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Abstract

This paper investigates necessary and sufficient Lyapunov conditions for Input-to-State Stability (ISS) of Linear Integral
Difference Equations in the presence of an additional exogenous signal. Building on recent research in the literature pertaining
to necessary conditions for the exponential stability of difference equations, we introduce a quadratic Lyapunov functional
that incorporates the derivative of the so-called Lyapunov matrix. We demonstrate that the ISS of the considered class of
systems is contingent upon the existence of an ISS Lyapunov functional. The Lyapunov analysis hinges on the properties of

the fundamental matrix and the delay Lyapunov matrix.
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1 Introduction

Delay equations and hyperbolic Partial Differential
Equations (PDEs) are widely known to share a deep
interconnection. Indeed, not only can a time-delay be
represented by a simple transport equation [25], but,
conversely, certain hyperbolic PDEs can be reformu-
lated and understood as neutral delay systems as re-
ported in [34]. A prominent and early example of this is
d’Alembert’s formula, which transforms a wave equation
into a difference equation. Besides, recently, the exact
relation between Linear First-Order Hyperbolic PDEs
and Linear Integral Difference Equations (LIDEs) has
been comprehensively investigated in [4], proving that
the stability properties of Linear First-Order Hyperbolic
PDEs are equivalent to those of a certain LIDE.

Yet, despite this assessment, difference equations have
seldom been studied in the literature, in which they
are often considered as a particular subcategory of neu-
tral time-delay systems [19]. To our knowledge, some
of the few studies specifically addressing difference sys-
tems are [10, 26], which study controllability properties
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of difference equations and propose spectral criteria, and
[11, 12, 28] which aimed at obtaining necessary stability
condition in terms of a Lyapunov functional.

This paper pursues such a Lyapunov approach to char-
acterize the Input-to-State Stability of Linear Integral
Difference Equations. This question arose in our recent
work [2] investigating robust feedback for an underactu-
ated network of PDEs, as the one appearing in mining
ventilation systems [37]. Indeed, to study the cascade of
these PDEs, one wishes to consider the equivalent LIDE
and rely on Lyapunov ISS functionals to investigate the
effect of the cascade, as commonly done in a small-gain
context, for instance.

Nevertheless, while the Input-to-State Stability of re-
tarded time-delay systems (see [9] for a comprehensive
review of the field) and a large number of PDEs with
bounded control operator or admissible boundary con-
trol is now well-grounded (see [30] for a complete survey
of the domain) and their characterization with a coer-
cive ISS Lyapunov function clearly investigated, it is not
the case for Difference Equations. It is well-known [19]
that the asymptotic stability of the homogeneous LDE
is equivalent to the ISS of the non-homogeneous one
(via Duhamel’s principle). Nevertheless, its Lyapunov
characterization has been scarcely studied: on the one
hand, [20, 16] proposed Lyapunov ISS conditions of gen-
eral nonlinear Difference Equations, but which are only
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sufficient; on the other hand, ISS Lyapunov characteriza-
tions for nonlinear continuous-time difference equations
are provided in [32, 33| in terms of Lyapunov functional,
but with a continuous-time difference operator, which
may not be appropriate when considering cascaded or
interconnected dynamics of different types, for instance.

In this paper, we extend our approach from [3] for Linear
Difference equation to the case of a LIDE. Grounding
on [36] which proposed necessary Lyapunov conditions
for the exponential stability of Linear Difference Equa-
tions with pointwise delays, we propose to construct
a Complete-Type Lyapunov functional for a LIDE, as
common for time-delay systems [1, 6, 17, 22, 29, 31].
Following this methodology, we define a quadratic func-
tional involving the derivative of the so-called delay Lya-
punov matrix of the homogeneous system. A careful
analysis of the regularity and discontinuities of this ma-
trix enables us to prove that the ISS of a LIDE is equiv-
alent to the existence of a quadratic ISS Lyapunov func-
tional. This is the main contribution of the paper.

The paper is organized as follows. In Section 2, we in-
troduce the problem under consideration and state the
main result of the paper. Section 3 introduces some pre-
liminary tools allowing us to construct an ISS Lyapunov
functional. This design is performed in Section 4, which
also concludes the proof of the main result. Finally, we
conclude with directions of future works in Section 5.

