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The Role of Propeller Aerodynamics in the Model of a Quadrotor UAV

Pierre-Jean Bristeau, Philippe Martin, Erwan Salaiin, Nicolas Petit

Abstract— We study models of a quadrotor UAV. These
models include various aerodynamic effects of the propellers
and their interactions with the motion of the rigid body of the
UAV. Two main assumptions are formulated: the twisting of
the propellers is such that the local angle of attack is constant
along the blades in stationary flight, and, secondly, that the
local induced velocity is also constant along the blades. Under
these assumptions (which correspond to an optimal hovering
rotor), we conclude that the flexibility of the propellers plays
an important role in the dynamics of the UAV (including the
effects of the vertical location of the center of gravity), and that
it is interesting to account for it when designing a closed loop
controller.

I. INTRODUCTION

Lately, the quadrotor has emerged as a popular aerial
platform for control design experiments among small rotary-
wing vehicles [1]. It has been the subject of several studies
[2], [3], [4], [5], [6]. While numerous teams have reported
successful automatic flights [2], [6], [7], [8], this aerial
platform, which has a low cost and agile dynamics, is still a
subject of a collection of theoretical questions.

In particular, the role of several key parameters of its
mechanical and aerodynamic design remains to be clearly
determined. A prime example is the location of the center
of gravity which can be chosen either in the horizontal
plane of the rotors, slightly above, or slightly below by
selecting the location of various masses (e.g. batteries,
sensors, or on-board computer). As we will briefly discuss it,
both positions are relevant either for wind gust disturbance
or forward flight stability. Others questions focus on the
observed aerodynamics drag induced by the rotors during
a translational motion. Their analytic expressions play key
roles in the quadrotor stability and observability. While
the mechanical structure of a quadrotor is simple (four
rotors with simple propellers and rigid frame), the dynamic
behavior is surprisingly involved.

In this paper, we explain how the aerodynamics of the
propellers and the motion of the rigid frame can interfere to
produce a coupled dynamical model. We formulate several
modeling assumptions and expose the derivations of the
corresponding models. Their properties are compared at the
light of the previously mentioned control-oriented questions.
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Finally, we discuss the relevance of these models, based on
simulations.

The paper is organized as follows. This study is based
on a simple modeling of the aerodynamics of a propeller,
twisted or non-twisted, flexible or not in Section II. Analytic
formulas for the generated forces and torques are determined
and incorporate the motion of the quadrotor. In Section III,
with these torques and forces, we obtain a 6 D.O.F. model
with four inputs being the rotation speeds of the four
propellers. By successively accounting for the coupling of
the propellers dynamics, the rigid body dynamics, and the
flexibility of the propellers, the study proposes three models
of increasing complexity. In Section IV, we expose analysis
results which permit to stress the merits and limitations of
the developed models.

II. AERODYNAMIC EFFECTS OF A ROTOR
MOUNTED ON A RIGID BODY

We consider a quadrotor UAV as depicted in Fig. 1. We
note u,v,w its translational speed and p,g,r its angular rates
in body axes (Xp,yp.Zp). The body frame is obtained by a
rotation of an inertial frame by the Euler angles (y,0,¢).

Considering a general wind speed which coordinates in
the body frame are u,,, v, Wy, and the induced velocity v;
being a consequence of the rotation of the rotor blades, we
use the following notations : & =u, —u, V=v,—v, W=
vi +w,, —w. Each motor acts on the body depending on
its rotation speed and the lever-arm L which is the length
between the rotation axis and the center of gravity (Fig. 1).
The mass of the quadrotor is around 1 kilogram.

A. Calculus Method

Our modeling is widely inspired by works on large-
size helicopter rotors [9], [10], [11], and models proposed
specifically for quadrotors [6], [7]. We transpose the large-
size rotors modeling techniques to small-size rotors, taking
into account angular rates, which are negligible at larger
scales. By contrast with [12], [13], we do not neglect the
forward flight speed (u,v). The aerodynamic effects applied
to the rotor are evaluated by integrating, along each rotor
blade, the aerodynamic resultant force per surface increment.

v,0,0e w"w<lo_,«-: )
Yo o Q’_-in;
ma = M2
®.p wi>0 L w>0
ul ’ w r
2\ ¥ et =

Fig. 1. Notations in the body frame.
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We assume that, at a current point y along the rotor blade,
the resultant force decomposes into a lift force dL and a drag
force dD

