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Abstrac t . We study the robustness of an indirec t adaptive contro l s ch eme bas ed on pole 
plac ement design with respect t o unmode l ed dynamics , non lineariti es , time variations or 
to ill- mod el ed measur ement disturbances . The known results about this problem show that 
c lassical adaptation mechanisms have t o b e modified . Her e introduc ing a regulariz ed 
normaliz ed l east squares algorithm wi th a projection , we state a boundedness property 
in pres ence of mismodeling quantified in terms of no is e t o s i gnal ratio . Howev er an 
extra condition ab out the co ntrollability of the adapt ed mod el is r equired . 
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INTRODUCTION 

Most of the proofs of stability of adaptiv e 
control algorithms available t oday hav e b een 
established for linear time i nvari ant plant 
with known order and well mod el ed disturbances 
(bounded or mov ering av erage ). Th er e still 
r emains a significant gap b etween thes e theo­
r etical methodol ogi es and the potent ial appli­
cations . In particular it is important to 
de t ermine the robustness of adaptive s ch emes 
with r espect t o unmode l ed dynami cs , non line­
arit ies, time variations or to ill- model ed 
measureme nt disturbances . 

Several attempts have been mad e t o formulat e 
and analys e such problems (Kreiss elmeie r, 
1982 ; Gawthrop , Lim, 1982 ; Praly , 1983 a , 
1983 b ; Ortega , Landau , 1983) . Among them l et 
us mentionn Ioannou and Koko tovic (1982) who 
study a singularly p~rturbed continuous time 
MRAC s cheme and using a Lvapounov formulation 
exhibit an upperbound of the admissible para­
sitic time constants in t erms of initial 
co ndit ions . Kosut and Friedlander (1982) study 
an MRAC s cheme f or a plant with known DC gain 
and relative degree l ess than one and apply 
I/O stability concepts for interco nnec t ed 
blocks to charact eriz e plant uncertainty by 
conic s ec tor . 

Howev er the assumptions required in thes e 
r esults are still t oo r es tric tiv e. In fac t , 
as mentionned by Rohrs and co- work ers (1982) , 
one of the major difficulties is due to the 
exist ence in classical adaptation mechani sms 
of infinit e gain operators (s ee Remark 2 
b elow) : the operator }{ b etween the output 
error and the adapt ed pa~amet ers , the operator 
}{ b e tween the output error and the estimatio n 
efror . Unfortunat ely the inver~e gain of }{ 

e 
limits the admissibl e unmodel ed eff ec ts 

ss 

(Ortega , Landau , 1983 ; Gawthrop , Lim , 1982 ). 
And , in the pres ence of unmo deled dynamics, 
~ may produce unb ounded adapt ed parameters. 
I~ may follow unbound edness of the comple t e 
system as ment ionned by Egardt (1979) or 
it makes inaccurat e the cornerstone 
assumpt ions us ed by Kreisselmeier (1982) . 

To l i mi t the gain of }{ , Egardt (1979) and 
Narendr~Kreis s elmei erP(1982) propose t o 
k eep the estimated par ame t ers inside a 
compact s e t using a pro j ection. This solu­
tion only requires an a priori bound of 
thes e parame t ers (necessarily introduced 
by comput er ) and does not modify the initial 
co ntrol objective. About the gain of ~ , 
we hav e propos ed t o us e a normalized l ~ast 
squares algorithm as adaptiv e mechanism 
(Praly , 1 983 a , 1 983 b) . As a co ns equ ence 
the gain of ~ i s bound ed and the unmodeled 
eff ec ts ar e ch~ract eriz ed in t erm of noise 
to signal r atio. 

To show how projection and normaliz ed least 
squares algori thm are suffic i e nt t o ge t 
robustness of adaptiv e s c hemes with respect 
t o a very wide c lass of unmodeled effects , 
we will her e study the i ndi rect adaptiv e 
co ntro l s c heme bas ed on pole placement 
design propos ed by Goodwin and Sin (1981) . In 
Praly , 1 983 c ) such a study is presented f or 
a direct adaptive control s c heme. 

