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1 | INTRODUCTION

In optimal control, one wishes to determine control laws for a given dynamic system optimizing a criterion.!> From
theoretical and numerical viewpoints, the number of state variables and the presence of constraints greatly affect the
resolution of optimal control problems (OCPs) by increasing its theoretic and numerical complexity. This observation
holds for all methods, from dynamic programming,* Pontryagin minimum principle (PMP) based methods,>® or direct
formulations (eg, collocation methods).” Therefore, it is tempting to simplify the equations defining the OCP to ease the
difficulty. The simplifications hopefully enable easier and faster determination of the solution, but this comes at the price
of suboptimality with respect to the original problem as neither the true dynamics nor the true cost function are accurately
accounted for when the simplifications are employed. In this perspective, a central question is to quantitatively evaluate
the cost of dealing with simplified equations.

Formally, consider that the equations defining the OCP under consideration are dependent on some parameter €. In
system theory, such small additive terms are called regular perturbations.?1° In the absence of any constraints, it has been
studied in References 11 and 12 (and references therein) how such perturbations affect the optimality of the solution and
the state trajectories. Precisely, see References 11 and 12, if the error in the right-hand side of the dynamics and the cost
function between the simplified model and the perturbed model are of magnitude ¢, then the error in the optimal state
trajectories and the control is bounded in the sense of L, norm by a function linear in ¢. As a consequence, the induced
suboptimality in any Lipschitz cost is bounded by a quadratic function of the form Ke?.

In real situations, however, OCPs have to include constraints in their formulation.131® These are the cases under con-
sideration in this article. Interestingly, it is possible to connect constrained OCPs to unconstrained ones. Several recent
works have proposed to deal with constraints by means of unconstrained representation of the variables, for example,
by saturation functions!®? or by using a method based on interior penalties.?®** The latter method allows one to solve
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constrained OCPs by generating a convergent sequence of OCPs. By introducing penalties with a weight factor in the cost
function, a new unconstrained problem can be defined for which the solution is determined from the usual stationarity
conditions. Under some mild assumptions, this solution is then shown to converge to the solution of the initial con-
strained problem when the weight on the penalty tends to zero. The result is built around the classic ideas of penalty in
finite-dimensional optimization.?

In this article, we employ this connection and extend the perturbation results to the cases of input constrained OCP.
The proposed methodology is grounded on the results of Reference 11 about the robustness of cost, control and state
with respect to model errors and the result of Reference 26, which we use to generate a sequence of problems without
constraints. By studying the limits of the sequence, we show that, here also, the error in the cost function is bounded by
Ke? where K is a fixed parameter.

Rather than simply stating the existence of K, we propose a way to estimate K. Importantly, the estimation method
solely uses the £ = 0 solution and the perturbed equations. It produces an upper bound on K. This estimate is not sharp, but
it is sufficient in many situations to establish that some model details are not worth consideration as the added complexity
they induce is not creating sufficient cost improvement.

For illustration, we present a problem of energy management system for a parallel hybrid electric vehicle (HEV). In
this problem, it is shown that the benefit of considering the engine temperature dynamics in the minimization of the fuel
consumption, as has been considered in References 27-30 is actually very limited.

The article is organized as follows. Section 2 contains the problem statement and sketches the contribution. Section 3
presents preliminary results instrumental in proving the main result in Section 4. For convenience, a practical guide
or “cookbook” is proposed in Section 5 summarizing the equations needed for the estimation of the parameter K.
Section 6 gives numerical applications of the previous algorithm. A toy example and the HEV application are presented.
In Section 7, the use of K as a tool of model design is discussed. Finally, Section 8 gives conclusions and perspectives and
it is followed by appendices containing several proofs that have been omitted from the main stream of the article.

2 | PROBLEM FORMULATION AND MAIN RESULT

Consider the following OCP, which we refer to as OCP,,

T
min [Jg(u):/ [LoCx, u) + Ly (x, u)] dt| , 1)
0

ueyad

where Lo and L; are C* functions, and their first and second derivatives are assumed to be bounded, T is a fixed parameter,
€ € [0,1] is a parameter scaling error terms (perturbations) in the cost function and the state dynamics defined below in
(2), and x € R" and u € R™ are the state and the control variables of the following nonlinear dynamics with given initial
conditions X,

dx

o ot +efilrw), x(0) =X, @)
where f and f, are C* functions with bounded first and second derivatives. We note I" a Lipschitz constant for f,. The
control function u is constrained to belong to the set U* defined by

U ={ueL®0,T]: Unin < Ui(t) < Umax, a.e. t€[0,T],Vie {1,...,m}}.

As exposed in Reference 26, U can be generalized to be the set of integrable functions with values in a compact
convex set with a non empty interior, without adding complexity (except for notations) in the computations that follow.
For convenience, we note ¢ 2 [x, u]. Furthermore, the following assumptions are considered:

Assumption 1 (Existence and uniqueness). For any £ > 0, the OCP (1) possesses a unique solution. u} denotes the
corresponding optimal control and x; is the corresponding solution of the differential equation (2) (for u = u}).

The Hamiltonian associated with the problem for e = 0 is

Ho(o,p) = Lo(0) + " fo(0).
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The perturbating Hamiltonian is

Hy(0,p) = Li(0) + " fi(0).
For any € > 0, p} is the adjoint state associated with x}. For establishing the main result of this article, we formulate two
additional assumptions.

Assumption 2 (Convexity condition on Hy). There exists # > 0 such that

OuwHo(o,py) > I uniformly in o,
(0xcHo — 0xyHo[0uuHol ' 0ucHo)(o, p}) > 0 uniformly in o.
These inequalities are known in the calculus of variations as convexity conditions or strengthened Legendre-Clebsch

conditions.? Furthermore, an assumption is formulated on the perturbating Hamiltonian. Let us first define some
quantities that depend only on the unperturbed problem. We define

Q2N+t _

1
1=z swp ot Pl a0 =20 ———

T
d, = / a(Hdt az =2 [2 + }/lzdl] . (3)
0

Assumption 3 (Boundedness of H;). The perturbating Hamiltonian satisfies

_ 5
2(a3 + dl)

Theorem 1 (Main result). There exists a positive constant K such that the suboptimality of ug is upper bounded under the
form

H;f ”amrHl(o-’pZ)k)” S (4)

AT £ T (uy) — Je(uf) < Ke* Ve €0,1]. (5)

Remark 1. The quantity K is a linear combination of the squares of bounds on the perturbating terms f; and L, evaluated
along the unperturbed optimal trajectory, and of the squares bounds on the derivatives of these perturbating terms. Also,
K tends to the infinity when the convexity constant § tends to 0 like %, and K depends on the bounds of the second

derivatives of f; and L;, and of the nominal costate p,, but not linearly. The bound K increases as the bounded-output
(BIBO) behavior of the nominal system increases.

3 | PRELIMINARY RESULTS

To prove Theorem 1, we establish some preliminary technical results. A sequence of unconstrained problems can be
considered, which converges to OCP,. For this, following Reference 26, a penalty function P(u) is introduced into the cost.
This penalty function is used to define the penalized OCP,

T
min [Jgr(u) = / [Lo(c) + €eL1(c) + rP(w)]dt|, r> 0. (6)
0

ueyad

This approach is very general, see Reference 31 and references therein. For each value of r > 0, the solution of OCP
(6) is determined from simple stationarity conditions on the Hamiltonian since the optimum is interior. To exploit this
technique, we formulate the following assumption:

Assumption 4 (Penalty properties). The penalty P(.) : Jtmin, Umax[— R satisfies the following conditions:?

« the function P(.) is C*, strictly convex, and non-decreasing,

« the penalty P(.) and its derivative P'(.) grow unbounded as u reaches either um;, Or Umax-
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As was shown in Reference 24, when r goes to zero, under Assumption 4, the optimal value of the modified cost (6)
converges to the optimal cost of (1) under input constraints and the penalty term rP(u) goes to zero. Because P(.) takes
infinite value outside the domain defining U* and on its boundary, the solutions lie inside this open domain.

