Collocation and inversion for a reentry optimal control problem
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Abstract The example treated in this report has interesting fea-
tures. First it is more complex in terms of dimensionality
The purpose of this article is to provide the reader with @and nonlinearities than the previously cited examples. Sec-
overview of an inversion based methodology applied to a shoid the dynamics are not flat. In other words it is not possi-
tle atmospheric reentry problem. The proposed method originale to fully invert the system dynamics. This particular sit-
in the search for computationally efficient trajectory optimizationation deserves a careful treatment of the parametrization
as an enabling technology for versatile real-time trajectory geof the states variables. Numerical results are given, and a
eration. The technique is based on the nonlinear control theagmparison with existing techniques for this example [1] is
notion of inversion and flatness. This point of view allows to magiven. In short, the proposed approach appears tracktable,
the system dynamics, objective, and constraints to a lower dimbot could be improved further by paying more attention to
sional space. The optimization problem is then solved in the lowt&ke choice of the nonlinear programming solver and the fi-
dimensional space. Eventually the optimal states and inputs areniée dimensional representation that are used.
covered from the inverse mapping.

2 Background information
1 Introduction _ _
In this section we present the general framework of
gp]version—based collocation methods for numerical solution

The purpose of this article is to provide the reader with il | |  thi o
overview of an inversion based methodology applied to'Q optimal contro problems. Most of this material can be

shuttle atmospheric reentry problem. This problem has &08nd in [13]. We address the simple single-input case

states, 2 controls nonlinear dynamics with terminal and i§YNich is by far the most easy and emphasizes the role of

tial constraints and a terminal cost function. Aerodynamit&/€rston:

models (linear for lift and quadratic for drag) are consid-

ered. Gravity and air density are modelled according to tRel Optimal Control Problem
classic non rotating spherical earth potential and exponen-

tial models. Consider the single input nonlinear control system
The proposed method originates in the search for com- )

putationally efficient trajectory optimization as an enabling & = f(x) +g(@)u, @

technology for versatile real-time trajectory generation. Ro>t—zeR"Ro3t—ueR

Trajectory generation of unmanned aerial vehicles is an ex- , i ,
ample where the tools of real-time trajectory optimizatidﬂh_ere aII_ vector f_|elds and_ functions are smooth functions.
can be extremely useful. In [9, 13, 12], this new technigdfe's deswedn'fl find a trajectory of (1o,ts] > ¢ —
was presented and used to solve such problems. In [¢4]%)(1) € R*"" that minimizes the cost

this methodology was applied to formation flight of micro- B

satellites under J2 gravitational effect. Following the same J(@,u) =¢g(x(ty), ulty)) + do(x(to), ulto))

ideas the real time trajectory generation of a planar missile s

was addressed [10] with similar drag and lift models. + to L(w(t), u(t))dt,

The technique is based on the nonlinear control theor){l _ . _ _ o
notion of inversion [7] and flatness [3, 4]. This point ofvhereL is a nonlinear function, subject to a vector of initial,
view allows to map the system dynamics, objective, afifi@l, and trajectory constraints
constraints to a lower dimensional space. The optimiza-

tion problem is then solved in the lower dimensional space. 1bo < to(x(to), u(to)) < ubo,
Eventually the optimal states and inputs are recovered from Wy <tpp(a(ty),u(ty)) < uby, 2
the inverse mapping. Iy < S(z,u) < uby,



respectively. For conciseness, we will refer to this optim@he optimal control problem is turned into
control problem as

min F(y)
min J(z, u) yER.
(z,u) subject to (6)
subject to ©) p(Z(t;), z(t;) =0
&= f(z) + g(x)u, q(@(t;),(t;)) <0

b < ez, u) < ub.
Sczu)<u wherey = ((t)7, ..., z(tx)7), andM = dimy = nA.

. As with the Hargraves and Paris method, this parameteriza-
2.2 Different approaches tion of the optimal control problem (3) can be solved using
2.2.1 Classical collocation nonlinear programming.

