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Closed l o o p  t ransfey   func t ions   anc   in te r r .21   s tao i l i ty  

By a po lynor i a l   fo rmia t ion ,  we e x p l i c i t e l g  end 
exiaus t ive l3-   def ine   the   se t  o f  t rack ing  and 
r egu l s t ion   t r ans fe r   func t ions  e p-ocess  can  ass-;xe 
by l i nee r   c lo se2  ~ O O F  cor-trol  ar-der  constrair.t o f  
in te rna l   s ta9 : l i ty .  ::lis res-:lt exk ib i t s   t he  
freedor. l e t  t o  c o c t r o l  law desigr-ers 2nd allow us  
t o  st-Jd:; nex r e s u l t s  or! adap t lve   con t ro l   i n  2 

m i f i e d  framework. 

1 - Introal ic t ion 

An imnportarlt q-Lestios of process  controls i s  t o  
a e f i n e   t h e   s e t  of  closed loo?  t r a c s f e r   f m c t i o n s  2 
given  Frocess ca- ass-axe x:5ile nee t ing  s0r.e  com- 
t r a i c t s  suck. as i n s e r n a l   s t a b i l i t y .  This apes t ion  
has been   cors idered   in   nunero ;x   s tua ies  but nore 
e x p l i c i t e l y   i n   t h e  rxocel f o i l o x i n g  ?roble71 (PPP) .  
Amor-g t h e  -h-orks 'xe vere   z*?ere  o f ,  l e t  us r e c t i o n  
t h s t  of Ibiorse -d?:o g lves  er- i r rp l ic i t   conki t ion  f o r  
the  :*IF? soLution xkrougk. a geornetric  approach [ l  1. 
';.hen th i s   conk i t ion  is  z e t ,   t % e   n o d e l  i s  s a i d  t o  
b e   a c n i s s i b l e  and i f   no re   ove r   i n t e rna i   s t ab i l i t : ]  
( I S )  i s  s a t i s f i e d  the11 t ? e  moael is  s a i d  t o  be  
acceptable. I n  [ 2 ,  Th E.5.21,  usizg a polynomial 
approacl;,  Wolovich shows that   t : .e  XF'P i s  eqLivelent 
t o  t h a t  of f i r d i n g  e ca : l s a l   t r amfe r   func t ion ,  
s o l u t i o n  of e rational  matrix  eq-Latior.   Forrey ir. 
[ 7 ,  Th6] gives ti-en a necessary 2nd s u f f i c i e - t  
condi t ion for aa r i s s i ' a i l i zy ,   ecu iva len t  t o  t h a t  of 
~ o r s e .  L. more e x p l i c i t ,   r e s u l t   e x i s t s  i r  [4,T:?.4.5] 
f o r  a r i g h t   i m e r t i b l e   p r o c e s s  and is c o r p l e t e d   i n  
[5] 2s f o r   e c c e g t a b i l i t y .  Xore conp le t e   r e su l t s  
can  be  found ir [6 ]  vk.ere Yo-ala e t  a:. g ive  e 
necessary and sLfficlent  polynomial  concitior.  for 
t h e  ICWRIS (rrodel  following  ;roblea  with  robust 
i n t e r n a l   s t a b i l i t y )  ?>:it?.out irlp-Lt dynmrrics. A c d  
f i r x l l j r ,   a f t e r   t k e   f i r s t   w r i t t i n g  of this   paper ,  
'erneao  gave ir. [?I, [8] complete  acd  explicit  
res- i ts   us i rg   A-general ized p o l ~ n o r . i a l s .  0-Lr 
epproacb here is more r e s t r i c t i v e  b - ~ t  i t  be txer  
e x : ~ b i t s   t h e  key role   pleyed by  ucsta'uie  open loop  
Foles 2nd zeros. 

J s i n g  2 ?olynornial  form-Lletion, we he re   g ive  
en e x p l i c i t  an6 corrslete  description of aaniss i ' s le  
2nd acceptable  tr2ckir.g  anc  regJlation rcocels for 
both W F I S  axa IFPSIS.  In   chap te r  11, we s e t  o m  
problem,  chapter I11 i s  devoted t o  some technica l  
l e m a s ,   t i l e  main r e s u l t s  end coments  car. b e  Goad 
i n  chapter  TV 2nd cr,agter V is  t h a t  o f  cor.cl-dsior-s. 
~ 1 1  proofs   a re   on i t ted   ( see  [SI). 

.. 

I. 

_. 

2 - Problem  s%eter?e.it 

?rocess Let -JS consicer  2 (IXE) l i r - e e r ,   r a t i o n a l ,  
t ime  invariar-t  pia?.t we assune t o  be  completely 
c o n t r o l l a j l e  and t o  5e  descr ibed 3y 

('9 )zk=ilk , ;r. 9, (b )zk + F 
1 -x k ( 1  ) 

where '%,zk I n  X" a r e   i n p u t  a716 p a r t i a l   s t e t e  
v e c t o r s ,  ;ji , i n  R1 are o.atp-Jt 2nd 
d i s t - a r j ance   vec fo r s t  end A, (j), B ,  (-a ) a r e  
ani (lxn) p o l j - n o z i a l   n l t r i c e s   i n  6 such  tkat  5 is  
t3.e 3ack-+dard s h i f t   o p e r a t o r  (-0-d = %-, ) ar-d : 