ROBUSTNESS PROBLEM STATEMENT 

Consider a plant with u(t), yet) as s calar 
input and output respec tiv ely . We defi ne a 
mode l by choosing an integer n and a 
v ec t or e 

e = (- a .. . - a b ••• b )T 
1 n 1 n 
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We call r esiduals the error wet) b etween the 
true output y et) and the modeled output : 

wher e ~(t) is t he foll owing v ec t or 

~(t) = (y( t - 1) •• • y( t-n)u( t-1) ••• u( t _n))T 

(3 ) 
Let A(q- 1 ) ,B(q- 1) b e polynomials defined 
from a as : 

The following assumption about the plant will 
b e used : 

AP : Giv en an integer n , a v ect or a and a 
positiv e s calar p , there exists _ 1oUnkno~ 
r elativ ely prime p81ynomials A*(q ) ,B*(q ) 
suc h that : 

(6 ) 

ii) The co rr espond i ng r esiduals as defi ned by 
eq . (2) satisfy 

l.!!lill 
STD 

where : 

s ( t) = 0 s (t- 1) + Max ! II~ ( t) 11 , s I (8 ) 

0 < 0<1 , s > 0 (g) 

Inequality (7) charac teriz es a v ery Wide 
class of unmodel ed effec ts : wet) may 
con tain nonlineari ties f (y (t- i) . u (t- j )) , 
higher order terms (a .y(t- n- i)+b .u(t- n- j)) 

n+~ n+J 
or time variations ((a .-a . (t))y(t- i)+ 
+ (b . - b . ( t ) )u ( t - j )) •.. ~ ~ 

~ J 

With t his assumption the r obustness probl em 
may b e formulated as follows : find an 
adaptiv e control l aw suc h that 

i) ~1) > 0 : 1) <T) ~ u(t) ,y(t) ar e uniformly 
bounded . w 

ii) If there is no res i duals , the o}lr tpu t y ( t) 
tracks some r ef er ence output y (t) as 
"well" as possibl e. 

Not e that the s econd part of this probl em 
deals with a tracking property with its 
inher ent problems of delays and non minimum 
phas e. 

ADAPT IV E CO NTRO L 

Following Goodwin and Sin (1981) , l et 
b e a strictly stabl e polynomial 

AM(q- 1) = M - 1 M - 2n+1 1 +a
1 

q + ••• +a
2n

_
1 

q 

For any v ect or a (with the primeness condi­
tion) , we def i ne a vect or ~ : 

~=(f ... f ,1 e, •.• e , )T 
o n- n-

as s olution of the f ollowing linear syst em 
(DiJphantine equation) 

0 1 

b
1 

0 M a
1 a1 

0 ~ ( 12) 

b b
1 

a a
1 n n 

b M 
a a

2n
_

1 n n 

We not e symboli cally 

a(a)~ = !3 (13 ) 

To solve the robustness problem, we propos e 
the f ollowing indirect adaptive control 
s cheme : 

g( t) = fls2t! ~ + ~(t )Tp( t - 1 Jil(t) (15) 

a (t- t) = a (t- 1 ) + g ( t )p ( t - 1 )~ ( t )vC t) (1 6 ) 

p(t-~)=P(t- 1 )- g(t)P(t- 1 ~(t)~(t)Tp(t_ 1) 
- (17) 

a ( t ) =a +Min! 1 , P ( t ) I ( a ( t _.1. )- a) ( 18 ) 
o !l a ( t _.1. )_a 11 2 0 

2 0 

pet) ;;. p(t- t) 

~ ( t) = a ( a ( t ))-' !3 

~(t)T~ (t +1) E(t)AM(q- 1 )yM(t) 

1 if IB(t , 1)1 > £ 

B1t,"1 ) 

if not 

wher e i) eq . (19) means that pet) is any 
positive symetric definit e matrix greater 
than p(t-~ ) and such that : 

2 
o < \ .;; \min P ( t) .;; \ max P ( t) .;; A, (23) 

l" or instance we can take 

pet) = ~ p(t- t) + (1 -~) Al I 

ii) aCt) , pet) ar e chos en suc h that 

0<a';;a(t)';;1 

P(t- 1l-'t Ila(t-t)- a(t-1 )11 

.;;p(t),;;p(26) 

det a( a (t)) ~ 0 
n 

ii i) B(t , 1) = L: b . (t) 
i =, ~ 

(27 ) 

(28 ) 
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Remar k 1 : Eq. (27) is always possible if 
det O( e ) and det u\e\o)) are different from 

o zero. 
We hav e the f ollowing 

Lemma 1 subj ect t o assumpt ion AP, we have 

q-lk 
1f(q,k), L: lIe(t)- e(t-1 )11 

t=q +1 

wher e Me ' M . Me 
independantsVof n 

w 

ar e posi tv e cons tants 
and : 

2 A1 
L = 1 +---

v ~ 

2 
2 A1 

L~ = (2 +1:) (~+A1 )~ 
Proof : s ee appendix . 