The dimensionality of this discretized problem is lower
One numerical approach to solve this optimal control profpran the dimensionality of the Hargraves and Paris method,
lem is the direct collocation method outlined by Hargravgghere both the states and the input are the unknowns. This
and Paris in [6]. The idea behind this approach is to trafigguces substantial improvement in numerical implementa-

form the optimal control problem into a nonlinear prograniipn (see again [15] for an implementation of the Goddard
ming problem. This is accomplished using a time mesh proplem).

to=t1 <ty <...<ty=t 4 ;
0=t <tz N = “) 2.2.3 Proposed Numerical Approach

and approximating the state and the control input as |, fact, it is usually possible to reduce the dimension of the

piecewise polynomials andi, respectively. Cubic p°|y'oi3roblem further. Given an output, it is generally possible

nomial may be chosen for the states and a linear pofy-narameterize the control and a part of the state in terms
nomial for the control on each interval represents a goglipis output and its time derivatives.

choice. Collocation is then used at the midpoint of ea
interval to satisfy Equation (1). Let(x(t,)7, ..., z(tx)7)
andd(u(tr), ..., u(ty)) denote the approximations icand

In contrast to the
E)rﬁevious approach, one must use more than one derivative
of this output for this purpose.

/ ; e p N When the whole state and the input can be parameterized
u, respectively, dependlnj% da(ty)”, . z(ty)") € R with one output, one says that the system is flat [3]. When
and(u(t1), .., u(ty)) € R corresponding to the value ofy,o narameterization is only partial, the dimension of the

a andw at the grid points. Then one solves the following 0406 spanned by the output and its derivatives is given
finite dimension approximation of the original control probc-)y r therelative degre@f this output.

lem (3)

) . . Definition 1 ([7]) A single input single output system
min F(y) = J(2(y), a(y))

yERM .
&= f(z) +g(x)u
subject to (7)
suheetio o { y = hz)
T — f(2(y),u(y)) =0, Ib< c(x(y),u(y)) < ub,
i+t is said to haveelative degree at pointz if LgL’;h(x) =
vt = R =L...,N—1 0, in a neighborhood ofry, and for allk < r —
) 1 LgL;jlh(.xO) # 0 whereLsh(z) = Y1) % fi(x)
wherey = (z(t1)T, u(t1),...,z(tn)",u(ty)), andM = is the derivative of along .

dimy = (n+1)N. ) ) )
Roughly speakingy is the number of times one has to

2.2.2 Inverse dynamic optimization differentiatey beforeu appears.

In [15] Seywald suggested an improvement to the preff€sult 1 ({7]) Suppose the syste(T) has relative degree

0
ous method (see also [2] page 362 for an overview of tii? - Thenr < n. Set

method). Following this work, one first solves a subset of -

o : ¢1(x) = h(z)
system dynamics in (3) for the the control in terms of com- —L.A
binations of the state and its time derivative. Then one sub- ¢2(x) = Lyh(z)

stitutes for the control in the remaining system dynamics
and constraints. Next all the time derivativigsare approx-

imated by the finite difference approximations ¢r(x) = L} h(z).
. z(tip1) — z(t;) If r is strictly less tham, it is always possible to find — r
(t:) = Tt more functions, 1 (z), ..., ¢, () such that the mapping
to get ¢1(x)
o(z) = :
p(a(t:), z(t:)) =0 - _ '
q(z(t;), () <0 =0, N 1. On(2)



has a Jacobian matrix which is nonsingularngtand there- 2.2.4 Comparisons
fore qualifies as a local coordinates transformation in a
neighborhood of:®. The value at:® of these additional Our approach is a generalization of inverse dynamic opti-
functions can be fixed arbitrarily. Moreover, it is alway$hization. Let us summarize the presented approaches One
possible to choosé, . (z), ..., ¢, (z) in such a way that could write the optimal control problem with:
Ly¢i(x) =0, forallr +1 < i <nand allz aroundz?.
o “Full collocation” solving problem (5) by collocating
The implication of this result is that there exists a change  (7,u) = (21, ..., z»,u) Without any attempt of vari-

of coordinates: +— z = (21, 22, ..., 2,) such that the sys- able elimination. After collocation the dimension of
tems equations may be written as the unknowns space 8(n +1).
1= 22 e “Inverse dynamic optimization” solving problem (6)
39 = 23 by collocatingz = (z1,...,z,). Here the input is

eliminated from the equation using one derivative of
: the state. After collocation the dimension of the un-
Gy =2, knowns space i®(n).
Z- = b(z) + a(2)u o _ . _
P (2) e “Flatness parametrization” (Maximal inversion), our
T+l = Grl approach, solving problem (8) in the new coordinates
collocating only(z1, 2,41, ..., 2, ). Here we eliminate
. as many variables as possible and replace them using
én = an(2) the firstr derivatives ofz,. After collocation, the di-

mension of the unknowns spacel®n — r + 1).

wherea(z) is nonzero for alk in a neighborhood of° =
¢(°).