A, (0) i s  i n v e r t i b l e   ( c e o s a ~ i t y ) ,  Rerk B ( j ) = n  (IF) 
Control law : :<e cor-slder k-ere t h e  most general  
l i n e a r   r a t i o r a l   t i m e  5r.variar.t  cor,trol law giver. 

k 

1 

xhere vk i n  R 1 s  set   goinz  vector  ana C (b ) ,  E ( b ) ,  
R / b )  a r e  nxn, n x l  and 2x1 golj.r?omial a e t r i c e s  
suc?. t h a t  : 

C ( C )  i n v e r t i j l e ,  lic c-I (3 )2(->1 and 

lir C-' (b )D (b ) f i n i t e  (HC) 
b- n 

closed loo'; t r a r - s f e r   f -mc t iozs  : we have s i x   c l o s d  
l o o p  t r a r s f e r   f u n c t l o n s  

J t (b )  = d 1 ( 5 ) E - I  ( b ) X ( b )  Ur(b)=-d, (b)E-l ( b ) D ( b )  

Y + ( b )  = 9, (b)E-l ( b ) R ( b )  Y r ( b ) =  I-El (b)E- ' ( j )D(b)  

E(3 )=C(b)A1  (b) f D ( i 3 ) 3 ,  (3) (4 ) 

1 .  

b+ 0 b 

b 

Z t ( b )  = 5-' ( b ) I i ( b )  Zr(S)-- E-' ( b ) D ( b ) ( j )  

where G , Z , Y  spec i fy   i np -a t ,   pa r t i a l   s t a t e  a ~ d  olltput 
r e spec t ive ly   xh i l e   i nd ices  t an6 r s p e c i f y   s e t  
point  azd cis turbance.  
-n bLobieri  s t a t e a e n t  : Let P b e  a s i 3 s e t  of C cor-taining 
t h e   o r i g i n  (.Js-Lally 2 is  +he   un i t  d lsc) ,  l e t  4 
be   t he   s e t  o f  ?X? r s t i o n e l   n a t r i c e s ,  : ( a )  in PXS 
71, i s  sa id  t o  be  &-stdale   i f f   the   aetermicant  

a l l  i t s  r o o t s  s t r i c t l y  o u t  of f . , ~ ( b )  is  c a u s a l   i f f  
l i n  ~ ( 3 )  f i r . i t e  2nd s t r i c t l y   c a u s a i  iff l i m  ~) 
b- m f i n i t e .  b-- b 

of  arq miniaal   representat ion  (see[ lG])  has 

';:e wznt t o  completely  characterize  the  following 
t;zree s e t s  : 
(i)  ?,=set  of N + ( b ) ,  16r(b) i n  Rlxl s;lch that a 

control  law ( C , > , R )  ex is t s   nee t ing   cocdi t ions  
( F C )  2nc with (3) : 

Mt(b) = Yt(-&, Kr(S) = Y r ( b )  
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T:~us c o n t r o l  la-*- design may be  red-oced t o  f i n c i n g  
s t a b l e  a.6 s t r i c t l j .   c a J sa l   r a t io - . a1   t r a r s f e r  
f -xc t ions   such   t he t  3h.e close'5 l o o p  t r a n s f e r  fur-c- 
t i ons   a r e   t he   " j e s t "   poss ib l e .  ?or  this "best"  
t o  nske ser.se.de mey u s e  'I?;iener-I!opf approech  to 
nininAze 2 quadratic  Cister-ce  betveen  desired ana 
acceptable  behaviours which  with (IO) a r e   c o 2 p i e t e b  
de f ined   i n   t e rm  o f   uns t ab le  open 1003 w i e s  and 
zeros and t h e  Eor.ic f a c t o r  Z;.,(.b). Then cornpared 
with [5] we ney  expect   s inpl l f icat ion of t h i s  
ninimizatior.  dne t o  or jer   reduct ion.  
CSv iomly  t k 5 s  ?ask i s  t o o  n-dch c o c p t a t i o n  cenar,- 
ding t o  3e  achieve6 on l i n e  for adapt ive  control .  
In This case   t he   s ims le s t  tecrniq.;e is to  -1se 
direcxly  ec;lation ( 4 )  f o r  ?ole  I ; iecexent  but 
-,.:ithDiout well  defined  zero  placexent [ I d ] ,  [I 51. 

5 - Concl.:sion. 

?:e i a v e  ar-suered %e questior.  askei  by  Xorse ir. [ I  ] : 
The s e t  o f  regulatio?. and trackir-g  close6 l o o p  
t r e n s f e r   f - x c t i o n s  2 p l a n t  car, i s s -ure   uk i le  
s resen7iz .g   in te rna l   s tab i l i ty  is e x p l i s i t e l y  and 
exh.aastiveiy  characterize6 ir t e r n s  o f  u r s t a b i e  
open l o o p  poles  anc! zeros and 2 ror- ic   factor  
of e c o c t r o l l ~ ' ~ 1 e   p o l y n o n i a i  f g h t  represer ta t ior . .  
This  r .aturaily  exhi3its  the  freeiom  one has i n  
6es igr ing   cont ro l  levs ar.6 s:~ooj;s :kt  one  can xork 
with  t : iese   i r reeocible  corn?onerss o n l y ,  whereas eny- 
l ir-ear  t irce  invarianz  control lar: cer. be   reached   in  
this m i f i e 6  framework. 
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