Using the PMP, the two-point boundary value problem (TPBVP) associated with the nominal problem (for € = 0) is
given by (2) and

—pi = 0xLo(oy) + Py oxfo(oy), Py (T) =0, (7)

9uLo(0g) + rduP(ug) + py dufo(og) = 0. (®)

Here oj denotes the optimal state and control for (6) with € = 0, and pj is the related costate. From theorem 4 of
Reference 26, one has that as the r parameter approaches 0, then u] and x approach u; and x; in the L? and L* norms,
respectively. From (7), it follows that pj approaches p; in the L* norm.

The Hamiltonian associated with the problem (for e = 0) is

Hj(o,p) = Ho(o,p) + rP(u).
In the case € > 0, the Hamiltonian associated with this problem is
H{(o,p) = Lo(c) + €L1(0) + p" [fo(o) + €fi(0)] + rP(w) = H(c,p) + €H1(c, p), ©)

where H(c, p) 2 Li(c) + p'fi(c) is independent of the penalty function. For any r, we note p! the adjoint state associated
with the state x] and u, the optimal control solution of the OCP (6) for £ > 0. Denote for any x, u, x/, and u/,

w2[opl, &X' &x-x, ouLu-u), ¢ £c-o0o],
oxt 2x[ —x), oul 2ul—ul, &éol20l—0)
To estimate an upper bound on AJ, the two following Propositions 1 and 2 are used. These two general results are
based on Taylor expansion and differential calculus.

Proposition 1 (Second-order expansion). For any control u, JI(u) can be written as

T

T
Tl = / [Hi(o§. py) — Py x| dt + & / [N°(t) - su” + N'(¢) - 6x'| dt
0 0

T r1 1
+/ / / AéaaHz(GS+/1/450'r,p6)(50'r)2d/1dudt, (10)
o Jo Jo
where

N(t) £ 0,H:(c,py).  N'(t) £ 0.Hi(o], pp).-
As the term /OT [HI (o5, pp) — Py x5
The second term fOT [N o(tydéu" + N 1(1,‘)6x’] dt represents the first-order variation of the cost due to the state and control
trajectories variations.

] dt depends only on the nominal trajectories, it can be seen as a constant term.

Proof. The proofis based on Taylor expansion and is given in Appendix A. This expansion uses the stationarity condition
(8); interiorness is instrumental in the proof. n

For any given r, x{ is the solution of the differential equation (2) for the control u:

r

d—t“ = fo(Xp, up) + efi(Xg, uf),  X5(0) = x0(0), (an
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while x| satisfies

r

dxo ror r
a = fo(xg: Ugp),  X%4(0) = x0(0). (12)

The two trajectories of X{(f) and X{(¢) have the same control input u; and the same initial conditions. The following
proposition gives an upper bound on || X7 (t) — x{(1)||-

Proposition 2. Consider (11) and (12), the error | X} (t) — x}(t)|| satisfies

[X5() = 50| < F1q(De, (13)
where
B = sup )], a0 = £~ (14)
and I is the Lipschitz constant of f,.
Proof. The proof is given in Appendix B. (]

Remark 2. Observe that evaluating the upper bounds given in (14) does not require to solve the perturbed OCP. The first
quantity F; evaluates the perturbation term on the dynamics along the non perturbed trajectory, and q(f) quantitatively
expresses the BIBO behavior of f;,.

4 | PROOF OF THE MAIN RESULT

To prove Theorem 1, we need the following intermediate upper bounds on x; () — x(¢) and u;(s) — u(s).

Lemma 1. There exist positive constants ¢, and c, such that, for all r > 0 and all penalty functions P(.)

[ (6) = x50 < e, 15)

T
/ |ui(s) - u(r)(s)|2ds < cle?. (16)
0

The proof of this lemma is divided into two parts, each of which is summarized in a proposition.

1. First, an upper bound is derived for the quantity
T
Mo 2 )~ [ [FECaf. ) - 7). a7
0

This upper bound is given in Proposition 3.
2. Then, using Assumption 2, we define a new variable

zZ(A, p, t) 2 Sul + [OuHy(og + A,uéar,p(r))]_lauxH(’)(ag + Audo", py)ox;. (18)

An upper bound on

T 1 1
RE / / / Alz(4, p, D)]|*dAdpudt, (19)
0 0 0

is given in Proposition 4 where the inequalities (15), (16) are derived.
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41 | Upper bound on M, defined in (17)

An upper bound on M, is calculated in the following proposition.

Proposition 3. There exist positive constants ¢y and c; such that, for all r > 0, for all P,

IMo| < (coF? + ¢1)e”. (20)
These are
1 T
== < sup axxH(’)(ag,p(’))+m>/ q (t)dt+ = sup o Hl(ao,po)/ g (bdt, (21)
2 \tepo,1 0 2 tefo,1) 0
1 T
= — / k3 (t)dt, (22)
2m [,

where m is a (free) positive constant, q is given in (14), and k, is an upper bound on N'(t). In particular, ¢y, c;, and the upper
bound in (20) are independent of rP(.).

Proof. The proof is based on the second-order expansion given by (10). From Proposition 1, the penalized cost function
J{(uy) can be rewritten in the form

T T
VAUAES /0 [H{ (o, py) — Py x| dt + & /0 N () - (X5 — xp)dt
T 1 1
+ / / / A0 HL (O + Ap(X) — X5), ufy, pp)(XG — x5)>dAdudt, (23)
0 0 0

where x; and x| are defined in (11) and (12). The quantity Mo, defined in (17) can be written from (23) as

T
My=¢ / N 1) - (X) — xp)dt + / / / A0 HEOX) + Ap(X) — X5), ul, po)(Xhy — x5)>dAdudt. (24)
0 0 0 0

In this expression, the penalty on the control disappears from the calculation because the two state trajectories x;
and x| share the same control input (the error in the state trajectories is induced by the perturbation terms in the state
dynamics). Since the first derivatives of L, and f, are bounded by assumption, N’ and N* are bounded:

IN'(D)| < ka(0),  [N°(0)] < k(D). (25)

Indeed, the terms N'(t) and N°(¢) depend only on the nominal trajectories and they can be bounded by functions of
time. The upper bound on N(¢) - (Xy — x;) can be written as

T T
€ / NY (1) - (X§ — xp)dt < £ / (Nl(t))zdt+— / (X§ — xp)*dt,
0 2m J,

using the following inequality, for any a, b and m > 0: 2ab < %az + mb?. Inserting Equation (13) to bound X — x yields

T
€ / NY(t) - (X§ —xp)dt < £ / kz(t)dt+—F2 / g (bdt,
0 2m J,

82 1 T 2 2 2
<& (= + )

From the decomposition in Equation (9), we have

OucHI() = O HJ(.) + £00cH1 ().
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As the second derivatives of Ly and f; are assumed to be bounded and the term d,H, is independent of the penalty
P(.), we can define

Yo = sup OuH;().
t€l0.T)

By using the relation (13), we derive that

T 1 1 2 T
/ / / A0 HJy (x5 4+ Ap(X}) — x3), up, po)(Xy — x5)>dAdudt| < %yoFf / g (pdt.
0 0 0 0

Aseisin [0,1], €3 < &% and we can write the following upper bound

2 T
< % sup O H()F? / GAdt.
0

te[0,T]

T 1 1
/ / / £ A0 HI (X + Au(X] — x0), ul), DX, — x5)2dAdudt
0 0 0

From Equation (24), M, is thus bounded by

T
) - /0 (265, pf) — iPE] di| < (coF + en)e?,

where ¢y and ¢; are given in (21) and (22). They are independent of rP(.). This concludes the proof. .

Remark 3. Observe that the bound given in (20) involves the square of F;, and that ¢; is a bound on the
square of the perturbed cost and dynamics, following (22)-(25). Their evaluation does not require to solve the
perturbed OCP.

4.2 | Upper bound on R defined in (19)

Proposition 4. There exists a constant c,, such that, for all r > 0, for all P,
R< C262,

where c, is proportional to the inverse of the convexity parameter f defined in Assumption 2 and proportional to the square
of the perturbating terms and their derivatives.