In these new coordinates, any optimal control prob; : S
lem can be solved by a partial collocation, i.e. coIIo%—'3 The ruled manifold criterion

cating only (21, zr+1, ..., zx) instead of a full collocation \yen facing a new system dynamics, it would be interest-
(;1, ceey By By Ly ooy Zms ). quertlng the change of CO0ing to know wether these can be fully inverted or not. The

dinates, the state and the inpluty, ..., 2, u) can be ex- ginaie input case presented before is the exception. Unfor-
pressed in terms ofz1, ..., 24", 241, ... z,). This means tunately, up today, there does not exist any flatness crite-
that once translated into these new coordinates, the origiigh. Nevertheless the following necessary condition can
control problem (3) will involver successive derivatives ofpe 3 handy tool to check wether one may completely invert
21 a system. This necessary condition for a system to be flat is

It is not realistic to use finite difference approximationgiven by the following criterion [14] (see also [8]).
as soon as > 2. In this context, it is convenient to repre-

sent(z1, zr41, -..2n) @S B-splines. B-splines are chosen 3,

) ! . ) . Result 2 ([14]) Assume the systein= f(z,u) is flat. The
basis functions because of their ease of enforcing contin %jection on thep-space of the submanifold = f (x, u)

across knot points and ease of computing their derivativ herex is considered as a parameter, is a ruled manifold
Both equation from the dynamics and the constraints Will; | ...

be enforced at the collocation points. In genetalcol-

location points are chosen uniformly over the time imelri'liminatingu from the dynamics: — f(z,u) yields a set

val [to, ], (though optimal knots placements or GaUSSi%'? equationsF'(z, &) = 0 that defines a rl;Ied manifold. In

points may also be considered and are numerically imp8{her words for’all(x,p) € B2 such thatF(z,p) — 0

tant). The problem can be stated as the following nonlianq]\(rare exists a directiod € R", d # 0 such that
programming form: '

YA eR, F(x,p+ A\d) =0.

in F
iy, (v)
subject to
Zrr1(y) — ar+1(2)(y) = 0 @® 3 The reentry problem
. In this section we present the reentry problem. We detail
Zn(y) — an(2)(y) = 0 for everyw the nonlinear dynamics, the constraints and the cost func-
b <ec(y) <ub tion. We show that this system is not flat and explain how to

parameterize its trajectories using a reduced number of vari-
where y represents the unknown coefficients of the Bibles and additional constraints. Finally we give a rewrit-
splines. These have to be found using nonlinear programy of the optimal control problem in terms of this reduced
ming. number of unknowns.



3.1 Dynamics

- . by =
As detailed in Betts [1], the motion of the space shuttle aré

defined by the following set of equations

h= v siny )
b= Y cosysin/ cosf (10)
r
6="2 COS "y cos (12)
r
——M—gsin'y (12)
m
L
= ﬂcosﬁ—i—cosv(g—g) (13)
mu r o
1
= —L(a)sinG + Y cosysiniysinf (14)
mu cos Yy rcos 6

whereh denotes the altitude) the longitudef the latitude,

v the velocity,~ the flight path,y the azimuth. The two

control arex the angle of attack and the bank angle.

3.2 Control objective and constraints

Here our problem is to maximize the final value of the
variable in agiven timet;. The initial conditions are pre-

scribed as
h(0) = 260000 ft
¢(0) = 0 deg
6(0) = 0 deg
v(0) = 25600 ft/sec
7(0) = —1 deg
1(0) = 90 deg

Also we noteCp = by + bia + bo?, whereby =0.07854,
-0.61592e-2h, = 0.621408e-3 and use it in

1
D= §C'DS,01)2 (18)

The mass of the shuttle was chosen as

m = 6309.44 Ibs

3.4 The system is not flat

We use the ruled manifold criterion presented in section 2.3
to prove that the system is not flat.

Eliminating the control from the reentry dynamics yields
an equation¥'(z,z) = 0. To get this equation we have to
solve for the unknowns andj in terms of the states and
its derivatives.

