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Nonlinear dynamics of adaptive linear systems:
An elementary example

L.Pl'aly, C.A.!. Automatique, Ecole des Mines, 35 Rue Saint Honoré, 77305 Fontainebleau, France

We analyze the phase portrait and describe some non local non linear behavi orofaclosed loop system
madeofallndaptiveproportionalcontrollerandadisturbedfirstorderlinearsystem. Ourresults
arc obtained applying perturbation mcthods - Poille ...-é method, structural stability of normally
hyperbolieinvariarrt aets. The conclusion is twofold:
• Au udaptivo Iincnr system in the ideal case is very criticul, lu presence of pci-turbuüon, il can
cxhibitvC!l'Yl'ichnwliutricn.tcdynnmics.
• Looldngatadaptivelinearsystemsonlyfl'omalinearpointofvicwis vCl·y insufficicnt E\.1ld in som e
caaes mlelceding.

• the.ystemtobeeontrolledhasno unmodelledal.
mosteaneellllbiepolc-zeropairsiowerthllnl.,choscll
strietlypositiveand.mallerthnnl.

This controller is known togivebouuded solutions when
pll1CCdinfeedbackwithasystem.uchthllta.equellcca
exi.tstosatisfyforeacht. 8o-RSa(t)S80+R and:

~ i~1 [y(i ~~~0~s~1 ~ ;i:)y(i>]" S ~ + '1'1 (2)

~ }~1 la(i) - a(i - 1)1 s 9; + V (3)

with a belonging to [80 - R, 80 + RI. Moreover, if 6 is
zel'Oand"iseollstant,(8(t),y(t))convel'gesgloballyto
(a,r),inanI2-senseandexponentiallyiff'isnotzcro
(Goodwinand Sin, 1984). Howevcr, for,' zero, any ai-bi­
trarily small disturbancc é Ioads to arr hucnnittent phe­
UOme1l1111l (Pomeau and Manville, 1980), whose charac­
teristics on the y·compollellt suggested the name burst­
iug(Anderson, 1985;Jaïdanc-Saïd"'1CulldMacchi,1988).
From a linear point ofview, a constant exogenoussignal
lcudingtosuebllvClyhigbfl'e'lueucyoutputisvcl'ydisnp_
pointing.lnpractice,severalfixesareadded-dendzone
(Egardt,1979),internaimodelprinciple(ElliottandGood_
Will,1984),filtering(Andersonetlll., 1986), .... However,
ifthosefixesareuotappropriatelychosen,lIqualitntivcly
.illÙlarbehaviormllybeobservedforthesemoreintricate
cases (Praly, 1988). This motivates our intcrest in the
closed 100p system (1), (5) and the objective ofthis pa­
peristoanalyzeitsphasep0l'traitandtoexplainsollle
non local nonlinear behavior of ita solutions. Thiswillim­
plicitelydemonstl'lItethatnolllinearsystemtheOl·yisfuli
of very appropriate resulta and the linear point ofvicw can
belldvantagcouslycompensatedfol'.

1 Introduction

Typieally,adaptivelinearcontrollersal"Cdesignedfroma
lincarpointofvicw:

• First,alineal' but perameterized Iineer controller Is
dcsigncd,npplyinglincm·systcmthcOl·Y.

• Secondç a p...·ameteradaptationlawisde.igned,ap­
plying Iineerestimatiou theory.

• Fillally,nnadaptivelille,u'controllerisobtailledf"om
the parameterizedline....ccutrcllcrwlth tho se param­
etel'.givellouliucbythcadnptntionl"w.

Not on1y design but""alysisismndefromalinearpoillt
of view. Douudedues..ofthesolutiousisestablishcdapl'ly­
illgthcl'Obustliuearstabilitythé'OI'Y. 'I'hcir propertics ai -c
studiedsimilarlywith,sometimes, thehelpofaveraging
thcory.