Proof. Essentially, the proof is based on the decomposition suggested in Proposition 1 and the convexity conditions
given in Assumption 2. The variable z defined in (18) will be helpful as it allows to deal with diagonal quadratic
forms.

Since uf is the optimal control of the perturbed problem, it satisfies

JE(ug) < Ji(ugp),
which gives
T T
) - / [ (o} ) — piT5] dt < JTL) — / (0% ) — pLT5] dit < (coF? + c1)e2,
0 0
that leads to

T
VAUAES / [H{(c5.py) — Py x| dt < (coF7 + cr)e’. (26)
0
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By using Proposition 1, J7(u}) can be written under the form
T T
JIul) = / [HL(0), p}) — Pyl xg) dt + € / [N°(t)suf + N'(0)ox] dt
0 0
T 1 1
+ / / / A0, HL (0} + Audo”, ph)(Sol)*dAdudt,
0 0 0
and, we have
T T
Jrh) — / [Hi(o4, ph) — Py xp| dt = & / [N°(Houl + N'(1)sx;] dt
0 0
T 1 1
+ / / A0,oHL (o} + Audc”, ph)(Sol)*dAdudt.
0 0 0

By combining this expression with (26), we obtain

(coF} +c1)e” > € / ' [NSu; + N'ox;| dt + / ' / 1 / 1 A0,6HL (0 + Audol, ph)(Sot)*dAdudt. 27)
0 o Jo Jo
From the expression of H in (9), we have
05 He () = 056 Hy(.) + €056 H1 ().
To find a bound on 0,,H| (¢, + Audo;, pg)(aag)Z, every factor of su! in the second-order variation of the cost JZ(ul) is
substituted by terms in 6x and z defined by (18). This allows us to handle a diagonal quadratic form in terms of z and

8x/. The following expression of d,,Hj (o}, + Aubol, p))(667)* holds

0soHy(0h + Audol, po)(667)° = 6x." o Hy (0 + Audol, pf)éx;
+ 6uT 0y Hjy (o + Audol, phdul + 26ul’ o Hy(ch + Audol, pl)oxL,

which can be written using the variable z as
05 HY()(B67)* = 2" 0uuHy ()2 + 6% [y — O H [ 0w Y1 ™ 0 Hp | ()OXL.

The term 0,,Hy(oy + Audoy, p(’))(éag)2 is written as the sum of terms whose signs are known from the second-order
optimality conditions given in Assumption 2,

05 Hy(N(S0L)? > Bliz(A, p, D).

Thus, Equation (27) implies
T
(coFf +c1)e” > € / [N°Su; + N'ox;| dt + pR
0
T 1 1
+¢ / / / A0,6H1 (0 + Audol, ph)(dot)*dAdudt. (28)
0 0 0

We now estimate the error in the state trajectories due to the control input variation and perturbations in the dynamics.

Proof. There exist positive constants (a3, as) and bounded time functions (a;, @) such that

T 1 1
18X DI < an(0) / / / Az . DIPdadudt + a(OF2€2, 29)
0 0 0
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T T 1 1
[ veorasa [ [ ] Al oididude + aire (30)
0 0 0 0
where F is given by
Fi = sup |[fileg®)]
t€[0,T]

and the variable z is defined in (18). The expression of (a1, a2, a3, a4) is given in Equations (C4) and (C6). n

The proof of this lemma is given in Appendix C.
We now proceed with establishing a bound for R defined in (19), which appears in (29) and (30). Consider (3) and
(C6). By using Young inequality (holding for any a, b and m > 0)

2ab > Ll mb?,
m
the term /OT [NOsul(t) + N'6x(1)] dt is lower bounded as follows
T T[ 2 " , ,
g/ [Nul + N'6xt] dt > —/ [% {0+ W2} + 5 { 1o + llou }] dt,
0 0

5 T 2 T
> _2671 /0 (k§(t)+k§(t))dt—Ff% <a4+ /0 az(s)dS>

T
- m |:C(3 +/ al(s)ds] R. (31)
2 0
Inserting (31) into (28) yields, using (3),
1 T m m
(C()Ff + Cl)gz > —£2 [% / (k%(l’) + k%(t))dt + EFf (ag + dz)] - — [(13 + dl] R
0
T 1,1
+ R+ £/ / / A0scHi (o) + Auéag,pg)(éag)zd/{dydt. (32)
o Jo Jo

The term £ fOT fol /O1 A0,0Hi(o} + Ausdol, py)(Sol)*dAdudt gives rise to a term in £ (which can be bounded e? as & < 1).
We obtain for this last term:

T 1 1

€ / / / A0 Hi()(S07) dAdpdt > —% inf ||0oHy (0, pp)|| [Fi(as + d2)e® + (s + )R] . (33)

o Jo Jo °

Inequalities (32) and (33) imply that
m €. .
|6 - 2 (@ + d) - S inf [0, H(o. pp)] a3 + )| R
T
< [co + 2@+ dy)+ %inf 00e H (0. P1)|| (s + dz)] F2e? + [cl + i / (20 + kf(t))dt] =3 (34)
o 0
where (dy, d;, a3, a4) are defined in (C6). We wish that the factor of R in the left-hand side of (34) be positive. Define y by
m £ . -

y=p- > (a3 +dy) — 5 inf || 055 H1(o, pp)|| (a3 + dy). (35)

We want y > 0. To start with, we take

= . 36
m az +d; ( )
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We then have

=t o o+ 67

Assumption 3 ensures thaty > g forany € € [0, 1] and r close to 0, by convergence of the costate discussed in Section 3.
To pursue our analysis of (34), we define

m 1.
S2a = Co + E(OM +dy) + > H;f |05 Hi(o, pp)|| (a4 + d2),

T
Sop=c1 + ZL / (k3() + k3 (1))dt.
m Jjo

Remark 4. Observe that sy, is equal to the sum of ¢;, which is, as we observed it before, proportional to the square of the
perturbating terms, and of the squares of k; and k, which, as shown in (25), are proportional to a bound on the derivatives
of the perturbating terms. Overall, s,; is bound by the square of bounds on the perturbation terms. Also, it tends to the
infinity when g tends to zero like %

Inequality (34) can be written as
gR < (SZQFf + Szb)£2.

This gives

SZaFf'FSzb 2
—_—E".

5 (38)

This concludes the proof. ]

Remark 5. This relation shows that the upper bound on R is proportional to the square of the inverse of the convexity
parameter f (see the remark on spp). It is also proportional to the square of bounds of the perturbation terms since we
have seen that F7 and s,; are proportional to the square of bounds on the perturbating terms.

From the two inequalities (29), (30), the upper bounds on 6x! and su. are of the form
I8N < [ar(De2 + aA(OFF] € £ cG(0e?,

T
/ lsul@®)|*dt < [a302 + a4Ff] €2 2 kel
0

and the inequalities (15) and (16) of Lemma 1 are proven.

Remark 6. Observe that the bounds on the state and control errors are a linear combination of the square of F;, which is
proportional to a bound on the amplitude of the perturbed dynamics, and of c,, which is proportional to the square of the
bounds on the derivatives of the perturbating terms, and tends to the infinity when g tends to 0.

4.3 | Upper bound on AJ

The final step is to establish the upper bound on AJ.

Proof. The upper bound on AJ is a consequence of the upper bounds on 6x[, éu, and R given in (15), (16), and (38),
respectively. The term J;(u;) — J{(ug) can be written as

T T
T =TTl = T - / [HZOun) — piTz] de — T2t + / [HE o) — piTt] dt.
0 0
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which implies

T T
) - / (o) — i de| + [t - / [H W) — pi7s] di
0 0

< |M;| + | Mol ,

Te(ug) — Je(ue) <

where M, is defined in (17) and M; is given by
T
M, = J{(u) - / [Hi(og. py) = Py ) dt. (39)
0

The upper bound on My is given in (20). This bound is a linear combination of the square of the perturbing dynamics
along the nominal trajectory, and on the square of the derivatives of the perturbation terms.
Using Proposition 1, the cost J/(u}) can be rewritten as

T T
Jiwh) = /0 [H (o5, pp) — Py x| dt + & /0 [N°6u; + N'6x;| dt
T 1 1
+ / / / A056H}(0) + Audol, ph)(Sot)*dAdudt
0 0
T 1 1
+e / / / A0,6H1 (0 + Audol, ph)(ot) dAdudt,
0 0 0
and thus M; defined in (39) can be written as follows
M, =¢ / [N°6u; + N'6x;| dt + / / / A0,6Hj(oh + Audol, ph)(Sol)*dAdudt
+€ / / / A0,6H1 (0} + Audol, ph)(Sot)*dAdudt.
0 0
An upper bound on M; can be written as
T e m
m< [ [2— {2+ N Or}+ 2 { el + ||5u:||2}] di
0 m 2
T 1 1
+/ //ﬂm%wmx+wﬂ%m—%mmmgwwmomwmmt
+ 6/ / / A0scHi (0] + Aubo;, py)(6o; 2dAdudt.