1

dL = 5pU (y)*Cra0t(y)cdyzy, (1)
1

dD = 5pU(y)z(cDo +Cpiae(y)?*)cdyeq )

where p is the air density, U is the airspeed, c is the chord,
cdy is the surface increment, Cyq is the lift coefficient, Cpg is
the parasitic drag coefficient, and Cp; is the lift-induced drag
coefficient. For each point y, we decompose the airspeed
(Fig. 2) to calculate the local angle of attack a(y) as a
function of the position y along the rotor blade, and of the ro-
tation speed @ of the rotor. Importantly, we also consider the
motion of the rigid body of the quadrotor in those variables.
After integrating the aerodynamic resultant force with respect
to the space variable y, the result is averaged over a period of
rotation while assuming the overall motion of the quadrotor
is smooth and slow during a period of rotation of the rotor
(this is a quasi-stationarity hypothesis). Then, the obtained
formulas are simplified considering the following orders of
magnitude for the various variables: @ ~ 4200 tr/min ~
440 rad.s™", [plmar = |qlmax = |Flmax = 1 rad.s™!, || pax =
7] max =~ 10 m.s~!. In summary, using blade element theory,
we obtain formulas for the aerodynamic forces and moments
applied at the center of the rotor disc. We now present the
results.

B. Lift Force and Drag Moment

By integrating the lift per surface increment, we obtain
the lift force LF (or thrust)

% WtL(&ig—&p)
3 2R|®|

where R is the radius of the rotor blade, o its pitch
angle at rest. The coefficients € and & depend on the
rotor under consideration (Mi stands for the i rotor). In
details, & = {1 for M1, 0 for M2, — 1 for M3, 0 for M4},
& = {0 for M1, 1 for M2, 0 for M3, — 1 for M4}. By in-
tegrating the drag per surface increment relative to the
rotation axis and considering the drag due to lift, we find
the drag moment DM

LF = pcR0°Cpq ( 3)

Cno 2 (% 2w
=2 TCoiog ( 2 3R|a)\) Z
W (% _ _w
_CLO‘R\a)\ (3 2R\w\)
We have found two expressions. Both feature a quadratic

term in the rotation speed, and a linear term with respect
to this same variable. Actually, the distribution of the pitch

DM = —sgn(o)pcR*»? b

a
‘a
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wind\(\LUP _8e >
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1

v Zb

Fig. 2. Decomposition of the airspeed to calculate the angle of attack.
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angle ¢ along the rotorblade is an hyperbolic function of
the space variable y. In consequence, the angle of attack o
(considering the induced velocity) is assumed constant along
the rotorblade. We call o, this constant for all y.

N =a ®)

yl@

a(y) = op(y) —

In this paper, from now on, we consider a modeling
around stationary flight, and we make the assumption that
the induced velocity is uniform and does not vary more than
+1 m.s~! around its hover value of 4.5 m.s~!. This is
a reasonable assumption as suggested in [10], [2]. Under
this hypothesis, we admit that the parameter o; is also
independent of the rotation speed since v; is proportional
to || around stationary flight.

With this twisted rotor blade, the following expressions of
the lift force and the drag moment hold

oy L
LF = pcR}0*Cpq <3 — 2R|w|(814b‘2p)> Zp, (6)
Cpo+Cpia? C P
DM:—sgn(w>pcR4w2( D°+4 Di%i ;Igﬁ’)r)zb (7)

C. Drag Force

By integrating the drag per surface increment, the drag
force DF can be decomposed into two parts. On the one
hand, there is the parasitical drag DFy

1
DF, = EPCRZCDO (|| (#xp + Vyp,) — sgn(@)w (pXb + qyp))
)]
On the other hand, there is a term coming from induced
drag DF;
3 w _ _ (0]
DF; = pcR°Cp, 04 7 (iixp + Vyp) + 3 (pxp+qyp) | )
And finally, we have to consider the component of lift in

the rotation plane. We call it "drag due to lift" and note it
DF,,
Royw (i1xy + Vyy,)
+ (sgn(@)R?m — 42 ) (pxy + qyy)
(10)
One can notice the existence of a term proportional to the
speed u,v. Interestingly, unlike the usual quadratic drag
of a body, this linear dependence can be used to estimate
the translational speed using accelerometers measurements
during slow forward flight. Conversely, if the interactions
of the vehicle dynamics onto the aerodynamic effects are
neglected, the drag force caused by the rotors is zero.