Remark 2 : As dis cussed in introduction, the 
projection (18) limits the gain of 

l!p : ~t~j - e(t) and the pr esence of' set) 

in eq. (15) limits the gain of 

.. -.111 _ (e (t)- e* )T~( t) 
J:le . S1tY sct) • In particular , 

j:( is ext erior t o the c9nic s ect or wi th 
c~nter - 1 and radius L (compare with 

v 
Ort ega , Landau (1 983)) . 

Lemma 2 : Subj ec t t o assumption AP , if there 
exists a strictly positiv e constant 6 such 
that : 

Idet aCe(t))1 ;;. 6 

then we hav e : 

(C,) 

Vi .. n , 11q,(t)- q,(t-i )ll .. Lq,lle(t)- e(t- i)lI . 

(C2 ) 

Proof : with assumption (31) q,(t ) is a 
differentiabl e function of e(t). 

Remar k : The cho i ce of aCt) , pet) such that 
ineq. 27) is met, does not prev ent 
lim inf det a( e ( t ) ) fr~ ID b eing null. 

Therefore assumpt ion (31) is an extra condi­
tion t o be co nsid ered for the f orthcoming 
bouLdedness study . 

With these bounds Me ' M , M and these gai ns 
Le ~ Lv ' Llli , we are in po~iti*n to state our 
ma~n result: 

Theorem : Subject t o assumption AP , if the 
adatJtiv e scheme defined by eq . (14) t o eq. 
(22 ) is applied and is such that ineq. (31) 
is met, then th e robustness problem is 
solved 
i) if we hav e : 

((M +L M)L +IT ML\-, « 1- t;;)(1 - a) (32) 
q, q, e e q, v"w 2 

y n 
then u(t), yet) are uniformly bO~fd ed . Her e 
t;; is the spec~ radius of AM(q ), Y is 
a positive constant which depends on 

A
M(q- 1) , IT t t hi h is a positive cons an w c 

depends on n , a , t;; . 

ii) Mor eov er if 
we hav e : 

is equa l to z er o, t hen 

lim 
t - oo 

M - 1 n 
A (q )y(t) - L: b.(t)r (t- i) = 0 

i=1 ~ 

Proof : s ee appendix . 

Dis cussion : Let us study expr ession (32) . 
About the control part of the s cheme, we 
hav e the t erms (M~+L~Me) ' Mq,o Given our 

assumption AP (i .e. Me ,a) , AM(q-1) 

(i.e. t;;,y) should be chos en such that (1 -t;; ) 
is great er and M , L are smaller. In this 
stability- robustn*ss ~ompromise , not only 
the amplitude of the controller parameters 
but also its s ensitivity with respect t o 
variations of e appear . 

About the adaptation part of the s cheme, we 
hav e LB, L • The l ess Le ' L are, the 
more ro15ust v the s cheme is. rfr5wev er looking 
at eq . (29) , (30) we s ee that Le ' L are 
smaller if ~ is smaller i.e. ~f t~e adap-

tation ab~lity is r educ ed . Ther ef ore to the 
classical stability- r obustness compromis e 
an adaptation- robustness compromise is added 
for adaptiv e control s chemes . 

CONC LUS ION 
We hav e analysed stability of the indirect 
adaptiv e control s cheme proposed by Goodwin 
and Sin (1981) , when the r esidual between 
the plant and its assumed linear model is 
ill-modeled. More pr ecis ely we hav e shown 
the boundedness of the input-output signals 
when th e r esidual to signal ratio meets : 

hltll .. 
-;rtj n 

where wet) is the residual , set ) is the norm 
of the input-output signals pass ed through a 
first order filt er and n is a bound which 
can b e computed from the s cheme charac t e­
ristics. 

To get this r esult we hav e b een led to intro­
duce a projection and a normalization in 
the adaptation algori thm. In par ti cular we 
hav e shown that thes e modifications limit 
the gain of the infinite gain operators 
mentionned by Rohrs, and co- workers (1 982) as 
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l eading t o instability . This new algor ithm 
r eaches the initial control objectiv e when 
th er e is no r e8idual . 

As an important consequence of our study , we 
hav e shown that not only the classical 
stability- r obustness compromis e, but also an 
adaptation- r obustness compromis e has to b e 
mad e in adaptiv e control . 