By using Equations (15), (16), and (38), an upper bound on M, is given by
M, < cs(r)e?,

where

T
%®=/'P4Wm+Wm+ (ﬂm+3%
0

1
+ = sup [0 HiO|l [Fi(as + da) + (a3 + di)ez] + sup ||0uy()| c2
2 se[0,1] s€[0,T]

T
+ sup ||0ucH — dHy [0 HY1 ™ O HY | / A(ndt.
0

s€[0,T]
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detailing the previous bound, we see that k; and k, are proportional to the bounds of the derivatives of the perturbating
terms; that c, is proportional to the square of the bounds on the perturbating terms and of their derivatives, and that
it tends to the infinity when g tends to the infinity; that F; is a bound of the perturbating dynamics along the nominal
trajectory; and that ¢, and ¢, are bounded by a linear combination of F; and c,. Recalling (27), the upper bound on AJ is
of the form

Ji(ug) — T (up) < (coFy + cy)e” +min [e3(r), (coF7 + ¢1)] €% & Ke®.

In this bound, we have estimated cs; F; is proportional to the perturbating dynamics along the nominal trajectory; and
¢; isabound on the derivatives of the perturbating terms. As (coFf + ¢1)€? isindependent of rP(.) and the input constraints
are always satisfied when r goes to zero, the upper bound on J{(ug) — J{(u;) is finite and its limit is bounded by Ke?. As
the penalized cost J converges to the optimal value of J. under input constraint when r goes to zero (see References 25
and 26), there exists a constant K such that

Je(uo) — Je(u,) < Ke.
The perturbation does not affect the feasibility of the control constraint, the latter being independent of the state

trajectories. This remark would not be true in the presence of state constraints since the perturbations affect the state
trajectories and may jeopardize the state constraints. This concludes the proof. L]

5 | ESTIMATION OF K

5.1 | Detailed estimate

The purpose of the main result, that is, Theorem 1, is to quantify the suboptimality induced by modeling errors in the
presence of control constraints. The value of K can be quantitatively estimated. This estimation is carried out in the five

steps of the “cookbook”:

1. Step 1: Calculate the nominal trajectories (state, adjoint state, and the nominal control) for e = 0.
2. Step 2: Estimate the coefficients (a1, a2, a3, a4) giving the upper bounds on the state and the control trajectories

T 1 1
1620 <@ [ [ [ a0l didudt + e
0 0 0

T T 1 1
/ Ilsul(Ol*dt < as / / / Mlz(A, p, ONIPdAdpdt + ayF2e?,
0 0 0 0

where F; is the maximum error in the state dynamics, z is defined in (18). This estimation can be achieved using the
Lipschitz property (in accordance with Appendix C) or the first-order expansion of the dynamics of §x[(t).
3. Step 3: Estimate an upper bound on M, given by

IMo| < (coF7 + c1)e? £ ce?,

T T
Co = 1 ( sup OuHo() + m) / qz(t)dt+% sup ducH1() [ ¢A(bdt,
0

te[0,T] t€[0,T] 0

1 T
=— K2(tdt,
4] m A 1( )

where m is a positive constant (whose value will be calculated below) and q is given in (14).
4. Step 4: Estimate the upper bound on R given by

R< % (SZaF% + Szb) e = C262,
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where

T T
S = Co + [% + 3 s 1[0 - 056 H1 (. )||] <054 + /O az(S)dS>,
1 /7
Sop =cC1+ > / (ki(t) + k())dt,
m Jjo

and m is given by

P

m= T —
(X3+/0 (Xl(S)dS

The upper bounds on éx, and éu, become of the form

l6x()]* <
T
/ lur (0)]d <
0

5. Step 5: Estimate the upper bound on AJ of the form Ke? where

4
Eal(f) (SzaFf + Szb) + az(f)Ff] e = (e,

4
S (5P +5) + a4Ff] £ = 2

K = ¢ F} + ¢ + min [e3, coF; + ¢,

C3 = / [—(kz(t)+k2(t))+ (t)] dt + EC”

T T
+1 sup 10, HO [Ff <a4+ / az(s)ds> + <a3+ / al(s)ds> 02]
2 se[0,T] 0

+ St(l)%] 10w Ho()1| €2 + SUP ”axxHO — O Ho[0wuHol™ 1auxI_IO” / Cx(t)dt (40)
se

The upper bounds on the Hamiltonian Hy and H; and their derivatives are calculated on the nominal trajectories (for
€ = 0). The obtained upper bound on AJ will be conservative. Alternatively, the inequalities used in the calculation of K
can be improved and better results for K can be obtained on a case-by-case basis.

5.2 | The big picture

The results established in this article hold for all ¢ € [0, 1]. To (conservatively) estimate K, the first thing to do is to
solve the unperturbed OCP (with the nominal cost L, and dynamics f;). Let K, be a bound of the perturbating terms f;
and L, along the trajectory driven by the optimal control of the unperturbed OCP. We need then global estimates of the
first and second derivatives of f; and L;. Let K; be a global bound on the derivatives of f; and L. Let K, be a bound on
the second derivatives of the Hamiltonian, with the costate being the costate for the unperturbed problem. We denote
by B an estimate of the bounded-input, BIBO stability of the system x = f, around the nominal trajectory and control.
Then, there exists a numerical constant C, which may be conservative due to to our wish to not compute the solution
of the perturbed problems, essentially because it is more complicated or because f; and L, are not precisely known,
such that

K +K?
K <C(1+K)(1+B) s (41)

The constant C depends only on the solution of the unperturbed OCP (e = 0) and does not depend on the perturbation
terms f; and L;.
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6 | ILLUSTRATIVE EXAMPLES

To illustrate the method presented in Section 5, two examples are considered: a linear quadratic (LQ) (toy) problem under
input constraints and an energy management system for HEVs described in more details in References 32 and 3. The
estimation of K is done for each example and its value is compared with the real value calculated from numerical solution
of the associated nominal and perturbed problems.

6.1 | LQ problem

Consider the following LQ problem

=3 [M((1+5) @ +2)a

where x;, X, and u are the state and the control variables of the following linear system

&
X1 =X — —Xx1, Xx1(0)=4,
1 2 24-1 1()

x2=—<1—2£—0>x2+u, X2(0) = 4.

The parameter e models the uncertainties (parameters variation) in the model (¢ € [0, 1]). The control u is constrained
to belong to the set U defined by

Umin < U(l) < Upax.

The Hamiltonian H, associated with this OCP is given by

D1 D2 u?
H,.(x1,x,u,p1, = Hy(x1,%2, U, p1, + ——Xxt+t=x+—=,
(X1, %2, U, P1,P2) o(X1,X2, U, p1, P2) e< AT 12>

where Hj is the Hamiltonian associated with the nominal problem (¢ = 0) and it is given by
1
Hy(%1,%, U, p1, p2) = 5(”2 +23) 4 p1x2 + pa(—x; + w).
The following notations are used:

« The nominal state and costate trajectories for € = 0: (y;,¥,, 1, P2)-
« The solutions of the dynamics equations for the nominal control u = uy and for € > 0: (x1, x3).
« The optimal state and costate trajectories for € > 0: (x;‘, x;‘, D> pﬁ).