D. Lift Moment

Lastly, by integrating the lift per surface increment relative
to the rotation axis, we obtain the lift moment

1
DF. = —>peCi, <

||

wsgn(
LM = pCR4CLa (8 (PXb +qyp) + ﬂ

4R2 (lsz + VYb)>
(11

In this expression, a side effect on the vehicle can be
observed (last term in (11)). In particular, a rotor facing

a non-zero airspeed along xj, is subjected to flip and roll.
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E. Consideration of flapping dynamics

In fact, these expressions can be rendered more precise
by adding a degree of freedom to the rotor dynamics. We
take into account the flexibility of the rotor blade, and,
implicitly, we allow it to rotate out of the plane normal to the
rotation axis. The angle between the blade and this plane is
called flapping angle . The flapping dynamics of the rotor
blade can be approximately determined using the Fourier
expansion of f3, and the conservation of angular momentum
around the flapping axis. The flapping angle is determined by
the equilibrium between aerodynamic moment, centrifugal
moment and stiffness moment. Additionally, the flapping
dynamics can be considered, but in this paper, we simply use
the expressions of stabilized flapping angles (this is another
quasi-stationarity assumption). In details, one has:

a=(K.q+Kyp+Ki+Kyv)/Ky (12)
b= (—K.p+Kyq+K7—Kyil)/Ky (13)
with Ky = y0® + kg /(YI; %), 7 = pe|Cra|R* /(815), (14)
K, =2|o|+kg/(Ig|0]), (15)
Ky = sgn(@) (vlo| —2kg /(vip|@l)) (16)
K, =2yw/R*,  Kq=sgn(0)2kgw/(IsR* %), (17)

where a (respectively b) is the flapping angle along the xy
axis (respectively the y; axis), ¥ is the Lock number of
the blade (ratio between aerodynamics effects and inertial
effects), kﬁ its stiffness and Ig a moment of inertia on the
flapping axis. Thus, we find new expressions of the lift
effects on a rotor

L —a

LF = pcR30? % (eg— —b 1
pc a)CLa<3 2R|a)|(£1q &p) 1 , (18)

LM=ks[p —a 0]" (19)

Naturally, the expressions (6,11) for the rigid rotor are
the limit of the expressions (18,19) when the stiffness kﬁ
approaches oo,

ITII. DYNAMIC COUPLING BETWEEN THE
VEHICLE AND THE ROTORS

In this section, we consider the whole vehicle with its
four rotors. The UAV is assumed to fly out of ground
effects. Applying Newton’s second law, the efforts created
by the four rotors are incorporated into the rigid body
dynamics. To easily observe the impact of each modeling
assumption, the equation will be linearized around stationary
flight, i.e. |@w;| = wp (nominal speed). Let X denote the
vector state and U the command vector. The linearized
state model writes under the form X = AX + BU with
X = uvwpgro 0yl andU = [§ & & &)
where §; is a small variation of rotation speed of the motor
M; around @y (we could discuss the transfer between motor
current and rotation speed). By convention, a positive value
for §; means that the motor M; thrusts more.

MoB3.2

A. Modeling without interactions

First, we examine a model without interactions of the
motion onto the aerodynamics effects. The linearization
around stationary flight makes the aerodynamic effort on the
body vanish. To help the interested reader, we put stars to
show where these terms would appear. In details, one has

« 000 %= 00 —g O
0« 0«00 g 0 O
00 = 00O0O0 O O
0« 0«0 O0O0 0 O
A=+ 0 0 0 = 0 O O O
000 O0O0 =0 0 O
0001 O0O0O0O O O
000O0O1O0O0 O O
0000010 0 O
[0 0 0 0 ]

0 0 0 0

—Kinr  —Kinr —Kihr —Kinr

0 —Bemd 0 Kema

B=| Kema 0 —Kemd 0
Kyaw _Kyaw Kyaw _Kyaw

0 0 0 0

0 0 0 0
0 0 0 0 |

where Ky, Kema, Kyaw are positive coefficients and g rep-
resents gravity (¢ = 9.81 m.s™!). This model emphasizes a
general lack of observability of the motion of the UAV, since
aerodynamic effects are quadratic and the matrix A is quite
sparse. As we have assumed the inertia matrix to be diagonal,
the dynamics of the three axis are decoupled. Therefore, one
can study the dynamics on each axis separately. Precisely,
we now focus on the pitch dynamics. The roll dynamics is
similar to it up to a rotation, whereas the yaw and vertical
dynamics are less critical. We use a reduced state vector
X =[u q 6]7 and the control vector U is reduced to the
pitch torque U = [§; — 83].