First one may pick equation (12) to get

D(a) = —mb — mgsin(7y)

Then solve according to the physical model (18) to get

2m(v+gsin~y) )
pSv?

by % /B — 4ba(bo +
o= (29)
2b,

On the other hand it straightforward to solve férusing
equation (13), equation (14) and the fact that9 deg <
£ < 89 deg. This gives

(cos fy(z/; .7 oo COS 7Y Siqn Y sin 6) ) (20)
¥ —cosy (7 —%)

[ = arctan

Using these last two relations in the reentry dynamics

In the numerical example treated in this report the final tifjga get the manifold equatiof’(z,p) = 0, wherep =
ty equals 2008.59 s. The study is restricted to the trajectfy p, ps. py, ps, ps)? = @ satisfy

satisfying
0 < h,—89deg< 0 < 89deg
1 <wv,—89deg< v <89 deg
—90 deg< o < 90 deg —89 deg< 3 < 89 deg

The final point of the trajectory is defined by the terminal

p1 =vsin-y (21)

D2 =Y cosysin/ cos 6 (22)
,

D3 =Y cos ~ cos (23)
T

area energy management (TAEM) interface which is de-

fined by the following relations

h(ty) = 80000 ft, v(t;) = 2500 ft/s, v(t )

—5deg

3.3 Physics constants and parameters

We useu = 0.14076539e17 as gravitational constdit,=

20902900 ft as the radius of the Eart,= 2690 ft? as
the aerodynamic reference surfaég,.; = 23800 ft and
po =0.002378 for the following physics parameters

g=n/r* (15)
p = poexp(—(r — Re)/hrey) (16)

We useC'y, = ag + ay Wherea is in deg,ag =-0.20704,
a1 =0.029244. Lift is then given by

1
L=_-CpSpv?

-5 (17)

and Equation (24) Now let us look for a non-zero direction
d = (dy,dy,ds,dy,ds,ds)” € R such that at a poiritr, p)
such thatF'(z,p) = 0, forall A € R, F(z,p+ Ad) = 0.

The first three equations (21), (22), (23) give

p1 + Ad; =vsinvy
P2 + Ada _ cosysiny/ cosf
r

p3 + Ads _ COS 7y cos Y
r

which give
d1 =0,dy=0,d3 =0

Equation (24) gives after using

sin(arctan z) = \/ﬁ7 Equation (25)
This equation must hold for al € R. After taking the

square of the last expression, the square root in the last ex-

pression involvingd, is the only one that still contains a

the simplification




pSv? 180 —b1 £ \/b% — 4by(bg + W)

T 9mu cos v — X ...
P = cos 7y G0 + 01 s 20,
. €08 Y(Ps — e COSysin v sin0)
sin | arctan T cos :
o= con (7= 9)
cos -y sin ¢ sin (24)
rcosf
pSv? 180 —b1 £ \/bf — 4by(bo + W)
pet+ A =5—— | a0+ a1— X ...
2muw cos y T 20,
cosY(ps 4 Adg — o= cOs Y sin 1 sin )
\/(cosy(pﬁ + Mg — o=p cos’ysinwsin@))2 + (p5 + Ad5 — cosy (£ — %))2
! g 087 sin ) sin 0 (25)

square root terms in. It can not be matched to anything3.5 Parameterization
else in the expression. Thus, necessarily,
Should the system have been flat, we would have been
dy =0 using only 2 quantities (same number as inputs) for the
parametrization of all its variables. As we will see in the

Taking the square of the last equation gives rise to the féllowing, we need 3 quantities instead. We now use

lowing second order polynomial ik
z1=r=h+ Re

W+ ) 5=
+2/\(P5d57d5(cos7($f%))... z3=0¢
v . .
+ cos y* (peds — ae( cosysingsinf))... where Re is the radius of the Earth. Assuming that
r cos 6
2 v g Vo g\ around the trajectory-90 deg < ¢ < 90 deg, we recover
+ p5 — 2p5 cosy (; - ;) + (cosy (; - ;)) from (10) and (11)
+ cos? ’y(pg — 2pg Y cosysinysinf... .
r cos 6 Z3
v 1) = arctan < cos zg> (26)
+ ( cos 7y sin ¢ sin 9) ) Z2
rcos
J— 2 .
ceos y Since—90 deg< v < 90 deg, we get from (9) and (11)
where
o= p5v2 v = arctan (z'lcosw>
2mu cos y 2 A
. .
(ao + alﬁ = arctan — Z1.2 (27)
T z21\/ 45 + 235 cos? zo
by (B + Ay (by + 2Pt asing)
o ) and then
For this polynomial to be identically zero, necessarily we 2159\ 2 "
must have v= po— + 21
5=0,ds=0 = \/zf + 27 (22 4 22 cos? 22) (28)