« The error on the state and the control trajectories 6& = x; —y1, 6& 2 X — Y2, 6x1 = X} —y1, 6X, 2 X} —y), 6u =
Ues — Up.

6.1.1 | Upper bounds on 6¢;

The dynamics of 6&, and 6&, are given by

d(éy) _ £ £ _

TR 06 — 7061 — . 86(0) =0, (42)
d(6&) € £ _

=2 = (1= )68+ 550 8600 =0. (43)
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The transition matrix @ of this linear time-invariant system is given by

e (35 ~D(t-7) -7 (=7
_ [®uttre) @t )| _ |entT e
B(t7e)= [d>21(t, r.6) anll.T, e)] = l 0 R )
By using (44) and (42), (43), 6&, and 6&, can be bounded as follows
1 1
l6& DIl < e / [—ﬂh(f)q’u(f, 7,0) + %J’z(f)@u(t, T, 0)] dz|,
0
‘1
ls& I < e / —V(1)Ppa(t, 7, 1)dz | .
o 20
The two upper bounds on 6¢; and §&,, which depend only on the nominal trajectories, are of the form
186 (D < gaxn (D), |66 < eax(D), (45)

where

ax (t) =

. ap(h) =

t
/ [_yl (T) (Dll(t9 T, 0) + yZ(T) q)lz(t, T, O)] dT
; 20

t
Ya(7)
@,(t, 7,1)d
24 /0 »(t, 7, 1)dr

20

Note that a,; and a,, depend only on the nominal trajectories. They are evaluated numerically.

6.1.2 | Upper bounds on dx;

The dynamics of 6x; and 6x; are similar to (42), (43) but contain an input term Su

d(6x) £ £
= 6%, — S 6x — =y, 6x1(0) =0,
dt X2 2 X1 24y1 x1(0)
d(6x,) < 8) €
2o e (1= ) o+ Sy, +6u, 6x:(0) =0,
T 20 ) 0%t 52t ou x,(0)

By using the transition matrix ®(t, 7, €) given in (44), this differential system is solved as

t t
sxi(t) = / Dy(t, 7. )5u(r)dT + € / [—ﬁy1(1)¢11(t,7,6)+%)&(T)q)u(t,f,s)] dr,
0 0 0

t

t
5.7(,'2([) = / @22(1’, T, 6)5M(T)d’[' + 6/ %yz(‘lf)q)zz(t, T, 6)dT.
0 0

From Cauchy-Schwarz inequality, the upper bounds on 6x;(¢) and 6x,(¢) are of the form

t t t
|5X1(t)| < \// q)iz(t, T, O)dT \// 5M2(T)dT + 6(121(’.') = (le(t) / 5“2(77)(17 + E(le(t),
0 0 V 0
t ¢ t
|63x2(2)] < / @2, (t, 7, 1)dr / Su(7)dr + eaxn(t) = ara(t) / 6u?(r)dr + gap(h).
0 0 0

In this example, the variable z defined in (18) is equal to 5u because 9, Hy = 0. The upper bounds on 6x; (¢) and 6x,(f) can
be written as

[6x1(8)] < au(t)\/ﬁ + eax(0),
16%2(0)] < 12O VR + ean(?),
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’ t ’ t
all(t) = / q’%z(ta T, O)dT’ alZ(t) = / (I)éz(ta T, l)dT,
0 0

T
R= / su?(r)dr.
0

In the expressions of a1; and a;,, the asymptotic stability of the system is used to obtain upper bounds independent on €.
To make the connection with the notations used in Step 2 of Section 5, the coefficients a; and a, are given by

(Xl(t) — |:(X11(t):| , az(t) — |:C(21(t):| .

where

a12(t) a(t)

6.1.3 | Upper bound on R

The quantity M, defined by

T
Mo = Je(uo) — / [He (1.2, to, p1, p2) — p1yn1 — pay2] dt,
0

can be written from Proposition 1 under the form

T T
Mo=¢ / [Nu(t)551(f)+N12(t)5§2(t)]dt+% / s,
0 0

where Nq;(t) = _I; 14(0, N (b)) = p§—g). The numerical values of N1; and Nj; are given by the adjoint state trajectories of the
nominal problem. By using the upper bounds in (45), an upper bound on M, is

T 2 t _
IMy| < & / l%;)+‘ ‘;f)an(mp ;g)azz(t)H dt £ ce?. (46)
0

In this upper bound, ¢ depends only on the nominal trajectories. The estimation of an upper bound on M, represents
Step 3 in the methodology described in Section 5 to estimate the value of K.
In the same spirit, M; defined by

T
M, =J:(ue) - / [He(v1,¥2. U0, p1. p2) — p1y1 — p2ya| dt,
0

can be written by using Proposition 1 under the form
T 1 [T £
M, = / [N (D631(8) + Niz((0) + No(®)dul de + 5 / (5xf + (1 + g) 5u2) d, (47)
0 0
where Ny(t) = uoT(t) As u, is the optimal control, and from (46), (47), we derive
T 1 T €
ce? > e / N1 (D63, (0) + Nio)S(0) + No()suldi + 5 / <5xf + (1 + g) 5u2> dr.
0 0

By using Young inequality (holding for any a, b and m > 0) 2ab > —iaz — mb?, we obtain

2y £ TN2 N2 NdeT(sZ 5x2 52d1T52 E)su?)d
x| (N2, + N30 + N3] de = 2 : [6x30) + 630 + 8ul(0)] di + 5 : <x1+<1+g> u) t
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yielding

T s T
% / ((1 + §)5u2 +(1 - m)oxd — max? — m5u2>dt <cet 4 ;—m / [N2,(t) + N2,(t) + N2(0)] dt.
0 0

By using the upper bounds on éx; and 6x;, this implies

T T
1 <1 +E&420- m)/ a2 (Hdt — 2m/ a2 (tydt — m> R
T T
<é? / [((m — a3, (1) + ma3, ()] dt + ce* + % / [NTL(0) + N7, () + N3 (0)] dt,
0 0

where m is chosen such that

1+2 [ a2 (vdt

T T
14+2(1-m) / az (Hdt — 2m / @y (Hdt —m = >
0 0

The upper bound on R is then of the form, for e > 0

ce? + = [T [N2 (0 + N5 + N2O] di + €2 )1 [om = Da () + maZy 0] dt

RSZ = €,

1+2(1—m) J, a2 (dt —2m [, a?,(Hdt —m

and the upper bounds on 6x; (¢) and §x,(t) are

Cxl (t)ga

53101 < (an(® - Ve +an®) e
8%, < (an2(8) - Ve + a0 & 2 ca0e.

The estimation of an upper bound on R represents Step 4 in the methodology described in Section 5.

6.1.4 | Upper bound on AJ

The last step is to find an upper bound on AJ = J,(uy) — J. (1) > 0. For this, AJ can be written as

AT = J(up) — Je(ue) < |MO| + |M1| .

<ce?

From (47) and by using the preceding upper bounds, we obtain

T

T
M| = |e / [N (081 () + Nia(05x:(6) + No(du(t)) dt + - / (652 +(1+5) o2 )t
0 2 0 6

’

T ) s T
< / [ezNH(t)cxl(t) + 2N (Dew(t) + £—Ng(t)] de+ & / ¢, (tydt
0 2m1 2 0

1 £ 2
+—(m +1+—>c ,
> 1 6 2€&

where m; is

T
/ Jo Na@dt
m=1—-—-—.
C2
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TABLE 1 LQ problem parameters

Parameter Umin Umax T
Value -1.7 1.7 10
A J as a function of ¢ FIGURE 1 K& for LQ problem [Colour
25 T T T T figure can be viewed at wileyonlinelibrary.com]
AJ : :
Estimated Upper Bound Ke?/15
D b b
] SR S S i S -
-
<
1 b A -
05| oo SN A e L :
0 i i i i
0 0.2 0.4 0.6 0.8 1
£

Finally, the upper bound on AJ is Ke? where K is given by

T
K= / [Nn<t>cx1<t> + Nia(Besa(t) + ——N2() + ~2,(1)
0 21’1’11 2

1 7
dt+—<m +—>c +c. 48
simtg)e (48)

The parameter K depends only on the nominal trajectories calculated for e = 0. The expression of K is similar to the
expression given in (40). The difference is in the estimation of the error on the state trajectories: in the general expression,
we have used the Lipschitz constant and here we use the transition matrix of the system describing the dynamics of the
error on the state trajectories. The obtained value will be less conservative than the general expression in (40).