However, an adaptivc linear controller is adynamie
nonlinear controller, For exemple, in this paper wc will
beeoncernedwiththefollowingpl'opol'tiouulcolltrollel'iu
itsrobustadnptiveversion:

.(t + 1) = l'> .(t) + u(t)' + y(t)'

~(t) = 8(1) + y(~,(~~:)r1~:(~ ~%-:~lt~~t)) (1)

8(1+1) = 8o+min{1'18+(t~_801} (8+(t)-8.)

u(l) = -8(t)y(l) + r(l)

u, y and ,. are the system input, system output and set
point signal respectively, (s,8)is the cont I'01ler sta te , 8
hnvillgbeinggiventheinterpretlltiollofanadaptedpa­
rnmeter. R,80,p.anditaredesignparamcters,illterpreted

• theadllptedparameteri.lookedfol'intheilltel'val
[80-R,80+R] .

• thelarger the positive '1'1is, the slower the adapta­
tionç Le. the6-dynamics,is.

y(t) = ay(I-1) + u(t-1)+6

(4)

(5)



Toappplytheseresults,itismorcappropriatetowrite
the system in the 80 callecl standard form. This is done as
follows:
whenrestrictedtotheset:

W = {(v,~,8) 1':$ 1, 18- 80 + Vô -'Y~8+-v~)VI:$ R }(a)

This paper is a short version of a report written by
Martin Espaîiaand theauthor (Espaîia and Pra1y, 1988),
Due tospace limitations, no simulation results will be pre­
sentedinthispaper. Theycanbeeasilyrepl'Oducedbythe
reacler (take for exampled= 0.01).

withrconstantandletting:

x = V/ô; ,p = 8 - a; a = ,)ô; d = f, (7)

the closcd 1001' system is decriherlby thc map Efrom R'
intoR2, givcn by:

'I'hc cqunrlon fol' thcs·componcntisomitcdsinccit hns
no influence on the remaining part of the system, The
standard form (8) puts in relief the role played, in the
quelitatlve beheviorof the solutions, by the set point-tc­
disturbanceratiooandbythepooitivedistUl'bancc-to­
adaptatlon speed ra tio d. In particular this shows that
disthccffcctivcadaptatiollSl'cedconh'ol. As most of the
adal'tivelinearsystems,thissystembelongstotheflunily
of systems whlch can bo described, with A, D, C smooth
funetions, by the mal' E. from Rn into Rn, given by:

(10)

} (13)
, :L'o = Q

l+o±~
, Xl,' = --2--

,po = a- l

,p1.2 = 1

Our analysis will be done by considering E as a srnall
pel·turbationofthesoca1ledfrozensystem:

etheset:

S, ={(t,&'X)I:r=~::,,p;l-l} (12)

whichisagraphandisinvariantunderE"

e thefrozensystemstabilityboundary ',pI=lwhich
separatesthisinvariantsetintonorma1lyhypcrbolic
locallyinvariantcomponents,namely:
- S, n {(,p,x)II,p'> Il isexponential1yrepellent,
-S, n {(,p,x)II,p1 < Il isexponentiallyattractive,

e theperiod-2so1utionswhicharecritica1.

AsmcntionedinIntl'Oduction,itisafamilyoflillcarsys­
tems parameterized by,p. The linear system theory a1lows
ustocomplcte1ydcscribeitsphascportrait:

Propertyl (Fro.onsy.tom):
A f'J'Ozcn.'t1lstem.'wlution $atisfic.J onc iUI.,lonly 01U: of the:
/ol1oVJingprop.rty:

• ïfl,pli••tritcly.ma/l.rt!.an1,itcon"crges expon.n­
tial1yto(,p,a:),pointo/tJ..g""pJ.:

'" - ~t: (11)

ei/I!/>lia.tritc/y/arg.rtloan1,ittli".rges e.,pon.ntia/ly
toinfinityfroml1l.point(,p,:r)ofthe.am.llraplo,

ev,pi.equa/to1,iti.aperiotl.'.olutiun,

e if'" is equal to -1, it.l x-component groVJ.lincarly
to,"ard.+oo,

Aswlllbecomecleariater,theimportant!actsinthlsre.ult

2 The frozen system

3 Equilibrium point and period-2
solutions

Going back to the actua! system, let us see how the limit
sets of the frozen system are disturbed. Ane!ementary
continuity argument shows (Praly and Pomet, 1987):

Lemmal (ExistencooCperiodicsolutioDs):
A nec...a'llconditionfora.olutionto b.ap.riod-T.olu­
tionof Il wloicJ.remainabound.d .... dgoes to 0, i.that
tJ..accumulationpointo/it.linitialconditionb.oneo/th.
/o/lowing9point.l:

(8)(
X(l-,p",»)

E(,p,x)= ,p+d~
-,px + 1 + a

EI/('/',x,k) = (~(:')~~('~(~i'~kf») (0)

For d srnell, thismap appeera locally as a perturbation
of .. map made of a family of linear map.. This l'emark
motivatesforapplyingpertlll'!",tionmethods-Poinca"é

method,structura1stabllltyofnormallyhyperboliclnvari­
Ilutloh"wol'nging. D,yc1uill4liMu,n.udfOl,th"gcncl'U11)'Htcul
(9),canbeobtained:

e existenceoflimlt sets (Dodsonet ul., 1080; Prnly and
Pomet,1987),

e existence of invariant sets (Praly, 1985, 1989; Riedle
and Kokotovic, 1980), Theil' attractivity and! or
repulsivity gives then information on the solution be­
havior.

e description of the motion along theseinvariant sets
(Ljung,SOderstràm, 1984;Andersonetal,,1986;Rie­
d1e,1980; Benveniste ct al., 1987; Praly, 1989).

Hereconsidcringourc1isturbance-to-adaptationspeed ra­
tio das a emell parameter for the perturbation analysis,
we apply these methods to our elementary exemple, From
theirgenerality,weexpect that several of our conclusions
ex tend to more general situations. Also,oura.na1ysisc8l1
becompldcdtoobtainmol'cpl'cdselocnlresultsbynbi{ur­
cationanalysi.(see(GoldellandYdstie,1988)or(Mareels
and Bitmead, 1980, 1988) for example).

To obtain the basis of our perturbation analysis, we
startbystudyingthesystemobtainedbytakingdequal
tozeroandca11edthefrozensystem, Then,fixedpoints
and periodic solutions of the rnap E are considered. In
Section4,weestablishexistenceandpl'Opertiesofloca1ly
invariant sets. Critical elements and locally invariant sets
arecombinedinSection5toobtaintheoretica1resultson
the system global dynamics. Thesercsultsareinterpreted
inSectionO.



Th ese solution. a'~foci, cxponcnti.Uy .table for 0 .tl·ietly
pOJitive, exponentiaUyu.utabl.forœ Jtrictlyn.gative with
a pICudoperiod:

Ccnsequently, from the thefrozen system equilibrium set
s" only one point ioofintereot. Similarlyfromthesetof
critical period-2 solutions. onlyonepersistsby 1\ continu­
ous pcrturbeticn. To procisc thi!tncccssary ccndition, wc
apply Poincarémcthod (Lefschetz, 1977)andget:

Property2 (Critiealelements):
i) Th. mal' r: haJ a uniquefixetl point for aU œ dif·
f.r.ntfrom 0 or -1. 1t i. cxponentiaUy .tabl. for œ- I

in (-l,-Pl) and cxponcntiaUvunJtablcforœ-1 outJid.
[-1.-P'] , withPl the unique .olution of:

2(P+1) = P;~tl (14)