Notations: Given k € N, we denote CP"*([a, b], R™) the
set of functions f mapping the interval [a,b] C R into
R™ and which are k times piecewise continuously differ-
entiable, that is, such that [a,b] can be partitioned by
a finite number of points (¢;)o<i<n so that f is k times
continuously differentiable on each subinterval (¢;_1, ;)
and f, f',.., f*) admit finite right-hand and left-hand
limits at each t;, which we denote f(¢]),..., f®(t})
and f(t;),..., f) (t;), respectively. We denote
CPWk([a,b),R™) the set of functions which are restric-
tions of elements of CP**([a, b], R™) to [a,b). A function
f is said to be piecewise continuous on R or R if its re-
striction to any line segment is piecewise continuous. For
any fixed 7 > 0, we denote CP¥ = CP¥O([—7,0),R")
the Banach space of piecewise continuous functions
mapping the interval [—7,0) into R™. For a function
@ : [-T,00) = R™, we define its partial trajectory ¢
by ¢(0) = @(t +6), =7 < 6 < 0. The space CP" is en-
dowed with the norm H‘PH%I;w = SUPyc[—r,0) oI (s)p(s)
or with the L? norm [|¢[|7, = f_OT o7 (s)p(s)ds. The
The space CP**([a,b], R") is endowed with the norm
[lloe = St suDseran V(@) T (5)9™ (s). The iden-
tity matrix of size n € N is denoted I,, or I, when no
confusion arises. We denote || - || the usual Euclidean
norm and, for real matrices, the Euclidean induced

norm. The Dini upper right-hand derivative of a func-
tional v(yy)) is denoted by D*v(gp).

2 Problem under consideration
2.1 Linear Integral Difference system

Let us consider the following inhomogeneous Linear In-
tegral Difference system

0

FEX(t+8)ds + f(1),

—T™M

M
X(t)=> ApX(t—7)+
- t>0 (1)

where X(t) € R" (n € N), A4y, € R, 7, > 0
(1 < k < M with M € N) are positive time-
delays ordered as 0 < 71 < T < < Tpm and
F € CP»Y([—7p,0]) with corresponding partition
(hj)o<j<n of [=Tar,0]. The function f is an exogenous
signal which belongs to CP"([0,00),R™). The corre-
sponding initial condition is given as

Xpg = X0 e cry. (2)

A function X : [—7Tar,00) — R” is called a solution of
the initial value problem (1)-(2) if X} = X° and if
equation (1) is satisfied for ¢ > 0. The solution at time ¢
is denoted by X (t, X°), and the dependence with respect
to X% may be dropped when no confusion arises. We
are interested in characterizing the stability properties
of such solutions, and in particular their Input-to-State
Stability (ISS) defined as follows ! .

Definition 1 The system (1) is said to be (Ls-) ex-
ponentially Input-to-State Stable (ISS) if there exist
R,\,v > 0 such that, for any X° € CPY and any
piecewise continuous function f, the solution to (1)—(2)
satisfies

X lzz,, <Re™ X0l + swp 1), ¢ 20,
se|0,t
3)

It is emphasized in [18] that the exponential stability
of a Linear Difference Equation is independent of the
functional space under consideration (provided the orig-
inal system is well-posed for such a functional space).
Hence, this property extends to the Input-to-State Sta-
bility of LIDEs, and property (3) is, for instance, equiv-
alent to the L..-exponentially ISS, i.e, the existence of
R, \,v > 0 such that, for any X° € CPY¥ and any piece-
wise continuous function f,

IX (O] < Re™ | X°lcxn +7 sup [f(s)], t>0.
s€[0,t]

! Notice that, as the system under consideration is linear,
exponential ISS is equivalent to the standard Input-to-State
Stability in terms of comparison functions defined for in-
stance in [9] for time-delay systems.
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Besides, it is proven in [19][Theorem 3.5] that the expo-
nential stability of the homogeneous system associated
with equation (1):

0

M
X(t) = 3 AX(t—m) + / FOX(t +6)de, (4)
k=1

—TMm

with the initial data X° € CP“, implies? the
exponential-ISS of (1)—(2). Hence, in the sequel, when
the context is clear, we will refer to system (1) indif-
ferently as exponentially stable or exponentially-ISS
without specifying the norm under consideration.

2.2 Objective of the paper

For a Linear Difference Equation, that is, in the absence
of the distributed-delay term (F' = 0), [36] designed a
functional with prescribed derivative using the so-called
delay Lyapunov matrix. This design was then adjusted
in [3] to characterize the ISS property of such Linear
Difference Equations in terms of the existence of a Lya-
punov functional, that is equivalent to the L?-norm of
the state.

Our main result consists in extending this ISS character-
ization for the LIDE (1)—(2), with the following theorem.