6.1.5 | Numerical evaluation

The problem parameters are given in Table 1. The two TPBVPs associated with the nominal and the perturbed problems
are solved for € € [0, 1] using Matlab routine.3* The error in the cost function given by AJ = J.(uo) — J, (1) is evaluated
numerically.

The numerical comparison between AJ (calculated numerically) and Ke? /15 (estimated using formula (48)) is shown
in Figure 1. The upper bound Ke? /15 gives a good estimation of the error in the cost and shows the quadratic nature of
this error.

The ratio (approx 15) between AJ and Ke? is due to the conservatism of the calculation method: inequalities manipula-
tion and problem assumptions (global convexity condition in Assumption 2). Additionally, the error in the state (6x;, 6x;)
and the control variable Su are estimated only from the solution of the nominal problem and they are not exactly calcu-
lated. Their estimations are higher than their real values, which will lead to a higher value of K, compared to the real
error in the cost AJ.

The state trajectories calculated using uy and u; (for e = 1) and the control trajectories are given in the plots of Figure 2.
These figures show that the perturbation affects the state and the control trajectories.
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States Trajectories for e=1 0.2 Optimal Controls

X1 using U0

X, using u, ||

- - -y, usingu,

X, using uy

x, using u,

- = -y, usinguy

Time Time

FIGURE 2 State trajectories (left) and optimal controls (right) for £ = 1 in LQ case [Colour figure can be viewed at
wileyonlinelibrary.com|

6.2 | Thermal management problem for a parallel HEV

6.2.1 | OCP formulation

The cost function under consideration is the fuel consumption over a fixed time window corresponding to a given driving
cycle of duration T

T
J(u)=/ c(u, t)e(0.)dt,
0

where u is the control variable (the engine torque), 6, is the engine temperature, and c(u, t) is the fuel consumption rate
when the engine is warm. The time variable accounts for the dependence of the consumption on the engine speed, which
is a varying set point assumed to be perfectly tracked.

In this model, e(.) is a correction factor of the fuel consumption with respect to the engine temperature 6,. It is given
by the blue curve in Figure 3. The slope of e(.) is parametrized in an affine manner, as shown in Figure 3 according to

0,

£ 1——e)e+1, 0, < 0,

8(96’6)2 maX( ew e w
1, 6.>0,,

where enyax = 0.59, € € [0,1], and 6,, = 70°C. When ¢ = 0 (red curve in Figure 3), the correction factor is constant and

equal to 1 (warm engine start) and the engine temperature does not impact the fuel consumption. When ¢ = 1 (blue curve

in Figure 3), the correction factor has maximum sensitivity with respect to 8, (cold engine start). All the curves between

the lower (¢ = 0) and the upper (¢ = 1) boundaries are mathematical extrapolations with no physical interpretation.
Two (decoupled) dynamics are considered:

« The dynamics of the state of charge (SOC) of the battery, denoted by &, is given by
d
L _jwo, 0= 49)

where f is a nonlinear function of its argument. The general expression is given in Reference 27. One operational
constraint requires that the final value of € should be equal to its initial value

¢(T) = £(0).


http://wileyonlinelibrary.com

MAAMRIA ET AL.

FIGURE 3 Correction factor of the fuel consumption
[Colour figure can be viewed at wileyonlinelibrary.com]

30 40 50 60 70 80
EngineTemperature 6.

« The engine temperature dynamics is given by

do,
I = g(U, t? 08)’ 06(0) = 90’ (50)

where g is a nonlinear function described in Reference 32. The constraints on the control input are given by
umin(t) < u(t) < umax(t)a

where Umin(f) and umax(t) are determined from the driving conditions and physical limitations of the engine and the
electric motor. For more details on the model and the formulation of the optimization problem, one can refer to References
32,3, and 3°. Generally, the cost function to be minimized is

T
Je() = E(T) - £(0))* + / c(u, tye(be, £)dt,

0

where f is a parameter used here to penalize the final constraint on the SOC. The perturbed and the nominal OCPs,
denoted by (OCP,) and (OCPy), respectively, are defined by:

(min |7.w) = PED) = £O)2 + [ cw, De(@ere)de]

L =fuwn, &0)=&,
% =g(u,t,0.), 0.0) =0,

(OCP,) 1

\umin(t) < u(t) < umax(t)a

min [Jo@w) = SET) = £O) + f; et 0]
(OCP0) Y & = f(u,1), &) = &,
Umin(£) < u(t) < Umax(t).
From an application viewpoint, the problem (OCP,) for £ = 1, which is considered as the perturbed problem, is the

most desirable problem as it is more representative and more accurate than the problem (OCPy) considered as the nominal
problem. The problem (OCP,) is also the most complex and has two states instead of one.
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FIGURE 4 Comparisonbetween%andA]forthe 005"—AJ' "'_
thermal management problem [Colour figure can be viewed at ' 5 : : :
wileyonlinelibrary.com] Ke /_11'9

0 i

0 0.2 0.4 0.6 0.8 1

6.2.2 | Numerical evaluation

The details of the estimation of K are given in Appendix D. The two problems (OCP;) and (OCP,) for € € [0, 1] are solved.
The induced suboptimality AJ is evaluated numerically.

The numerical evaluation of Ke?/11.9 is shown in Figure 4 where AJ (calculated numerically) is compared with
Ke?/11.9 and K is given by Equation (D7). The error is indeed of quadratic nature. For higher values of &, AJ remains
below the quadratic conservative estimation of K. The theorem indicates that the error in the optimal cost between the
solutions of the two problems (OCP;) and (OCP,) can not be more than 11%. Numerical studies show that is less than 1%
of the total cost of approx 5 L/100km.

7 | APRIORIESTIMATE OF THE ROBUSTNESS WITH RESPECT TO
MODELING SIMPLIFICATIONS IN AN OCP

In the previous section, the objective was to quantify the error in the optimal cost due to the presence of modeling errors
(represented by ¢ € [0, 1]). This quantification is given by estimating K from the nominal trajectories. The numerical
results presented earlier show that the estimated K is always higher than its real value (the ratio is between 10 and 20 for
the considered examples).

Conversely, this value of K can be used to analyze the robustness of the nominal control strategy (calculated for € = 0)
by finding an upper bound on ¢ such the error on the optimal cost is bounded by a predefined acceptable limit. The
obtained bound on € will be conservative since the estimation of K is conservative. The robustness analysis of the nominal
control strategy is addressed by the following question:

What is the value of e that would lead to a given maximum desired relative error (6,,4x) on the optimal cost?

To answer this question, a bound on the relative error is defined by

Ke?
Js(uo)

81(€) = 100

is used. This quantity can be estimated numerically, as it depends only on the nominal control uy and . Then, the max-
imum value of ¢ satisfying 61(¢) < dmax can be calculated. The obtained value will be conservative (less than its real
maximum value), since the estimated value of K is always higher than its real value. To illustrate this approach, we
consider the following question for the LQ problem of Section 6.1:
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TABLE 2 Maximum values of & for 6., = 2% (LQ example in Section 6.1)

w=1 w=10 w =20
€ 0.75 0.24 0.17
Relative Error [%] a function of & FIGURE 5 Relative error in the optimal cost [Colour figure can be

5 : : : :

AJN(Y,) viewed at wileyonlinelibrary.com]

Estimated Upper Bound K 22/(15“J(u1))

Find the maximum value of € leading to 6,5 = 2% of the optimal cost.

The obtained values of € are summarized in Table 2 (note that w is the ratio between the estimated and the real value
of K). A value of w = 10 is consistent with the conservatism observed in Section 6.1.