Fl"Omthisresult,itfollowsthl\tthecontrolobjective:
output=J.tpointcannotbemetasymptoticallyiftheset
pcint-tc-disturbance ratio is toosnmll(NlIl·cndma.nd An­
naswamy, 1986). Even more, with this small ratio. there
exi.teaperiod·210111tionlyingc1o.elolhefrozenoy••
lem stabililyboundlU')'. This solution bcing afocus, il
cxplainslocally and at least Irl\llBicntly the intermittent
behaviormentionedinlntroduction. Also, beingpropor-

~:~%:;:c~";i~;~~~~;:~~~~~~~:t::::~:::~:~
tiogoestozeroorlhesetpoint-to-disturbanceratiogoes
to 1. Though not establishedhere, it is also noticeable
that.foroequaltozero.theperiod-2so1utionis:

.p = 1 - di1+œ\~ + O(d')

= l+œ\~ + O(d)

T _ 2"
- J2d(1-œ')+O(cl)

.p = l ,

(15)

(lG)

(17)

Property3 (Repellentlocallylnval'iantset):
Fora..lI ..o.. · sero d. l. t < betlie.moU•• tpo.itiverootof:

A(t) = (t -~) _ 2/11+ cri Vd(t1 +dVd) (19)

There exi.t& a bound.d Lip"l,it. continuou.funetion H
defi.. edo .. lI.p1~1+<} o..d.uclltl,ot. with tll.fu..ction
q,J/defin.dby:

q"M) = .p + dH(.p)(~;;::C~~) (20)

i)IJ:

11/'1 ~ 1 + e , 1q,1/(.p)/~ 1+ e , .gn(q,J/(.p» = .gn(.p) (21)

H(4)H(.p)) - 1 +" - I/!H(.p) (22)

ii) Ti,." e"üt.l ppo.itive.ucli thol: (4),v)=E(.p,x) and
(l/!,x) in {1.pI~l+e}xRwitl,.p4>po.itive impli."

Iy - H(4))1 ~ (1 + p) lx - H(t/»I (23)

:i)b:::::;imotio.. of H: Il.~~r+.) { 2jH(.p) - ~:: 1 }

Hence. ln factforany d, there exlsta an exponentially re­
pellenl locally invariant set. It canbeapproximatedby the
frozen parameter invariant eet S,. for dsufllciently small.

Property4 (Attractivelocallyinvariant set):
Foronyd.ucli tI,at:

1 (1 + 3[1+01 )
0< d < cr ..~ 1 + 211+01 - 1 (24)

letf/bethe.moU..tpo.itiv.rootof:

A(f/) = (f/ - 1~nj~) - 2 (l:~';;~;'Od (25)

where no and nI are definedby:

no = Il; "l, nI = ~1\:~:~l;;; (2G)

there ezi,tI o, depending on( and ~trictly 8maller than 1
.uchthot: (4).y) = E(.p, x) and (.p.x) in
{1.pI<l-f/}x{lxl:oSO impli.&:

Ther ••xi.t.. a bound.d conti ..uou. Lip schit. funetion G
such: thot. with .pa(4)) ofunetio.. implicitly d.fincdby:

4> = .pa:~ d~~:a~~);:» (27)

(i)lf:

14> 1:oS 1-f/ and l.pa(4))1 :oS 1-f/ (28)

!t lies exact1y on the frozen system stability boundary and
isacriticalnttractor.

4 Locally invariant sets

In Section 2. we have noticed that the greph Sj isinvariant
for the frozcn system. For the actual system, we get (whcn
thismnl.:csscnsc):

(X(t+1)-1+1.p~t:1»)= -.p(t) (X(t)-l ~~(t»)(18)
d (l+o)x(t)(x(t).p(t)-l)

+ (1 + .p(t»(1 + .p(t) +dx(t)(I +x(t»)
Withdinthesecond termontherighthand,weseethat S,
isc1osetobealocallyinvariantsetofE.lnfact.S,being
local\y normally hyperbolic for the frozen system. for the
actua1systemwithdsma1lenough,wecanexpeettheex­
istence of locally invariant sets. close to Sjç being repellent
intheset {\.p\>l} and attractive in the set lI.p1< 1}
(Shu\>,1978;Hil'sch,Pughan<\S\mb, 1976). To prove this
existcllceweapplythegraphll'l\lIsformtecbnique(Shub,
1978).