B. Rigid modeling

Now, we take in account the coupling between the rigid
body motion and the aerodynamic effects. Here, rigid rotor
blades are considered. Consequently, we find new terms in
the (reduced) matrix A and the (reduced) vector B appear.

7de 0 —8 0
A= |—Kyn _Klf 0 B = | Kena (20)
0 1 0 0

The coefficient K, is positive and stems from the drag
force (8-10) which is summed over the four motors. Velocity
terms sum up, but angular rates terms cancel out at first order.
The coefficient K; is positive. It represents the fact that each
rotor counteract the vehicle rotation. This phenomenon also
appears in the lift effects (6,11). Finally, the coefficient K,
has the same sign as A, which is the height of the center of
gravity relative to the rotors plane (4 being positive means
that the center of gravity is above the rotors). It stems from
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the moment exerted at the center of gravity by the drag
force (8-10). Typical numerical values for these parameters
are Kgr ~0.049, K;r=~4.1, Ky, ~3.8h. Compared to
Section III-A, one can notice that some coefficients of the
diagonal of the matrix A have been enlarged. Interestingly,
these negative terms have a stabilizing effect.The coefficient
K, will be discussed later on, in Section IV-A. It can also
be noticed that the advantage of the quadrotor, compared to
the helicopter, is to cancel the side effect visible in (11) by
associating contrarotative rotors.

C. Flexible modeling

At last, we incorporate the flexibility of the rotor blades
about stationary flight. Consequently, the matrix A is
updated as follows while the vector B remains identical

-Ki K3 —g
A=| K4y —-K, 0 (21)
0 1 0

We have obtained four new positive coefficients. First, K;
reinforces K, with a more important term coming from the
tilt phenomenon of the rotor discs (18). This phenomenon
takes place as follows. During a forward flight, the advanc-
ing blade experiments stronger lift than the retreating one.
Under the rigid modeling assumption, one would obtain roll
moments on each rotor which would cancel on the whole
vehicle. By contrast, by considering the flexibility, stronger
lifts do not cause any moment but induces flapping speeds.
The flapping angle has the same extrema for all the rotation
direction (Fig. 3). In fact, one has to notice that, as well as in
the rigid model in Section III-B, on a quadrotor, axial effects
are added while side effects cancel (12-17). In the same
manner, K> contributes to incrementing K;; thanks to the
same phenomenon (19), stemming this time from the angular
rates. The coefficient K3 represents the inertia of rotor discs
which leads to tilt the lift (18). Finally, the coefficient Ky
comes from the stiffness of the blades which tends to keep
rotor discs orthogonal to the rotation axis of the motors (19).

Experimental measurements of the blade stiffness yield

K ~0.072, K»~5.6, K3=~0.079, Ky~ 0.41—3.8h.
Climbing blade
Climb speed Advancing blade w< 0
Xb goes from p.osiﬁ\/e~ r\
m o o nemte —
- Climb speed
goes from negative
u yh Retreating blade to positive
® Falling blade
Falling blade
w>0

Retreating blade

Xb goes from positive_’\

Climb speed

to negative

i _‘TﬂT T* __‘

Climb speed
goes from negative
Advancing blade to positive
«— Yo 8 P
®

Climbing blade

Fig. 3. Tilt phenomenon in case of forward flight: counter-clockwise
rotation (top) and clockwise rotation (bottom).
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In summary, the flexibility of the propellers results into
larger coefficients into the matrix A and stresses a stronger
coupling phenomenon between speed and angular rates.