Theorem 2 Consider system (1) with initial condition
X0 e Crv. Assume that f belongs to CP*([0,00),R").
The two following statements are equivalent:

(1) the solution to (1) is La-1SS;
(2) there exists a quadratic function v1 : CP* — Ry

T™

such that
(a) Ip,0 > 0 Dru(Xp) < —pui(Xpy) +
allf@I? ;
() om0 >0 Vo€ OB oullglll; < uilp) <
aullelzs -
™™

This result is the direct counterpart for LIDEs of the
Lyapunov characterization of the ISS of (differential)
time-delay systems, such as [9][Theorem 23]. Observe
that such a ISS Lyapunov functional can be chosen
quadratic, owing to the linear nature of the system.

Such a necessary and sufficient condition can reveal help-
ful to study robustness for cascaded or coupled dynam-
ics. This is the case for instance in our work [2] inves-
tigating stabilization of a network of hyperbolic PDEs.
This problem was reformulated as a LIDE with a de-
layed input, that is, the cascade of a transport PDE into
a LIDE. Such a Lyapunov characterization is then in-
strumental to study delay uncertainties.

> Tt also implies that det(I, — [* F(£)dé—3 3L, Ay) #0,
which is used in Lemma 3.

The rest of the paper is dedicated to the proof of The-
orem 2, and more specifically, Section 4, in which an
explicit expression of the quadratic functional v; is pro-
vided. To achieve this goal, we first need to introduce
some preliminary properties and intermediate analysis
tools.

3 Preliminaries — Fundamental and delay Lya-
punov matrices

In this section, we first present the two intermediate
matrices that play a crucial role in our definition of an
ISS Lyapunov functional. These matrices are standardly
used to construct Complete-Type Lyapunov functional
for time-delay systems [23, 27].

3.1 The fundamental matrix

The first variable of interest is the fundamental matrix
associated with system (4). In the sequel, we gather some
of its properties shown in [35] for a Linear Difference
Equation, that is, in the absence of distributed delay
(F = 0) and state without proof the lemmas which are
only marginal variations of the ones given in [35].

Lemma 3 (see Theorem 1 in [35]) Then xn matriz
K (t) defined for allt > 0 by

M 0
K(t) =Y K(t—m)Axt K(t+&F(&)ds, (5)
k=1 —T™

with initial condition

K(@)K()(fjAH/O F(ﬁ)d§1d>1, (6)
k=1

—TM

for 0 € [—7a,0), is called the fundamental matriz of
system (4). For any initial condition X° € CP¥, the

TAr?
solution of the homogeneous equation (4) veriﬁesM

X(=Y9
k=1

0 0
+jt/m/§ K(t— 0+ F()X%(0)dods. (7)

0
K(t—0—1,)ALX%(0)do

— T

Formula (7) is known as Cauchy’s formula.

Lemma 4 (see Corollary 1 in [35]) Let K be defined
in (5)-(6). It holds, for allt > 0,

M 0
K(t) =Y ApK(t— 1)+ FOK(t+&)dE. (8)
k=1

—TM
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The regularity of K is specified in the following lemma.

Lemma 5 The fundamental matriz K defined in (5)-(6)
is piecewise continuously differentiable on [—7pr, +00).
The set of its discontinuity points is Txc = {ty }ren, where

M
b = 1m1n {ZkaJ | ZPkTy > ty_1, Pj EN}
k

ko i=1 i=1
(9)

and its derivative discontinuity points are given by the

sequence (fi), defined by fo = 0 and, for k € N,

frk41 = min
l1,..,INEN

M N
i azg k‘T'—g Lih; | a> fx
Ftrooookiar €N e A i la> 1
i=1 j=1

PROOF. For k € N, and ¢ € [tg,tr+1), equation (8)

can be rewritten as
/ F(§—t)K(&)dE,

where H(t) = Zk VARK(E — ) + ft T (&~
t) K (£)d€. This form corresponds to a Volterra integral
equation of the second kind which ensures that K is
continuous on [tg, tr11) (see [39, Chapter 4]). The first
part of Lemma 5 can then be proven recursively.

To characterize the derivative discontinuities, we follow
an induction approach. With this aim in view, define
the property (Hy) as, for all k£ € N, “the function K
is piecewise continuously differentiable on [—7a7,tx]”, in
which the sequence (1) is defined in Lemma 5.

First, observe that, for ¢t € [—7p,0), it holds K(t) =
Ky, which immediately implies the desired property for
k = 0. Let us now assume that (Hj) holds for a certain
k € N. Consider t € (t,tr+1), and notice that, for all
jed{l,...., M}, t—7; < ty, as |tpy1—1tx| < 71. Moreover,
given the definition of (¢), t—7; # t, Vg € N. Therefore,
K is differentiable on (tx, tx+1) and (5) yields

K'(t)=> K'(t—7;)A; + K(t)F(0) (10)

—Z( (t+ hy) )F(hj)—K((th)—)F(hj))

— K(t — mar)F(—7a1) — t KW)F'

t—7Tm

(v—t)dv.