G(4)) = 1+œ - .pG(I/!)

= .p + d G(~)lld""ct~~.p»

(ii)Lete.ati.fy:

n. < e < n, + n~ +n\~~ + 2n.)

(29)

(30)



Iy- G(qI)1 ~ a 1..- G(.p»1 (31)

(iii) Approximation of G: {l''I~W:")} { ~ IG(.p)- ~ ~: I}
i.bounded.

Consequently, for dsufficicnt1y small, thcrc exists an ex­
ponentially attractive Iocally invariant set which can be
approximu.tcùbythcfl'oz<.'upnl'1unctcrillVtu'inntsctSj.

With thcsc Iwo propcrtics, we see that for d small
cl1()tlghthclil1C'lU'lUm)ysiHl1mdüfol'thcfl'()~el1HYHtC11lgives

a good apprcxhnutjon of the bohavior of the actuol system
'lSlong'Ulwcllt'cfm·cllolIghfromthcfl·ozcnsystcmstn·
bility boundary 1.p1=I,ulditsillvarialltsctS,.

5 Behavior of the solutions: tech­
nical results

Knowing the existence of critical elements and loeally ill'
variant sets, we arenow in position for studyingthe be­
huvior of the solutions. With o givcn by (10), '1 given by
(25),d" given by (24) and:

X > 1.~'1 (32)

wedccomposcthcplunc (.p",.) into nine eubacës:

A = {(.p,")I.p:5 -(1+ o)}
D = {(.p,")1 -(1+0) <.p < -(1-'1) and X :5x}
C = {(.p''')1 - (1 +E)<.p < -(1 - '1) and [x] < X}
D - {(.p, .,)/ - (1+ 0) < 1/> < -(1 - '1) and X :5 -X}
E={(.p,")1 -(I-'1):5,p:';I-'I}
F = {(,p, .,)11 - '1< 1/> < 1 + e and X :5x}
G. {(l/I,œ)ll- '1 < l/I< 1 + 0 and Ixl < X}
H= {(.p,")II-'1 <.p < 1 +oa.nd x:5 -x}
1={(l/I,.,)II+<:5.p}

or graphically:

Illthefoliowingwestatcscveralpropertieswhicharepro'
vcd in (Espaâa and Praly, 1988). Thcyaregivenwithout
RnycoIlUucllt,thcil'illtCl'pretationbeingthetopicofthc
ncxt Scction.

,p(t)l/I(t -1) > 0 and l,p(t)1 ~ 1+0, \1 0:S t < T (34)

Case", < -1: For ail tin (0, T), (.p(t) - ,ptt -l».p(t -1)
i.n.gative, With(i), tili.impli•• tilatl,p(t)lgoesl7lono.
tonicallyto andero sses I+ c, Con.cq·uentlyT i.finite,

Case", = -1: H(.p) '" 0 and any point in the r.p.llent
loeally invariant set i. afix.dpointofE. Ti. infinit e,

Case -1 < a:S 0: If 1/>(0) i. po.itive, ,ptt) i• • trietly
ine...a.ing and tller.for. eonv'rg" to +00whil. x(t) go..
tozero. Conscquently, T i. infinit e.
If .p(O)<min{I/",,-(I+.)},.p(t) i••trietlydee...a.ingto
-oc wl.ilex(t) goe. ta lero. Con.egu.ntly, T i.infinite.
If l/a<.p(O) <-(1+0) ,I/>(t) i••trietlyinOl'.a.ing and
eroue.-(l+o). Co....qu.ntly, Ti.finit e.