IV. DISCUSSIONS

A. The role of the location of the center of gravity

A common thought, which refers to an analogy between
a quadrotor and the celebrated inverted pendulum dynamical
system, is that the location of the center of gravity must play
an important role in the overall stability of the quadrotor.
Due to physical limitations, actual prototypes (both commer-
cial products and academic platforms) consider only center of
gravity slightly distant from the "equatorial plane" defined by
the rotors. Yet, it remains unclear whether this can improve
stability. In fact, two properties must be distinguished [7].
The first one is forward flight stability and the second one
is wind gust rejection. In forward flight, the induced wind
generates (at the center of gravity) a pitch torque and an
aerodynamic force. Both can be calculated from (8-10).
Depending on the vertical location of the center of gravity,
the torque (which is the dominant effect) can either tend to
increase, or decrease, the translational speed of the UAV.
This point is pictured in Fig. 4. In details, the torque which
depends on the translational velocity u will drive the attitude
dynamics 6. If the center of gravity is below the equatorial
plane, the absolute value of the pitch angle will decrease
and this will damp the system. Otherwise, the absolute
value of the pitch angle will increase, and the system will
go unstable. Interestingly, the reasoning is symmetric for
wind gust disturbances. The situation is pictured in Fig.
5. While the generated effects are similar to the previous
case, for stability, it is desired that the attitude of the vehicle
counteracts the wind gust. In details, to avoid that the
translational velocity follows the wind gust, the UAV should
have a negative pitch angle. Having the center of gravity
above the equatorial plane generates a contra rotating torque
which contributes to this desired effect. It is certainly not a
sufficient condition for stability, but the situation would be
much worst if the torque would have the opposite sign, i.e.
if the center of gravity would be below the equatorial plane.
Fig. 4 and Fig. 5 give insight into the "static stability" (as
defined in [9], [10], [11]). Further, the situation can also be
seen on transfer functions. In fact, the location of the center
of gravity plays a role on the poles of the transfer function
between U and X and on the zeros of the transfer function
between the disturbance # and X. In particular, the sign of

Unstable forward flight

Lift forces

Stable forward flight

Fig. 4.
flight.

Impact of the location of the center of gravity during forward
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Disturbance rejection

Glide with the wind gust

Fig. 5.
rejection.

Impact of the location of the center of gravity on disturbance

K4 determines the sign of the zeros of the transfer between
it and the states. Under the rigid modeling assumption, a
(large) positive value of & induces a non minimum phase
transfer

K, s24 (K] K> — K3K4)S + gK4

u

a0 = s(s+Ki1)(s + Kz) + Ka(g — sK3) -
q,., —K4S2

)= s(s+Ki1)(s + Kz) + Ka(g — 5K3) >
0 B —K4s

E(s)  s(s+ K1) (s+K2) + Ka(g — 5K3) .

These discussions show a necessary trade-off between
stability and disturbance rejection. It is interesting to know
in which configuration the quadrotor is, depending on the
location of the center of gravity. We saw in Section III that,
in the rigid model, the motion speed exerts a moment which
value is proportional to the height of the center of gravity.
Considering the flexible modeling, the torque exerted by the
tilt phenomenon adds an offset to this value. This implicitly
appears in (19), and is summarized by the affine expression
of the coefficient K4. The pole-zero map of the two models
(Fig. 6), obtained for varying locations of the center of
gravity, supports these conclusions. With the rigid modeling
of Section III-B, the system always has a stable node, while
an unstable focus becomes a pair of stable/unstable nodes
as the center of gravity goes from below the rotor plane
to above it. With the flexible modeling of Section III-C,
there is no remarkable change on the pole-zero map apart
from a faster stable node. It is instructive to look at the
real part of the eigenvalues, as function of the height of the
center of gravity (Fig. 7). The flexible modeling changes
the switching value of the center of gravity where the focus
split in two stable/unstable nodes. In other words, it impacts
on the bifurcation diagram in Figure 7 by sliding it to the
right. Typically, the critical point is reached when the center

X _Rigid Modeling

Pole-zero map
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Fig. 6. Pole-zero map.
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1 /
0 ]

— Rigid Modeling ~
—— Flexible Modeling

15 20

Real part of the eigenvalues
&

&

20 45 0 5 [ 5 10
Height of the center of gravity (cm)

Fig. 7. Real part of the eigenvalues depending as a function of the location
of the center of gravity.

