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Abstract— A preliminary result on the construction of norm
estimators for general nonlinear systems that do not necessar-
ily admit a IOSS-Lyapunov characterization is given. Further-
more, an output feedback stabilization scheme is presented
that makes use of norm estimators. This construction extends
some previous results allowing for more general nonlinearities.
Two examples complete the work.

I. INTRODUCTION

It has been clear for years now that, for nonlinear
systems, global uniform observability alone does not imply
the existence of a convergent observer, or even more so,
the existence of a (globally) stabilizing (dynamic) output
feedback control law. On the contrary, it has been shown
in [5] that globally observable systems that do not however
possess the unboundedness observability property cannot be
stabilized by any dynamic output feedback scheme.

It is now a growing trend to use high gain observers as
part of an output feedback stabilization architecture for a
variety of nonlinear systems that exhibit a triangular struc-
ture [1]. In [6] a high gain technique was introduced where
the gain was time varying, i.e. tuned on line. Motivated by
the above reference the authors of [4] considered an output
feedback made of the combination of high, variable-gain
observer and controller. Both output feedbacks above are
inherently nonlinear, while in [8] a linear observer/controller
(again with varying high gain) proves to be sufficient for
the output feedback stabilization for a class of nonlinear
systems.

On the other hand, for nonlinear systems written in
observability canonical form and that are input output to
state stable (I0SS) globally convergent observers can be
designed via the idea of norm estimators (see [3] for this
and other related definitions), as shown in [7], where again
a ’high-gain’ idea is used, but the gain is this time tuned
via the norm estimator.

Motivated by [7] in this note we provide an approach
towards the design of norm estimators for systems that
are not necessarily IOSS. As applications, we examine a
nonlinear system that - in open loop - exhibits finite escape
time and nonlinear systems that are linear in the unmeasured
state.

Finally, we extend the result of [8]. Namely, under the
assumption of existence of a norm estimator, it is shown that
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the restrictions on the growth of the system nonlinearities
can be relaxed, allowing, thus, for a larger class of nonlinear
systems to be stabilized with this approach.

II. ON NORM ESTIMATORS

Consider a single input single output nonlinear system of

the form ) A )
T = T,u
y = h(z). M

In [3] it is explained how the assumption that system (1) is
input output to state stable (IOSS) can be used for the design
of a first order dynamical system w = «(w, u, y) such that a
function of w(t) serves asymptotically as an upper limit of
the norm of x. In this design it is instrumental to assume the
existence of a IOSS-Lyapunov function V() that satisfies
the dynamic estimate

ov

V(z,u) = B

(@)f(2,u) < =V(2) + 7 ([h(2)]) +72(]u))
)
for class K functions 1 (|Jy|) and v2(|u|). In practice, even
for systems that are knowingly IOSS it might be difficult
to compute such functions V, 7; and .. Even though this
difficulty does not necessarily hinder the construction of
the norm estimator, it is however desirable to investigate
whether norm estimators can be built under the assumption
that an (IOSS-)Lyapunov function exhibits a good enough”
dynamical estimate, that is different from the exponential
decaying one in (2). In this section such an alternative is
presented.
It deals with the case' where we have a C! function
W and two continuous functions &, upperbounded, and g,
non-decreasing in its first argument, satisfying :

W(x,u) <a(W(x),u,h(z)) V(z,u) 3)

and :
lz| < B(W(2),h(z)) V. “4)

Let « be a locally Lipschitz and upperbounded function and
c1 to c3 be strictly positive real numbers satisfying :

V(u,y) (5)
YW Z w, V(%y) ’ (6)

a(0,u,y) >0

a(W,u,y) < alw,u,y)

a((l4+c)w+ca,u,y) + c3 (7)
< 1+ calalw,u,y) V(w,u,y) .

IThis case encompasses, among others, Unboundedness Observability

(UO), integral Input Output to State Stability (iIOSS) and Input Output to
State Stability (IOSS).
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Consider the augmented system :

f(x7u) )
a(w,u, h(x)) ,

b= ®)
w(0)>0.

w =
We have :
Lemma 1: For any input function u, the right maximal
interval of definition [0,7) of any corresponding solution
(z(t),w(t)) of (8) is not larger than the one of the cor-
responding solution z(¢) of (1) and there exists T* such
that :

2(0)] < B +alo() +er+ly(®)],u(t) Vi€ [T,T).
©)

Proof: Since the ¢ equation is the same in (1) and

(8), the x(t) solution of (1) is necessarily defined at least
on the right maximal interval of definition [0,7") of the
corresponding solution (z(t),w(t)) of (8). Also remark that

(5) implies :
w(t)>0 vt e [0,T) .