Not e that f or our r esult t o hold , we need ~n 

extra condition about the adaptiv e s cheme. It 
concerns the controllability of the estimated 
model. 
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APPEND IX 

Proof Of Lemma 1 

The t echnique used her e is by now standard 
and we only point out t he major st eps 
Le t Vet) b e defined as f ollows : 

V (t) =(e(t)_e*)Tp(t)- 1(e(t)_e*) (A1) 

From eq . (2) , eq. (14) t o eq . (22) , and proj ec­
tion property , the following r elations can 
be deriv ed : 

V(t-~) = V(t- 1) 2 
w( t) ( )2) 

+ g(t)(1 _g(t)C1l(t)'lP(t-1 ~Ct)- v t 

1 (A2) 
V ( t) .;; V ( t - '2 ) (A3 ) 

lIe(t)- e*11 .;; pet) + Po (A4) 

Ile( t )- e( t - 1 )\1';;(2+'1; )g( t) I v( t) Illp( t-l )1>( t )11 

(A5 ) 
Ineq . (A4) directly leads to E1 and with 
ineq . (23) yields the boundedness of V (t ) . 
Then eq . (A2) and ineq . (A3) , (A5) , (23) 
l ead t o : 

11 
.J!.( H .. ..-L)(V (t- l >-V (t» 
ex ~ 

(V (t- 1 )-V ( t ) ) 

Us e Schwartz inequality t o g~t E2 , E3 . 

Proof Of Theorem 
Notations : Let 11 . 11 b e the usual euclidian 
norm and 111 . 111 b e any oth er equivalent norm . 
We hav e 

(A8 ) 

Lemma A : Let cp( t ), I;, (t) b e sequ ences of 
positiv e r eal numbers such that 

cp ( t +1 ) q ; : t) cp ( t) + M 
cp 

1f(q , k) , ~+k , et) .;; Ilk ~ + k1; 
t=q+1 

I f we hav e 

o <;;T) ,< 1 

Then cp (t) i s uniformly bounded . 

(AI 0) 

(Al1 ) 

Proof : From assumption (A9) , it follows 
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Cl. 
(n dt» cp (o) 

t=D 

+ (1 + ~ ri e ( t ) )M 
k=1 t=q+1- k ep 

But with assumpt ion (A10) , l et 

\ = exp _ (0 ) 
2 

We hav e 

k<;;K ~ 

;;. ep (Cl. +1 ) 

(A1 2) 

(A1 3) 

Cl. M2 
n dt).; exp(p-)=M (A15) 
t =q +1- k - ne 

It f ollows : 
1 K~ ~K 

ep (Cl. +1) .;; \ Cl.+ ep (O) + (1 ~M+\ 1- \ )M 
1-\ ep 

(A1 6 ) 

~. (A cl osedloo p stat e space r epres enta­
tion) : Le t (- a.(t ), b.(t» (r esp . (f.(t) , 
3.(t» b e the ~ components of a(t) ~ (r esp. 
~ 

yet»~ . From the Diophant i ne eC{uat ion (20) 
ipplied t o u(t) and yet) , it f ollows : 
n- 1 T 

i =D ~ =AM(Cl.- 1 )y( t ) 
l: e. ( t )(y ( t - i )- a ( t) <I? ( t- i » I 
~ ~ b. (t)q,(tJ<I?(t +1- i) (An) 

i =1 ~ 
n-1 T 

. l: f. ( t )(y ( t - i ).... a ( t) <I? ( t - i) ) 
i =D ~ 

=AM(Cl.- 1 )u(t ) 

(A1 8) 

nd with eC{ . (14) , (21) , (34) this yi elds : 
n- 1 
l: e .(t) vet- i) 
i =D ~ 

n . 

. l: e . (t) ( a (t-i-1 )- a(t)r<I?(t- i ) 

i=1 ~ -AM(Cl.- 1 )Yet) 
n 

. l: b. ( t )r ( t- i) 
i =D ~ 

n 
l: b.(t)(q,(t)- q,(t- i»T<I?(t +1_ i (A19) 
i=1 ~ 

n- 1 
l: f. (t)v (t- i) 

j =D ~ 

n-1 
l: f. ( t ) ( a ( t )- a ( t - i - 1 » T<I? ( t- i) 

i =D ~ =AM(Cl.- 1 )u(t) 
n 
l: a . ( t )rC t -i ) 
i =D ~ 

n 
l: a. (t)(q,(t)- q,( t-i »T<I?(t +1_i ) (A20) 
i =1 ~ 

Then l et X(t) b e the f ollowing v ect or 

X(t) = (y(t- 1 ) . y(t- 2n+1 )u(t-1 ) . u(t-2n+1 »T 

(A21 ) 

