for the
observer problem to be solvable.

The main reason that the proposed observer provides
semiglobal rather than global stability of the set £ = =z
seems to be its elementary form: a copy of the system plus
a correction term vanishing when h(Z) = y. We expect that
more appropriate choices of the observer can be made to
obtain global asymptotic stability.

REFERENCES

[1] N. Aghannan, P. Rouchon, An intrinsic observer for a class of
Lagrangian systems. IEEE Trans Automatic Control, Vol 48, No 6,
936-945, 2003

[2] S. Bonnabel, Observateurs asymptotiques invariants. PhD thesis. Spé-
cialit¢ Mathématiques et Automatique. Ecole des Mines de Paris.
September 2007.

[3] W. M. Boothby, An introduction to differentiable manifolds and
Riemannian geometry. Academic Press 1975

[4] B.P. Demidovich, Dissipativity of a nonlinear system of differential
equations, Vestnik Moscow State University, Ser. Mat; Mekh. Part 1.6
,19-27(1961); Part 1.1, 3-8(1962) (in Russian).

[5] AF. Filippov, Differential equations with discontinuous right hand
sides. Kluwer Academic Publishers. Mathematics and Its Applications.
1988

[6] P. Hartmann, Ordinary differential equations. Wiley, New York, 1964.

[7] G. Isac and S. Z. Németh, Scalar and asymptotic scalar derivatives :
theory and applications. Fourth edition, Springer, New York, 2008.

[8] J. Jouffroy, Some Ancestors of Contraction Analysis. Proc. IEEE
Conference on Decision and Control, 2005

[9] D. C. Lewis, Metric properties of differential equations. American
Journal of Mathematics, vol. 71, pp. 294312, 1949.

[10] W. Lohmiller, J.-J. Slotine, On Contraction Analysis for Nonlinear
Systems. Automatica, 34 (6):671-682, 1998.

[11] S. Z. Németh, Geometric aspects of Minty-Browder monotonicity.
Ph.D. thesis. E 6tvos Lordnd University. Budapest. 1998.

[12] L. Praly, On Observers with State Independent Error Lyapunov Func-
tion. Proceedings of the 5th IFAC Symposium “Nonlinear Control
Systems” (NOLCOS’01) pp.1425-1430. July 2001

[13] T.Rapcsak. Smooth Nonlinear Optimization in R™. Kluwer Academic,
Boston. 1997

[14] M. Spivak, (A Comprehensive Introduction to) Differential geometry.
Vol. 2. Publish or Perish, Inc. 2nd edition. 1979

[15] FW. Wilson, Smoothing derivatives of functions and applications.
Trans. Amer. Math. Soc. 139 (1969) 413-428