Case 0 < a: ,ptt) i. monotonically goinO towllrd. I/n.
Con•• qu.ntly, T i.finit. if and only i],p(O) i. negati'oe
anll/orl/a < 1+<.

Property 7 (Sollltion8Inthe"strictinstability" set
outoidetherepellentlocallyinval"Ïantset,sets: A,
1):
Forany nOn z.rod:
(i)Iffor.ometim.to,a.olutio...atisfi.s:

l,p(to)1 ~ 1+., .,(to) oF H(.p(to» (35)

tlle'ltll.re.xi.tsa(finite)tim.t,.uclltllllt:

(36)

He..ee, therei8no.olution.ati.fyinuforever :I:';H(.p)
and 1.p1~1+<.

(ii) Moreov.r, while the .olution remai .... in {.p ~ 1 + e]
(.... p. {.p:5 -(l+o)}), it o:ponentially divorges]rom
lh.,raph {(,p,H(.p»} andero" .. lherepsllentloeally
invariant ..tatoa.htimot (resp. it ...main. On tlle.am.
lido).

PropertyS (Solutlons in the attractive locally ill­
variant set,8et: E):
For any d, O<d<d":
(i) Th. unique .quilibriumpoint of E i. in th.locallyin·
variant setifandonlyifl"'li•• trictlylarg.rtilanl/(I-T}).
And any ~olution"tarting on it, monotonical1y approache"
tI.ccquilibriumpoint.

(ii) if 1"'1is Ôstrictly .mallert/lan l, ail t/•• •olution. in
th.loeallyinvariant sethav.th.ir.p·component.trictlyin·
ereasingwllil.itr.main.in {1.p1:51-'I} . Con..quently,
with (i), the.olutio.... in the attractive locally invariant •• t
leal1c Ute "strict "tability""etinfinite timc, through. the.
boundary .p=I-T}.

(33)

Property9 (Solutions in the "strict stability" set
outsidetheattractivelocallyinval"Ïalltset,.et: E):
Foranyd, O<d<d":
(i) Any .olution in {1,p1:5 1- 'Il x R e.,pon.ntially
approacil•• til. grapil ((.p,G(l/I»}. Mor.overa.olution
.tartingin {1,plsl-,1l xR remai .... inthi...t a.long
a.it ...main.inth••et {Ixl~~}.

(ii) if 1"'1<1 andfor.om.tim.ta, a.olution.ati.fics:

Propertyli (Solutiollboundedness,sets: AtoI):
(i)If'" lies in (-1,0], E ha. unbound.d.olutio.....
(ii) If'" i.l not in [-1,0], ail tile »olution. of E are
bound.d.

Property6 (Solutions in the repellent locally in­
varialltset,sets: A,I):Foranynonzerod:
(i) Th.fizcdpointofE, belong. to th. repell.nt locally in·
variant.etifandonlyif 11/"'1:51+< .

(ii)L.t(l/>(t),.,(t»b.a.olution.uehthat:

1.p(0)1~1+., x(O) = H(I/>(O))

andletTb.tllelarg•• tint.ger.ucilt/.at:

l.p(to)1 S 1-'1

l.p(ttll > 1-'1

(37)

(38)



(40)

Rrv.. J... lAI< 1. lkN io ,, ~,,"""'..,J.r . ..'
hH:S1- ".

~.-;.•-tt-:;'7I~~" ~ Kt

(..., . • .w.d
Hl -.} S. S -~) . U~lsU J,
.,,..... .. ... _ IoMlIr_·· I&loul_1
(_, .Ol n- ......._..u).