From the numerical results presented in Figure 5, the relative error in the optimal cost for ¢ = 0.18 is 0.13% and for
€ = 0.55is 1.45% (which are less than 2%). The results in Table 2 show that it is possible to estimate a conservative (safe)
upper bound on the modeling uncertainties leading to a desired maximum relative error on the optimal cost.

8 | CONCLUSIONS

In this article, the impact of regular perturbation in input constrained OCP for nonlinear systems has been addressed.
We show that the error on the cost function value is bounded by a quadratic function of the form Ke? for £ € [0, 1].
The estimation of K from the solution of the simplified OCP allow induced sub-optimality to be quantified a priori. The
estimated values of K are conservative as demonstrated in the illustrative examples. The result can be used as follows:

1. Solve the simplified version (¢ = 0) of the OCP.
2. Estimate K from the previously obtained solution u.
3. Compute ey such that

2

Ke
100—=2 < §max [%
Jiug) = el

where 6.y denotes an arbitrary performance index.
4. If enax seems reasonable (it scales the complex terms in the model), then a recommendation is to consider € = 0 in all
cases.

A natural but more difficult extension of this work would be to study the impact of regular perturbation in the presence
of state constraints because the perturbation in the dynamics may lead to the violation of the state constraints. Some
perturbation sensitivity results have been addressed in Reference 37. The idea is to find a trade-off between the optimality
of the solution and the satisfaction of the state constraints.
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APPENDICES
For convenience, we use the following notations in the appendices:

Le(0) 2 Lo(o) + eLi(0),  fe(0) £ fo(o) + €fi(0),

where ¢ is the scaling parameter for the perturbation term, as defined in (1).

APPENDIX A. PROOF OF PROPOSITION 1

The following proof can be found in Reference ! and is briefly recalled here. It mainly uses the stationarity condition
on the control variables.

Proof. The proofis essentially the same as in Reference '!. For any smooth function F of a variable y, its Taylor expansion
can be written as

1 1
FQy) = F(o) + 0yF(yo)(y — yo) + / / A0,y F(yo + Au(y = Yo))y — yo)*dAdp. (A1)
o Jo

Using this expansion, J/ (1) can be written as

T
T (w) = / [Le(6}) + 0xLe (615X + 0,Le (oh)5u'1dt + 1 / [P(u}) + 0, P(ul))6u’1dt

/ / / 4055 Le(0}) + Aude") (86" dAdudt

+r / / / A0 P(ufy + Apsu")(Su") dAdudt. (A2)
o Jo Jo
Note
S £ 0L (65)5X" + 0yLc(0)5uU” + royP(ug)su’.
Using Equation (7) giving the adjoint state and the stationarity condition in (8), S may be rewritten as

S =[-py = piloufi(ch) + e0xLi(c}) + ep)y oxfi(oy)]ox"
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+ [=pi 0ufe (o)) + €0y L1(cy) + epl dufi(ah)1ou’.
By integration, one gets
T T T
/ S(Hdt = — / pyloxdt — / Py 0uf(ch)50"dt
0 0 0
T
+e / [(0xL1(c) + Py 0uf1 (48X + (0uLr(c) + Py dufi(op))su’| dt,
0

which, using integration by parts, can be rewritten as

T T T
/ S(tydt = —| py'(T) 8x"(T) — pjy 6x(0) — / Pt (X" —xh)dt | — / Py 0uf:(ch)50"dt
0 \,—/ \,—/ 0 0

=0 =0
T
+e / [(0:L1(0}) + Py 0uf1(60)dx” + (0uLr(0y) + Py dufi(og))du’] dt,
0
then

T T T
/ S(Hdt = s/ 0-H1(0}, py)do"dt + / p(r)T()'cr — Xy — 0sf:(04)60")dL.
0 0 0

From (A1), the term X" — X — d,f.(c)60" can be written as

1,1
X" =%y — 0ofe(05)d0" = fi(0y) + /0 /0 A0sofe (o + Audo") (6" dAdu. (A3)

Using this last equation, the expression of S becomes of the form

T T T
/ S(tydt =€ / 0-Hi (o}, pi)dc’dt + & / pilfiloh(@)dt
0 0
/ / / DY+ Opefe(oh + Audo") (S0 ) dAdpdt. (A4)

Recalling that, from the definition of Hy, the term L. (o) + rP(u;) can be written

r

dx
L.(c}) + rP(uy) = H.(c}, p}) — Py’ E — eplfi(a}),
= HZ(667PS) _p() 5(60)- (A5)

Replacing (A3), (A4), (A5) in the expansion (A2), one gets
T dxr T
Ju) = /0 [H{ (0}, Pg) —p0 E —£p, fl(a(;)]dt + 5/0 d-Hi (0, py)do’dt
/ fl(og(t))dt + / / / AprT Oscfe (0 + Audo")(60") dAdpdt

T 1 1
+ / / / A [0soHL(0) + Audo”, py) — Pyl 0sof(cf + Audo™)| (56")>dAdudt.
0 0 0

The terms ep])' fi(c}) and p}’ 0,.f.(.) appear in the expression of J/(u) with positive and negative signs and they cancel.
The formula (10) is proven. Interestingly, in formula (10), the penalty disappears from the first order variation. (]
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APPENDIX B. PROOF OF PROPOSITION 2

The proof is based on Gronwall's lemma.38

Proof. The solutions X{(f) and X (¢), for the initial condition x(0), are given by
t
X;(t) = x(0) + / Je(Xo(2), ugp(2)dr,
0
t
Xo(8) = x(0) + / JoOxg(7), ug(7))dr.
0
Subtracting the two equations and taking norms yield
t t
[ X5 = x(0)]| < / |Ife X5(@), ug(2)) = fe (i (), ug(2))|| dz + € / Ifi G (), ug(2))|| dr.
0 0

Note that X{(¢) and X{(f) have the same control input uj and the same initial conditions. As f, is I'-Lipschitz and f, is
bounded, the upper bound on Xj — x7 implies

t
X5 — x| <T / |1X2() = xi(2)|| + €Fit,
0
for some positive constant F; defined by

Fi = sup |fileo®)]-
t€[0,T]

Using Gronwall's lemma,*® the upper bound on || X/ () — x}(¢)|| is given by

t
1X56) = x50 < eFy / U gy
0

This concludes the proof. m

APPENDIX C. PROOF OF LEMMA 2

A constructive proof of Lemma 2 is as follows.

Proof. The dynamic of the error on the state trajectories §x] can be written as

d(éxt
{ d?) — fi(6D) = fi(T) + £fu(oD).

As 6x/(0) = 0, we can write

t t
5X1 (1) = / (oD — fu(oD)] di + € / fiehdt.
0 0

Since f, is I'-Lipschitz, this formula yields

(CD

t
/ fl (O’S)dt .
0

t
l6x (Ol <T / 16Xl + 5wl di +
0
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From the expression of z in Equation (18), éul can be written as

Suy =z — [0u ()] 0w ()8,
L z-W()éxL.

As the term [aWH{)(.)]‘1 is bounded by % (from Assumption 2) and 9, H(.) lis bounded independently of rP(.), the bound
on W(.), denoted by y;, is independent of rP(.) and of the perturbations f; and L,. We have

ri= sup [[WOIl,
te[0,T]

and we can write the upper bound on éu; as follows
louell < llz(4, u, Ol + 71 lloxell - (C2)
By replacing this inequality in Equation (C1) and using the fact that f; is bounded, the upper bound on éx; implies
t t
lloxcOll < T(1 + 7/1)/ lloxz 1l dt + F/ 12(4, u, 5)l ds + eFt.
0 0
Using Gronwall's lemma,® the upper bound on 6x!(¢) is of the form
t t
lox; ()|l <T / eI 12(4, p, 9)|| ds + €F, / e =g, (C3)
0 0

From Cauchy-Schwarz inequality applied to the first term of (C3), the upper bound on 6x[(¢) can be written as

t t
F
lloxoll <T / R / Iz, e 9IPds + = (@ 0+ — 1),
0 0 r'a+r)

As (x+y)? <22 +2y% and [ ||z(A, u, 7)|*d7 < fOT lz(A, u, 7)||*dz, we can write the following inequality