Then, (3) and (6) give :

max{W(z) —w,0}> < 0.
Hence :

W (z(t)) < w(t)+max{W(z(0)) —w(0),0} Vte0,T).
(10)
Now if T is finite, by maximality, we have :

th—>H:1F aw(t) +lz(t)] = +oo.

By (10) and (4), where (3 is non-decreasing in its first
argument, this implies :

lim e1(t) + 3 (w(t) + max{W (x(0)) - w(0), 0}, y(1))

= +00.
The function 3 being continuous, we deduce :
Tim, cw(t) + |y(t)] = oo . (11)

So there exists a real number 7% in [0,7") such that :

max{W (z(0))—w(0),0} < crw(t)+|y(t)] Vte|[T*T).
(12)
With (4) and (10), (9) follows.

If T is infinite, with (6) and (7), we get :

max{W (z) — [1 + e1]w — c2,0}?
< —cg max{W(x) — [1 + c1]w — ¢2,0} .

2\/maX{W(z)7[1+c1]wfc2,O}

So there exists T < o such that :
Wi(x®t) < l+alwt) + o VEe[T* +o0) . (13)
So again (9) follows. |

III. EXAMPLES

Example 1: Consider the third order system

2 = —z4+.(x1)
x'l = X2
. 14
By = u+z3+(2) (14)
Yo = T1
where )9 satisfies, for some real number §,
la(z)] <622 V. (15)

The first equation of system (14) represents the inverse
dynamics, and it is clear that these are ISS with respect
to their input z;. For any given bounded input function w,
we can find initial conditions (z, z) giving rise to a solution
escaping to infinity in positive finite time. However system
(14) is iIOSS. To see this, consider the partial coordinates
and feedback transformation

& = exp(—z1)—1
& = —exp(—x1)ze (16)
v = —exp(—x1)u
yielding
2= —z+9&)
& = &
& = v—(1+&)a(2) an

y = 517

with ¥(£1) = 1(—log(1 4 &1)). As the linear part of the
&-subsystem of system (17) is a linear observable system,
there exist a matrix P € R™™ with P > 0 and positive
numbers +y, and v, such that, with V¢ (&) = &' P¢, it holds
that?

oVe

23
for some k € (0,1]. Along the trajectories of the &-
subsystem of (17) we obtain

Ve < —kVe(€) +7ov® + yy® + pl1+ & |[2(2)[€] (18)

for some positive real number p. Consider now the positive
definite and radially unbounded function

©] & | < w4200 +20?

V(z,¢) = 322 +log(1 + Ve(§)) (19)

with a positive real number A to be defined. This yields

. L+ & ][€]
V< =A%+ A + L+ &lle]
< =Xz 2)(y) PTEVee) Pa(2)
_ kVe(€) Yy yz Yo 02
T+ Ve(§) 14+ Ve(€) 1+ Ve(€)
Since the quantity % is bounded for all &, with (15),

2For any Hurwitz matrix A, there exists a matrix P > 0 such that
A’ P+ PA, < —kP for some positive real number k. When one is free
to assign the eigenvalues of A,, one can select £k > 1. And this is the
case if Ax = A — LC and the pair {C, A} is observable.
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it can be seen that, by picking A large enough, there exists
A1 such that we have :

k‘/&' (5) 2 2 2
T:ﬁﬁ5+AﬂWw+7w + v,

Vi(z,
< - #&+A1¢2(9)+7yy2+7vvz-

. Az2
Vv o< =
- 2

We have also :

2V (2,¢)

2 2
<
2lgl < =2

+q(exp(V(z,8)) — 1)

for some real number g. So we do have the ilOSS property.
It follows that Lemma 1 applies with :

w
Oé((,(}7 v, y) = _kl—i-—w + /\11/’2 (y) + ”Yyy2 + FY'U’Uz )
2w
Blwy) = /5 +alexpw) —1) .

Example 2: Systems linear in the unmeasured state.
Consider nonlinear systems whose dynamics are linear in
the unmeasured states, described by equations of the form

T =
y =

Cx, (20)

where the functions A; and B are continuous and the pair
{C, A} is observable.

By observability of the pair {C, A} there exist a matrix
P > 0 and a row vector L, satisfying, for some positive
real number £,

2 (A'P+ PA)x < —ka'Px + 22’ PLy.

The following also holds for some continuous function
v(y, u)

2 (A} (y,u)P + PAi(y,u)) z < v(y,u)x’ Pux.