Thus the candidate vector for a direction of the ruled mani-
fold is d = 0. This shows the manifold is not ruled and st is convenient in the sequel to solve for the derivatives
the system is not flat. 0, 4, 1. These quantites can be obtained either by direct



differentiation of (26) (27) and (28) as 3.5.1 Parameterization constraints

D1+t ) = d(tan)) The reentry dynamics have the same nonlinear structure as
T dt the following simple nonlinear system with 3 states and 2
d <z3 ) inputs
— [ —coszy
T dt
L. Tr1 = —D(ul)
Z3 oo 2322
= - COSZy — 23812y — —5 COS 22 Tg = L(ul)cosuz
z9 z5
. . &3 = L(uy) sinug
which gives
. 1 In general this system is not flat (e.g. if and L corre-
b= <1 + 28 o Zz) spond to drag and lift models). In other words, not any time
3 functiont — (z1(t), z2(t), z3(¢)) is a trajectory of the sys-
Z3 . Z3fa 29 tem. But the trajectories of the system, i.e. time functions
5, Cosm T Asinz = mameoszy | (29) (4 (1), s (1), s (t), ua (1), ua (1)) solution to the dy-
namics, indeed satisfy
and
T
0 =%y siny + cosycos (Z221 + 221) tanug = (;) (35)
2
+ cos 7y sin ¥ X

(2321 COS 29 + £3%1 COS 29 — 292321 8in22)  (30) and

1 1 . o . .
4 =—Z%1 cosy — —sinycosth (3221 + 22%1) L = /i3 + a3sign(@z cosus)
v v

1 sin «y sin ¢ x T_h_ese are only necessary conditions. Sufficient extra con-
v ditions are that

(2321 COS 29 + 2321 COS 23 — 292321 8inz9)  (31)
. _ —1 -2 e . .
The lift is computed from equations (13) and (14) as #1 = —D(L7(y/#3 + E3sign(@z cosup)))

In order to solve equation (35), one has to pick the right

L =mv (( — v/z1 cosysing tan z,) cos 7)* determination of the angle. In general it can not be assumed

i 9 ] 2\ Y thatus €]—m/2, /2] (itis the case in our example though).
+ (7 = (v"/z1 = g) cosy/v) ) Let us calluj this solution (defined up ta). A suitable
sign(¥y — (v? /21 — g) cosy/v) value has to be such that
which we note after substitution with equations &2 = L(uq) cosuj
(26), (27). (28), (30) and (29) b = L(uy) sin
L= frlz1, 21,21, 22, 22, 22, 23, 23, 23) (32)  To summarize, the trajectories of the system are of the

The bank angle can be recomputed from the previous &?{-m
pression and equation (13)

B = —arccos((y — (v*/z1 — g) cosy/v/m)v/L)

which we note after substitution with equations (27), (28)

t— (J}l(t) $2(t),$3(t)

i3 + i3sign(do cosud), uj)

and (31) wherez, z2, x3, u3 are any arbitrary function that satisfy
B = fa(21, 21, 21, 22, 22, 23, £3) (33) iy = —D(L™Y(\/33 + i2sign(iq cosu})))
Using the linear model for lift (see appendix), we can solve
for the angle of attack 5 + a5sign (2 cos uz) cos u;
az(?L/p/vQ/S—ao)/al \/x2+r3szgn &9 cos uy) sin uj

which we note after substitution with equations (28) tanuj = <>
and (32) and the air density model fofz; ) given by equa- T2

tion (16) Similarly, in our case the following constraints must hold
a = fal21, 21, 21, 22, 22, 2o, 23, 23, £3) (34) 1. First the drag and the lift must correspond. In other
The drag is then recomputed from the law \évlj)crﬁsth;r;e drag that is computed from the lift must be
1 2
DzipSv Cp mo + gsiny+D =0