Property 10 (Sol . "'" 1. l be " crit lc..l at .biIlly"
..101 B , 0 , F , U)'
A, ,.., .... ........ __ .. lA...1
(( .. ..1l 1- "< ~1<1+ " ,...d Io:I !:t) . 'II.-
,.• ••1 .. . .,.. ,. . ,...,. Rna lA.on.. .. ......
..... ....fr;. ,J ..cr 1_ ,, < ~I < l + • •u Irl !: t ·

P ....p.rt)' Il (So hll iona lu I l.. ·crl tlcal ...bUII)'''
•• tG ):
If 11/" 1iol •.,.rlA I /• • "',.... II . ... f'\,peri·
~~., .~I..l;'.... <"; . t i .. u.• •d ·

6 Behavior of the .oluti on.: inter­
pretation

T1w1leho'riorcl Ûloldul...Ill I: ..... bot.-.bl1 o:xploiDed
-ltbIJoa W\oooi.. . _u

A~COrl'Of'C'l'r T. . ............ la lbor od A cr
1...... _ iootW ....u- 1o-lb""->o.1 di~

.....~ ....... . od ....... . LbltlJl"llPllcl .............
b' bouD<Iodfuactioacl". nioexplai- _a...-.,tiaI
pvwtb III lbor ..__ . 1oid.'-- at>d~
..... w..-... . .....~. lbot ... I. &lMdllimel.1_..~~ .. wiI .. ....-. ... Ihi.paph.

nu. ~.WrMwil1o.-:rbi&b~~
cl lbio r-t. e--..-Ir. for ......1ÎOIOiD.t.bt ... A.
t ....~~ rom.an.. _ l.M_oôdecllborr;raph.

1I~ .. buntwit"""t.-;1IolinDo.Thiobd>or.......
~r.....,.-a"" IllÛloldi-turi.Dœ ...... t.btorl.paint.

A........t.U.&l.OI'<-op<ortr lll. .. ooIutioAioot.bt A ŒI
..lb. Ilorpo..~<JI" l.. lh D.D.F Bbu i..
.·Nffi~t ...~cNc:ayi Thio bd> .."...
r"" ... yval... clthediK ..,. lhe poiDl..

AUŒdln&toPropert)'o _ liaaeor.....
Il .. .... E, ' I i.~iallr at.l'tOri«l l_"""' whkh
la o"" .q;uo Il\egapb 01.. uuifOfUl!y bounôe<lfundioo
of"'. Tb io""p1...lUI th . ... ~tial decreoM g( tl>e .. .
"""'.......n l ...... tlMfNtdoc., cl ilob il;hfrequor&C)' eootesIl
if il • ...,p<f*UI. Tbio bd ...icx b. ppeP8 b ...,. -a... of
the ..... poinI·UHli.turi.Dœr-tio ...... &I_lfor .....D
vol.- of 1.... diotur boonoo-to-adapwiaa """'" ratio.
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Summarizing for the case of a small diaturbance-to-ad­
aptation speed ratio, according to the value oî o; the set
point·to·disturbanceratio, threeessentiallydifferent be­
havlora of the solutions of E can bepredieted:

'1"'1>1 (high level excitation): boundedsolutions,
noburoting,noporlodic.olutlon,agloballyattrac­
tive flxed point Is conjectured, behavlor simllar to
the ideal case.

.0< 0<:1 (Iow lcvcl cxcitution]: bounded solu­
tions,periodlcsolutionsexist8ndareconjectul'Cd
tobeglobull\ttrnctol's,theflxcdpointisl\sl\ddle,
burtiitingispl"cscutLuti8coujcetul"c<1toclisappctu'
asymptotically.

• -1 <" ::; 0 (Iow lcvel cxcitntion): unbounded
solueiona exlsr, periodic solutiona exiet, burstingia
present,theflxedpointisanllnstablenode.

Since the set point-to-disturbancc ratio a, is 0. relative
~uantity, dr ... tic 'lu ..litative changes of the systems be­
haviormay beexpcctedwhen bothr and é arc close to
J which is the natural working condition for an adaptive
llnear controllor.
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