Consider the C' positive definite and radially unbounded
function V' (z) = log(1 4+ 2/ Px). There exist positive real
numbers y, and -y, such that, along any solution of system
(20), we have :

!
v < k 2'Px

2 2
L mo W By, w)|? .
< 21+x,Px+v(y,U)+vyy + Yul B(y, u)|

So Lemma 1 applies again.

IV. GLOBAL OUTPUT FEEDBACK STABILIZATION

In this section we show how the existence of a norm
estimator can be used in an output feedback stabilization
scheme.

Specifically the property to be exploited is that, knowing
how to get a bound for the norm of the system state after
a finite time, we can also evaluate any bounding functions.

Consider nonlinear systems in the form:

2 = q(zy)
1 = x2+01(z,21)
T = ®ip1+ (2,1, x) @1
Z.Cnfl - xn+5n71(zaxla"'7xn71)
j7n - u+5n(Z,I1,"',$n)
y = I

where y € R is the available output, and the z-subsystem
represents the inverse dynamics. It is useful to rewrite this
system in the compact form :

X =F(X)+Gu (22)

with X = (z, 2).

Complementing the work of [8] we present a result that
relaxes the assumptions made in this reference. In particular,
we use the following set of assumptions.

Al. The subsystem 2 = ¢(z,y) is ISS with respect to y, i.e.
there exist a positive definite and radially unbounded
function V. (z) and a class K function ~ such that

V. (2)

5, 1=y < =Va(2)+a(yl). 23

A2. There exist a continuous non-negative function L and
a class K function k such that forall i =1,---,n

|5i(27x17"'axi)| (24)

< L, 2) (Jza] + - 4 fa]) + w(Va(2)) -

The key novelty here is that L may depend on both x and

z and not only on y = x;. However, in this case, we need

an estimate of an upperbound for L. Specifically (compare

with Lemma 1) :

A3. There exist locally Lipschitz functions o and 3 such
that the system

IA/ = ﬁ(w,y)

is ISS with input (u,y) and in particular, there exists a
class KCL function ‘B and class K functions x, and x,
so that, for any positive ¢ for which (w(¢), u(t),y(t))
makes sense, we have :

IL(t)| <

W = alw,u,y), (25)

(26)

maX{%(W(O)at% sup {Xy(ly(S)l)vxu(|U(S)|)}} :

s€[0,t)
Moreover, for any solution (X (t),w(t)) of the aug-
mented system (22) and (25), right maximally defined

on [0,T), there exists T* € [0,7") such that :
L(x(t),z(t)) < L(t) Vte[T*,T). (@27

In the above, we need further restrictions on the functions
v, Ky Xu and xy :
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A4. The functions v and  are C! on (0, +oco) and
1. there exists a real number 6 > 1 such that

d
Os Z(S) > k(s) Vs > 0. (28)
S
2. There exist strictly positive real numbers k and sq
such that
K(27v(s)) < ks Vs € [0, so].

AS5. 1. There exists an integer m > 1 and a positive real

number p satisfying

)+ K(27(s))

Xy (s <p+sT"  Vs>0. (29)

2. There exists a real number 1 in (0,1) and a
positive real number ¢ satisfying

Xu(8) <g+s T V¥s>0.  (30)

Remark 1: The set of assumptions given here are a
generalization of the assumptions given in [8], where it is
assumed that the nonlinearities §;(- - -) are linearly bounded
-in growth- with a rate which is output dependent. This
situation can be recovered in the present set up by letting
Xu($) = 0. Assumptions Al and A2 describe a class of
systems which is significantly enlarged. This is made pos-
sible by the existence of the bounding function estimator,
described in Assumption A3. The cost of this generalization
is having to satisfy conditions (30).

It will be shown that, even with this set of relaxed as-
sumptions, boundedness of solutions as well as convergence
to the desired equilibrium can be achieved by means of a
linear dynamic output feedback, with a dynamic high gain,
following the ideas in [8].

Proposition 1: Suppose that Assumptions Al to AS hold.
Then there exist a function o(w,y, ), matrices F' € R1*"
and K € R"*!, with K = [ky,kg,---,k,] and positive
real numbers a and b such that the dynamic output feedback
control law composed as follows

il = if?2+k17"(y—§71)
Fn = u-+ knr™(y — &1)
Y
&2
uw=—r"tef rite (32)
Tnf—ha
w = aw,u,y)
L = Blwy (33)
7 = —r(br—o(L,y,r))

is such that all trajectories of system (21) are bounded and
converge to the origin.