2. Also the sign that appears in the lift expression h&6 Rewriting of the optimal control problem
to be taken into account. Two additional constraints
have to be satisfied to transform the previous necessiRg Problem s only to find the best time functidfst s| >
condition in a sufficient condition. It is assumed thdt— (z1(t), 22(t), z3()) S0 as to maximize, (t ;) under the
a €] — 7/2,7/2[. Sou} is uniquely defined by the following constraints.
arctan function. As a summary, the trajectories have

to satisfy e Initial constraints
(¢ — v/ 2 cossin i tan z3) cosy) h(0) = z1(0) — Re (39)
= Lcosf8/m/v/ cos v $(0) = 23(0) (40)
(¥ = (0% /21 — g) cos y/v) 0(0) = 25(0) (41)
= Lsin8/m/v - - -
v(0) = \/Zf(o) +22(0) (23(0) + 23(0) cos? 22(0))
3.5.2 Parameterization of the trajectories (42)
The previous relations derived at section 3.5 are necessary ~+(0) = arctan #1(0)
conditions. In other words if the time functions 21(0)1/22(0) + 22(0) cos? 22(0)
(43)
t— (h(t),9(t),0(t), V(t),~(t), ¥(t), a(t), B(1)) (0)
are solutions of the reentry dynamics then they are of the %(0) = arctan (2'2(0) cos 22(0)) (44)
form
h=2z —R, o Trajectory constraints (must hold for alk [0, ¢¢])
¢ =23 . . .
0= 2 Fi(z1,%1, 21, 22, 22, %2, 23, 23, 23) = 0 (45)
Fy(z1, 21, 21, 20, 22, 2o, 23, 23, 23) = 0 (46)
v= \/Z%+Z% (23 + 25 cos 22) F3(z21, 21, 21, 22, 22, 22, 23, 23, 23) = 0 (47)
4
v = arctan
<z1\/2§ + 22 cos? z2>
Z3
1) = arctan <z cos 22> 0< 2 —Re,—89 <z, <89
2
a = fo(z1, 21, 21, 20, 22, 2o, 23, 23, £3) < \/Z% + 2§ (43 + 23 cos? 22),
B = fo(21, 21, %1, 22, 22, 23, £3) B
—89 < arctan < 89,
211/ %5 + 22 cos? 29
Conversely any time  function ¢ — —90 < fuolz1, 21, 21, 22, %2, 30, 23, 23, #3) < 90,
(h(t), ¢(1),0(1),V (1), v(t), (), a(t), B(t))  computed —89 < fylz1, 41,51, 22, 42, 23, 53) < 89

from the same relations are not solutions to the reentry dy-
namics. Sufficient extra conditions are that these functions

must satisfy the extra conditions e Endpoint constraints

. . 1 2\’ 9

mu + gsiny + ichS Cos 23 ) =0 h(ty) = z21(ty) — Re (48)
(1) — v/2z1 cossin 1 tan z3) cos ) u(ty) = \/Z%(tf) + 23 (tr) (23(tp) 23 (ty) cos? za(ty))
= Lcosf3/m/v/ cos v (49)

5 2 o . t

(PY (’U /Zl g) COSPY/U) ’Y(tf) — arCtan Zl( f) (50)
= Lsin3/m/v z1(ty)\/75 + 23 cos? 2o

These three relations can be rewritten, after substitution
with the necessary conditions (26), (27), (28), (30), (324, Numerical results
(33)
Fi(z1,%1, %1, 22, 42, 22, 23, 23, 23) = 0
Fy(z1,21, %1, 22, 22, %2, 23, 23, %3) = 0 (37)
=0

Fy(21, 21, 21, 22, %, 2, 23, 23, 23) (38) comparisons with reference results are given.

(36) In this section we give numerical results using the proposed
methodology. Details about the initialisation and conver-
gence are given. Accuracy of the method is discussed and



h(ty) (f) | 102600 h(ts) (fF) 80182
v(ty) (ft/sec) | 3291.6 v(ty) (f/sec) | 2475.3
v(ty) (deg) | -3.6479 ~(tf) (deg) | -5.0179
0(ty) (deg) | 31.0802 6(ts) (deg) | 33.0656

Figure 1. Initial guess terminal values and cost functidfigure 2: Terminal values and cost function value after op-
value. timisation.