of gravity is located nearly 10 centimeters above the rotor
plane. When the flexibility of the propellers is accounted for,
we conclude that, when the center of gravity is close to the
rotor plane (k] <5 cm), we face a slow unstable focus and
the precise location of the center of gravity does not matter.
The location of the center of gravity is not used to avoid
an unstable node. By contrast, the rigid model features a
bifurcation when # is near zero which is inconsistent with
every reported experimental flights. We conclude here that,
because of the flexibility of the propellers, the location of the
center of gravity about the equatorial plane does not play any
critical role on the dynamics of the quadrotor. The above
reasoning is interestingly complemented by the following
discussion. In [3], [4], a quadrotor has been proposed
where flapping dynamics is taken in account, but where the
rotors have the particularity to be connected to their motors
through teetering hubs. In this case, the coefficient K4 can
be neglected and only K;,, needs to be considered. Its sign
can be determined by the location of the center of gravity.
The particularity of teetering hubs is to generate stronger
drag forces due to tilt phenomenon without undergoing the
corresponding torques. In this case, the dynamics are indeed
qualitatively depending on the location of the center of
gravity.

B. Comparison of the models

From a closed-loop control perspective, it is very instruc-
tive to compare the frequency domain representation of the
previously considered modeling assumptions. In Fig. 8, the
Bode diagram of the model (21), which accounts for the rigid
body and the flexibility of the propellers, is represented. The
input signal is the pitch torque, 83 — §; and the outputs are
u, g and 0. To evaluate the impact of the above mentioned
hypothesis, we compare the frequency response for various
modelings derived from the flexible modeling. It appears
that the interactions of the angular velocities on the flexible
modeling are negligible: considering (0,K;s) or (K3,K3)
yields relatively similar results (see Fig. 9). Similarly, the
drag force created by the rotor-disc tilt does not impact
drastically the Bode diagram. The only coefficient which
significantly varies between the rigid and the flexible model
is K4. Neglecting the flexibility moments yields an important
error on the whole dynamics in the low-frequency domain.
Therefore, it would be prejudicial to consider the rigid
modeling for control design purposes since it induces a large
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Fig. 8. Bode diagram (rigid and flexible models). Center of gravity is
located 1 cm below the equatorial plane.

error for low-frequencies (below 1 rad.s~!, which includes
the typical frequency of the desired closed-loop behavior)
and an offset in the location of the resonance frequency (see
Fig. 8). Using the flexible model, slight displacements of
the center of gravity induce only negligible modifications of
the Bode diagram as can be observed in Fig. 9.

V. CONCLUSION

The paper exposes the derivation of simple models ac-
counting for the aerodynamics of the propellers on a quadro-
tor UAV. Using such models can be interesting, in a control
perspective, to estimate states variables and to control more
accurately such an UAV. Yet, it is certainly possible to control
such a system without taking into account the presented
involved phenomenons, as has been done for several years.
In any case, a conclusion of this study is that, if one
is interested in such aerodynamics, one should explicitly
consider the flexibility of the propellers or wrong conclusions
could be drawn. This is exemplified by the discussion of the
location of the center of gravity. In the future, we will focus
on UAV design. We will try to use the presented models to
determine the structure of a different aerial platform which
could fully take advantage of the flexibility of the propellers.
Coordinated larger rotors and more flexible propellers could
be considered.
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Malabar,

APPENDIX
A. Rotor induced drag force

The results of the section II can be used to evaluate the H-
force variable which is a standard representation of all linear
drag effects. This variable stands for all aerodynamic forces
having a non-vanishing first order translational velocity term
in their development. Here, it gathers terms coming from
the different drag forces and from the rotor-disc tilt.

Around stationary flight, we have w o || and K, /K, can
be approximated by an affine function of |®|. Thus, the H-
force can be expressed as a function of the rotation speed
and the translational speed

|| || ||
H M o (1+;LZCO0 (1 A3a)o>)(uxb+vyb) (25)
where A; ~ 0.049, A, ~ 0.54 and A, ~ 0.30.

Interestingly, this H-force is composed at 70% of drag
force and the other 30% come from the tilt of the propellers
enabled by their flexibility. In details, this can be observed
in (8-10, 18). This flexible effect can be evaluated from the
stiffness of the propellers using the equation (12-17). This
drag force has a stabilizing effect. It is certainly possible to
take advantage of this well-conditioned equation to estimate
the longitudinal velocity with a longitudinal accelerometer.
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