Before continuing with the proof of Proposition 1 we
define the matrices A, D € R"*™ and B, C € R™*! as
follows :

01 0 0
A= S, oB=| |,
0 0 1 0
00 - 0 1
i 0 0
0 0 1

C=| .|, D=].
0 0 0 n—1

and recall the following Lemma from [8], which is instru-
mental in the design of the control scheme (31)-(32)-(33).

Lemma 2: For any strictly positive real number a, there
exist real numbers dy and d;, symmetric matrices P &
R™"™ and Q@ € R™ ", and matrices K € R"*! and
F € RY" satisfying the following set of inequalities:

dy>0, dp>0, P>0, Q>0,
P(A-KC')4+ (A—KC'YP < —dyP

Q(A—BF)+(A-BF)'Q < —do@Q (34)

—aP < PD+ DP < d, P
—aQ < QD+ DQ < d,Q.

Sketch of the proof of Proposition 1.

Let the matrices K and F' in (31) and (32), respectively,
be chosen according to Lemma 2. In equation (33), choose
the function o(L, y, ) satisfying at least

o(L,y,r) >b>0. (35)

By constraining the initial condition of the varying gain r
to be larger than one, i.e. 7(0) > 1, we guarantee that for
each solution and all ¢ where it makes sense, r(¢) > 1. The
choice of the real number b will be dictated later on.

Considering the observer given by equations (31) define
the error variables

€i = Ti — T4,

the normalized error variables

€
&= ri—1+a’
for s = 1,.--,n, and the corresponding error vector € =

col(ey, €2, -+, €p). Following straightforward manipula-

tions, one gets

é=r(A—KC")e — (al + D)oe + Ay, (36)
r
where
01 02 On
Al = COl{r_a’ r1+a7"'7 Tn_1+a}
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Next, let P be the matrix given by Lemma 2. We consider
the positive definite and radially unbounded function

V. = €' Pe.

With straightforward calculations, upper bounding, and us-
ing the inequalities (34) one obtains

V. S—( [do — (2a + d1)b] r + acr(ji, Y, 7‘))V€ +2¢'PA;.

(37)
Next, consider the vector of scaled estimated states as :
L Yy T2 T Zn
x—COl{r_a7 Tl+a;"'7Ti_l_;’_a)'.'?rn_l_;’_a}7 (38)
and a scaled input (recall (32))
_ u _
U = ta —Fz. (39)
This yields
i =r(A—BF)z — (al + D)~% + 0y,  (40)
r

where
01
Ay = colq =0 Fe2, koey -+, kigx, -+, kner
r a

Consider the matrix () that satisfies the inequalities (34)
of Lemma 2 and define the positive definite and radially
unbounded function

V. =7 Qxz.

With straightforward computations, and using inequalities
(34), it can be shown that V, satisfies the estimate

Vo<—([do — (2a+ dy)b] 7 + ac(L,y, 7)) Ve + 2r7’ QAs.

41
With Assumption A2 (and r > 1), we get :
0
Ti—l-i—a —
L(w, 2) [(|Ta] 4 - + 7)) + (e] + - + e+ EEL
) % i ri-Ita

By completing the squares, this yields
Vz
%T&SL@JH%+@M+%M%ﬂ—¥D,
r

for some positive numbers dy and ds that depend on a. In
a similar way we can obtain an estimate for the norm of
the vector Ay and

2rr’QAy <
d |2
(d4L(5E»Z) + 707“> Ve +rdsVe + ds Vcw ;

for some strictly positive real numbers d4, ds and dg
depending on a. With the above estimates we obtain

V. < (42)

- ([do — (2a+d)b]r +ao(L,y,r) — doL(z, z)) V.

+M%@%+%¢gﬂﬁﬁﬁ

,ra

V. < (43)

_ ([d_; — (2a + dl)b} r+ acr(!i, y,r) — dgL(z, Z)) Ve

k(V,(z
-H¢n+%vml7pl
Following [8] again, we make the following choices for the
real number b and the function o (L, y, )

do
0<b< ————M—
U= 12atdy)

U(La Y, ’f’) =01 (L) + 02(y7 T) (4‘4’)

. L 2d
0'1(L) = — max {dg, [d4 + —5]}
a do
where the function os(y,r) is to be defined later on.
Consider now the function
2d
Vee = =2V + Ve
do
It can be shown that the choices given by the constraints
(44) lead to the estimate

(45)

. d
‘/sc S - <%T +aC72(y,7’)> ‘/sc
d7

2V Veer(Va(2)) + max{da, da}(L(w, 2) L)Ve.