We can r ewrit e eCl. . (A19) , (A20) in 

(A22 ) 

where F is a companion matrix with charac­
t eristic polynomial AM(q- 1 )2 j ~t inc ludes 
the controll er" paramet ers e .(t) , f.(t) j 
et inc lud es the estimated ~aramet ers 
a.(t) ,b.(t) j 6F

t 
incorporates th e f ollowing 

~ ~ 

differ ences : 

e . ( t ) ( a ( t - i - 1 )- a ( t ) ) , b. ( t )( q, ( t ).... q, ( t - i ) , 
~ ~ 

f.(t)(a(t)- a(t- i - 1 » , a.(t)(q,(t)- q,(t- i» . 
~ ~ 

t, ( t) = (v ( t ) v ( t - n +1 » T (A23 ) 

R(t) = (rCt) r(t_n»T (A24) 

With the stric t stability of AM(Cl.- 1 ) , ther e 
exists a norm 111. 111 such that : 

F,; III X( t )111 

Illx(t +1 )11 1.;; 

+11 1 6F t X ( t ) +'¥ t 6 ( t ) ~ t R ( t ) I11 (A2 5 ) 

with 
F,; < 1 (A26 ) 

~. (some inequalities) : Using E1 , C1 of 
l emma 1 , 2 and the norm eC{uival ence (A8) , 
we hav e : 

y 
1\ 16F

t
x (t)111 .;; .2 116Ftll . lllx(t)1I1 (A27) 

Y1 
III ~ t 6 ( t ) I11 .;; Y 2 M q, lit, ( t ) 11 (A2 8 ) 

Illet R(t)III';; Y2 Ma IIR(t)11 (A29) 

From the definitions of <I?(t) , X(t) , we hav e: 

Illx(t)1I1 ;;. y
1

11<I?(t)1I (A30) 

Introducing this ineC{uality in the definition 
of set) yields 

set) .;; 0 s(t- 1) +.L Illx(t)1I1 + s (A31) 
Y1 

On the other hand , from th e definition of t,(t) 
and property E2 of l emma 2 , we hav e : 

V(Cl. ,k) , 

~+k IltUilll 
t=q+1 -;rtT 

n 
.;; _ 1- ~(VkM +kL ) (A32) 

n- 1 1-0 v vTlw 
o 

I n th e f ollowi ng , l e t us note : 

x(t) = Illx(t)111 

Y = Y2 

Y1 

(A33 ) 

(A34 ) 
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~. (use of Lemma A) : l et us put t ogether 
i neq . (A25) , (A31) t o get the f ollowi ng 
syst em : 

1 

(~ +y \\6Ft\\)x(t) 

x(t +1) ~ 1\6 (t) 
+Y2 (Mq, hlr"sCt)+ Mel!R(t)I\) (A35) 

set) ~ 0 s( t-1 ) +L x (t) + s 
Y1 

With (A~2) and Rroperty E1 , C1 of l emma 1, 
2 , !b(t)\! and \\6Ftll are bounded . Then sm 
ther e exists Mx ' Ms such that : 

(~ +Y 1l6Ft\! +YMq, ! !~t~~II)x(t) 
x (t +1 ).;; 

+ 0 Y2 M., I~I\ s(t- 1) + M (A36) 
'" ;-rtT x 

se t ) 

Let 

~ L x ( t) + 0 s(t- 1) 
Y1 

<p ( t) b e defined as : 

+ M 
s 

<p et) = x(t) + Y, 0(1 -~)s( t- 1) (A37) 

We get from (A36) : 

1;Ct) = ~ +Y I1 6Ftll+t~Mq, lI~t ~~1I + 0 (1 -~ ) (A38) 

Note that f r om the def i ni t ion of 6F and 
pro perty E1 , C1 of l emma 1, 2 , we hlv e : 

n-1 
M., ~ lie ( t)- e( t-i-1 )1\ 

'" i =O 

n 
+ Me ~ 11q,( t )- q,( t-i )1I 

i =1 

Then from property E3 , C2 , we get 

116F t ll 

(A39) 

~-+k 116F t\l~ n
2 

(Mq, +1q,Me)(VkMe-+k 1e11) (MO) 
t=q +1 

Hence t o meet assumpt ion (A9) of l emma A, us i ng 
us ing ineq . (A38) , (A32) , (MO) we l et : 

+ yn
2

(Mq,+1q,Me)Me 

n 
+L _1 _l=.L M M 

1 - ~ 0~ 1 1-0 q, v 
(M 1 ) 

Then we conclude that <p et ) i s bound ed if 
as sumption (A10) i s met . I n this condi t ion 
s (t) i s bound ed and if 11 i s equal t o 
zero we ob t a in eq. (33 ) f ro m pro pert ies 
E2, E3 and eq. (A1 9) . 