4.1 Numerical setup that they are well suited provided a sufficiently large num-
ber of coefficient is chosen. Also the choice of the mesh
matters. In the rest of the report we conduct the tests with a

The system was initialized with control variables set {§€sh refined around the two ends of the time interval.
a =21 deg for the angle of attack, apdt) = 75 x (—1 +

t/ty) for the bank angle (in deg). After a careful integration.1.2  Solving the optimal control problem

performed with Matlalnde23, the corresponding trajec- ) ]
tory was found to give the data given in Figure 1. All the tests were conducted using Matlab 6.5 with the

From these trajectories the unknown coefficients wefgllocation routines from the Splines toolbox and the
computed through a least square B-spline approximatidiincon routine from the Optimisation toolbox.
Of course the results depend on the number of coefficientsNO analytical gradlehts were prowde'd, neither for the
the order of the B-splines and the multiplicity of their knotg0St nor for the constraints. This has an impact on the com-
and the fitting mesh. putation times.

Then we recomputed the control histories from the B- Scalings were used for the cost function and the con-
splines representation of the outputs z», z3 using the Straints. Thl_s helped the_nonlmear programming routine to
formulas given in Section 3.5. find appropriate search lines. Also nonlinear equality con-

Finally we reintegrated the system dynamics from tisdraints over the time interval (due to the parameterization)
same initial condition as before while using the latest coff€"e relaxed to help convergence. Eventually the optimisa-
trol histories. Results are given for a typical case with 4N Procedure was restarted once with the previous solution
intervals (44 coefficients) per variable, 60 points megh, S an initial guess and more stringent values for the relax-

order B-Splines with multiplicity of 3. ation parameter. N _
We used 40 intervals (44 coefficients per variable) and a

65 nonlinearly spaced points mesh.

4.1.1 |Initial guess

RAOXO0 (1 1) — hgyess(ty) = 55.244 ft | With a first run (relaxation p()ar?meter set to 1le-
4) the obtained solution gaveé(t = 79906 ft,
4060 - _ f
v (Er) — Uguesa(ty) = —0.7559 fu/sec, u(t;) =2753.7 ftsec,y(t;) =-4.0726 deg,d(t;)=
YO0t 1) — Yguess(tr) = —0.0266 deg 33.5771 deg. This first problem was solved using 104 itera-

tions offmincon , which used 14117 F-count and took ap-
Results vary with the number of coefficients and Results gjig)ximatively 20 minutes on a Pentium Il 1.13 GHz Win-
given for a typical case with 100 intervals (104 coefficientghyws XP based computer.
per variable unknown variables, 200 points meshofder  These results were eventually improved using a new re-
B-Splines with multiplicity of 3. laxation parameter of 1e-5. Final results are given in Fig-
100%200 ure 2. The corresponding trajectory is detailed in Fig-
h (tr) = hguess(tf) = —11.1395 ft , ure 3 and Figure 4. This run used 122 iterations of
o1007200(1 ) — s (tr) = 0.5795 ft/sec, fmincon , which used 16703 F-count and took approxi-
JI00X200(4 y o (tr) = —0.0216 deg matively 50 minutes on the same computer.

In these two cases the mesh was refined around the }5:0 C luS
boundaries of the domain, to limit the side effects of lea onclusions

square approximation. In fact, a linearly spaced mes

would produce much larger errors. With the 100 intervaT € n_umerical rgsults must be compared tq the solution
yen in [1] that gived)(t,;) =34.1412 deg, a higher value.

and the 200 points linearly spaced mesh the same test gg')heg result presented here were obtained by a much differ-

h100><2001(tf) — Rguess(ty) = 141t | e_nt techniq_ue. It seems we converged to a diffe_rent solu-

10052001 tion. Also it seems that the accuracy could be improved

v (tr) = vguess(ty) = 7.49 ft/sec, further using more coefficients for the B-splines representa-

A00X200L (4 ) — oy ess(tF) = 0.024 deg tion and well adapted meshes. It should be noted that only

a simple nonlinear solver was used in this study and that

We were investigating wether the B-Splines were ablettee use of more complex, yet less convenient for implemen-
provide us with a high degree of accuracy as required tation, solvers such adPSOL[5] with analytic gradients

our application. The above numerical investigation suggestsild help too.
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Figure 3: Reentry state variables. Optimal solution (plain) and initialisation (dotted).
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Figure 4: Reentry control variables. Optimal solution (plain) and initialisation (dotted).
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