Consider now the positive definite and radially un-
bounded function?

Vz(z) 7] 1
U(z,aj)zc/ r (S)dS—i——(? Vee)?
0 S 9

where ¢ > 4d; and 6 is the positive real number of
Assumption A4.1. It can be shown that we have

0 < —5k0(V(2) + 5629 (0) (46)
(e~ & 4 0y, ) — M) (1,2 — )] x
< VT,

can be upperbounded also as

which, if oo > dr

—SR(VL(2))
~ [% _ maxddada (7 ) ﬁ)} 2V Vo)
F5R02(0) — (§0a(y7) — %) (2)” ol

for a positive real number dg depending on a. Then, it is
shown in [8] that, by picking the function o as*

2d
o2(y,r) = max {b, —7}
a

et e (5@’
taedy {k( v )}

3When 6 < 2, this function is in general only locally Lipschitz. The
following still holds by considering U as the upper right Dini derivative
(see [8]).

4Assumption A4.1 implies that o2 (y, ) is a locally Lipschitz function.

U <

(47)
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we obtain

Ug—min{%,%}U (48)

4 gmaddeda} o (0, (L(z,2) — L)} U
Remark that, if we pick a small enough to get :

ad <1 (49)

then, with (44) and (47), there exists continuous functions
1 and po such that we have :
< p(w,y) + ope(y)r. (50)
Now the state of the closed loop system is made of
(X,w,(&;),r). Let [0,T) be the right maximal interval of
definition of some of its solution (X (¢), w(t), (Z;(t)), r(t)).
It follows from (50) that r(¢) cannot escape to infinity in
finite time without (w(¢),y(¢)) doing the same. So, if T is
finite then | X (¢)| + |w(¢)| 4 |(2:(¢))| goes to infinity when
t goes to T. But if only |(Z;(¢))| does so, then (48) and
(50) imply that U(t) and r(t) and therefore |(;(t))| are
bounded on [0, 7). This is a contradiction. So Assumption
A3 can be invoked. Hence there exists 7* in [0,T) and a
positive real number by, both depending on a and the initial
condition, such that (27) holds and :
| X ()] + |w)] +r) <b Vte[0,T7]. (51)
But then inequality (48) proves that U(t), and therefore
Z(t), e(t) and z(t) are actually bounded on [0, 7). Bound-
edness of the overall solution as well as T' = +o0o will be
established if we prove that r(¢) is also bounded on [0, T').
So consider the dynamic equation for r, written here in a
simplified form which can be obtained using Assumption
AS.1

T =—r (br — by — byl — byr®® — b5|y|9mr‘19) . (52)
where the b;’s are positive real numbers depending both on
a and the initial condition. By applying techniques which
are standard for dealing with ISS systems, it can be shown
that, with (49), we have :

r(t) < bg + by sup

[ly()|7% +|L(s)l] ¥t € [0,7),
s€[0,t)

where bg and b; are other positive real numbers depending
both on a and the initial condition. With Assumption A5 and
(26) of Assumption A3, we can further refine this inequality
in :

Om 1—n
rit) S bs b sup [l + ()" + fu)]
s€|0,t

(53)
Now, with (38) and (39) and the boundedness of Z(t),
we remark that, there exists a positive real number by,

depending on a and the initial condition, satisfying :

ly()] < bror® ,  |u(t)] <bir™**  Vte[0,T).

So (53) becomes :

r(t) < bs+bin sup [r(s) T 4 () 4 r(s) ]

s€[0,t)
From here, by using the same arguments as in the proof of
the small gain Theorem of [2], we can show that, if a is
chosen small enough to satisfy :

0 1-—
af <1, avm <l,am<1, w<l
1—ab n
or, in short,
: 1 nn
a<mm{aa:7yffg}

then 7(t) is bounded on [0, T).

So, as mentioned above the closed loop solution is
defined and bounded on [0, +00). Then, from the inequality
(48) we have that U (¢) converges to zero. This implies that
both z(t) and z(t) converge to the origin as ¢ tends to +oo.

V. CONCLUSIONS

In this note two issues have been addressed. First, it
is shown that globally convergent norm estimators can be
designed also for systems for which an exponentially de-
caying I0SS-Lyapunov function may not exist. In addition,
the problem of output feedback stabilization for a class
of nonlinear systems with ISS inverse dynamics has been
addressed and solved by means of linear dynamic output
feedback, with dynamic high gain. This result generalizes
existing results by allowing for more general forms of
nonlinearities.
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