2(L4+7,)t _ T(L+y)t _ 1] 2

T
1 e
s < [re ] / Z(A, 1, S) 2ds+252F2[
I Il | Il I AT

1+n

To express the upper bound on 6x.(¢) as a function of R, the two sides of this inequality are multiplied by 4 and integrated
twice with respect to 4 and u

1 1
/ / Mexto)*dadu <
0 0

2I(1+y,)t _ T+t _ 172
F#] R+ 52F12 [#] ,
1+n I'd+y)

where R is given by

T 1 1
R= / / / Az, . DI dAdpude.
0 0 0

As 6x] is independent of 4 and u, the upper bound on 6x.(¢) can be written as

Q2T+ _ T+t _ 1] 2

2
I8x. I < 2 [r ]R+252Ff[

71

L0 HI(6) = 0 Lo(0) + P 0yufo(0) a8 0, P(1t) = 0.
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By defining

P2 +rE _

ai(f) 2 2T ™
1

(C4)

S+t _ 1] 2
rd+y) |’

. m()E 2[

the upper bound on §x.(t) in (29) is proven.
Using (x +y)? < 2x? + 2y?, (C2) gives

Ul lI® < 211z(A, w, O + 272160117,

yielding

T T T
/ loul |Pdt < 2 / G s ]2t + 272 / 16 1 2dt. (©3)
0 0 0

Multiplying by A and integrating twice with respect to A and u, Equation (C5) implies

1 T T
E/ ||5u;||2dtng+yf/ (l6xE || dt.
0 0

By replacing the upper bound on ||6x”||* given by (29) in this equation, the relationship (30) is proven with (3) and

T
dz S / (Zz(S)dS, ay £ 27/12d2, (C6)
0

which are numbers independent from the perturbation terms f; and L,. This concludes the proof. (]

APPENDIX D. THERMAL MANAGEMENT PROBLEM FOR HEV
The Hamiltonian associated with the perturbed problem (OCP,) is
HE(GEa ua i7 /49 t) = e(€€7 6)C(u, t) + Af(ua t) + /’lg(eev u7 t)a

where A and p are the adjoint states associated, respectively, with the SOC and 6,. From the optimality conditions, the
associated TPBVP to the perturbed problem is

e(el’ 6)auc(u>{9 t) + plauf‘(uis t) + ﬂlaug(el’ ]’q3 t) = Oa
=0, pi(T)=2pE(T) - &(0)),
_ﬂl = C(ui(, t)aee(eh 6) + ﬂlaGg(els uT» t)? /'{l(T) = 05

where (&1, 6,) are solutions of (49), (50) for the control input u;. For the nominal problem, the associated TPBVP is of the
form

0uc(iL?, £) + Aoduf (U5 £) = 0,
do=0, A(T)=2B(&(T) — &(0)),

where (&, 6o) are solutions of (49), (50) for the control input u;. The following notations will be used

6E=8&—&, 60=0,—00 Ou=uj—u.
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As the perturbation terms are only present in the cost function, the errors on the state trajectories depend only on the
error on the control variable éu and they can be written in the form

T T
8£0)* < (o) / |su(z)|dr,  |86(0)]* < cj(1) / |6u(r)|*dr,
0 0

where c; and ¢, are functions of time and the nominal control u; (the function f; in the general case is null). In this
example, the variable z defined in (18) is equal to 6u as 0, Hp = 0.
Using Proposition 1, the optimal cost J (u}) can be written as

T *,l’
Jeu)) =Je(uy) + e/ [(1 - Z—°> ouc(ug, t) - du(t) — C(L;O ) . 59] dt + p - 6&(T)?
T ,1 ’ 1 ! !
+ / / / pOsoHi(0o + pk(o1 — 00), 40,0, 1) (01 — 00) dpdkdt, (D1)
o Jo Jo

where ¢ = [0, u]. As u] is the optimal control for the perturbed problem, it satisfies

Je(uy) < Je(ug).

From Equation (D1), we can write

T *
e/ [(1 - Z_O> duc(us, t) - su(l) — C(L;O’ b, 59] dt + p - 6&(T)?
0

w w

T 1 1
+ / / / p0soHi (00 + pk(o1 — 60), Ao, 0, t)(01 — 060)*dpdkdt < 0. (D2)
0 0 0

Consider the notations

c(uf), t)

w

, S3(0.,u,t) = <1 - 99_e> c(u,t).

w

Si1() = (1 - g—0> ouc(ug, ), S(t) =

w

The quantities S; and S, are calculated numerically from the nominal trajectories. From the definition of H,, we can
write

Hs(ae, u, )’0’ O’ t) = HO(u7 /107 t) +€ <1 - Z_e> C(u, t)?

w

where Hy is the Hamiltonian associated with the nominal problem. Equation (D2) becomes of the form
T T 1 p1
€ / S1(Hdu(t)dt + pSEX(T) + / / / pOuHo(uo + pkdu, Ay, H)ou*(t)dpdkdt
0 o Jo Jo

T 1 1 T
+e / / / p055S3(00 + pk(oy — 60), t)(01 — 00) dpdkdt < € / S,(H)80(t)dt.
0 0 0 0

The part & /OT /01 /01 0056S3(00 + pk(o1 — 060), (01 — 60)*dpdkdt leads to a term in €3 (as ¢ is less than 1, we have €3 <
£%). We can write from the previous equation that

T T 1 1
€ / S1(Hdu(t)dt + pSEX(T) + / / / PO Ho(uo + pkédu, Ao, )ou?(t)dpdkdt
0 0 0 0
T
<e / S,(H)60(t)dt. (D3)
0

Assume that there exists a positive constant y such that

ouuHo(u, A9, t) > yI, uniformly in u. (D4)
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From the condition (D4), we derive
T 1 1 y [T
/ / / PO Ho(ug + pkdu, Ay, HHou(t)>dpdkdt > > / su(t)*dt.
o Jo Jo 0

Using the inequalities holding for any x, y and a« > 0

Equation (D3) can be written as

2 ’ 2 a2 [T 2 2 14 ! 2
— Sl(t)dt—?/ sut(b)dt + S (T)+5/ sul(H)dt
0 0 0
62 ! 2 d a2 ! 2 d
< — S2(t)ydt + — 60-(t)dt. D5
<5 | s+l /0 ® (D3)

Using the upper bounds on §&(f) and 66(t), Equation (D5) becomes of the form
v o T T g2 T
2 2 2 2 2
[5 + D) = 5 [1 + /0 cg(t)dt” /0 su(0dt < - /O (S3(t) + S(t)dt. (D6)
The parameter « is chosen such that

T
Y 2 o 2 AR W PN

L+ pei(T)
a = T—2
1+ [, ca(ndt

The parameter « is well defined. From Equation (D6), one derives that

and we get

T 5 T
/ su(fdt < = / (S2(t) + S2(t)dt 2 cZe?,
0 2qa? J

and the upper bounds on the state trajectories error become of the form
SEXT) < cécﬁez, 86°(1) < cj(Dcpe’.

The final step is to find an upper bound of AJ. From the expression of J.(u]) given in (D1), we can write

AJ = ,

T T 1 1
€ / [S1(t)6u — S»(£)50]dt + / / / pOunHo ., Ao, DU pdkdt + PSE(T)?
0 0 0 0

T T
<L / (S2(0) + SAendt + L2 <1+ / cg(t)dt> +1supauuH0c§+ﬁc§c§] &,
2a1 Jo 2 0 2 [o7)

where «; is determined to minimize the term

1 ' 2 2 LS /T 2
2a1/0 (S7(0) + S5(0)dt + 2cu(1+ ; cy(Hdb),
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and it is given by

SIS0 + S2(0)de

T 2(nde

a; =
c+c

The upper bound on AJ is Ke? where the formula of X is
1 T a o T 1
K=— / (S2(6) + S2(t)dt + =% + —=c2 / c5(D)dt + = sup 0, Ho ()i + ey, (D7)
2a1 J, 2 27/ 2

This expression of K is similar to the expression given in (40). The difference is in the estimation of the error on the state
trajectories where we use the transition matrix of the system describing the dynamics of the error on the state trajectories.