From this expression, one deduces that K’ jumps if ¢ +
h; € Iy for a certain j or if t € Zx. It thus follows that

the discontinuity points of K’ on (tg,tx4+1) are given by
(fi)ien N (tk, tg+1). Besides, from (10), K’ admits limits
at t:,t,;rp that is, (Hg4+1) holds. This concludes the
proof. O

In the sequel, when necessary, we will identify K’ with
its right-continuous extension. For all ¢ > 0, we define
AK, the discontinuity jumps of the fundamental matrix
K, as

AK#)=K({t") - K(@t). (11)
It can be easily verified that AK(0) = I,,. Besides, the

following result holds.

Lemma 6 Assume (4) is exponentially stable. Then,
K,AK and K' are exponentially stable.

PROOF. Eq. (8) implies that each column of K (¢) is a
solution of (4). Therefore, if the difference equation (4)
is exponentially stable, in turns, the matrix K is expo-
nentially stable and thus AK as well.

Now, consider ¢ > 0 and define the sequence (%) of the
discontinuity points of K lying in the interval (¢t —7az, t).
We first prove that this sequence is finite. Let us consider
p € N such that ¢ € [pr, (p + 1)71]. Observe that the
number of elements of Zx: that are smaller than (p+1)7;
is bounded by (p + 2) (the maximal number of linear
combinations of the 7; with integer coefficients and such
that each coefficient is smaller than p + 1), and thus so
is the number of elements of Zx in (¢t — 7ps,t). Let us
denote L(t) € N the cardinal of ().

For a.a. t > 0, we obtain, from (10) and performing an
integration by parts,

M 0
W) =S K'(t—m) A+ | K'(t+©F(€)de + H(1),
i=1 —TM

(12)

with H(t) = SED AK (&) F(6 —t) =N K(t+ hy)
AF(h;). The exponentlal stability of K and AK implies
that the function H (t) exponentially converges to zero
as, for certain R, 3 > 0,

L(t)Re~ =T | AK (0)]

L(t)
> AK(f)
i=1
< (p+2)Me™ M RIAK(0)] — 0.
pP—00
(13)
Consequently, since equation (1) is exponentially-ISS,

we obtain the exponential convergence of K’(t) to zero.
O

Preprint submitted to Automatica
Received July 2, 2024 08:34:26 Pacific Time



CONFIDENTIAL. Limited circulation. For review only
Automatica submission 24-0884.1

3.2 The delay Lyapunov matrix

The second variable of interest is the delay Lyapunov
matrix associated with system (4). Again, in the sequel,
we state without proof the lemmas which are close vari-
ations of the ones proven in [36] for the case F' = 0.

Definition 7 (see Lemma 3 in [36]) Let W be an x
n symmetric positive definite matriz and consider the
fundamental matriz K associated to system (4), defined
in (3). Assume (4) is exponentially stable. Then, for any
T € [—=Tm, TMm), the delay Lyapunov matrix

Utr) = [0 - Kol W (14

is well-defined.

This well-posedness follows from the exponential stabil-
ity of K given by Lemma 6. Observe that, unlike the
matrix K, this matrix function is only defined on the in-
terval [—Tar, Tas], which turns out to be the only interval
of interest in the sequel.

While U is continuous on [—7as, Tas], it is only almost
everywhere differentiable on this interval, as stated in
the following result. In the sequel, for any —73; < to <
t1 < T, let us denote Z((¢o,t1)) the set of discontinuity
points of the function U’ that belong to (to, t1) and define
the derivative’s jump of U’ as

AU (r)=U'"(+H) -U'(t7), 7€[-1m,mma]. (15)
Lemma 8 Assume (4) is exponentially stable. For all
T € [0,7a], the delay Lyapunov matriz U satisfies the
following difference equation

(16)
U(r + & F(&)dE.

0

M
U(T):ZU(Tka)Ak+/

k=1 ™

Besides, U is twice continuously differentiable almost
everywhere on [—Tar, Tar], the set Z((—7ar, 7ar)) of the
discontinuities of its derivative is countable and, for all
T € [=7ma, i)\ Z((=7ar, Tar)), it holds

U'(r) = (K" (ty — 7) — K )WAK (t)
k>0

+f (K W) - Ko TWK/(t 47t (1)
0

and

U'(r)==> (K" (tr —7) + K" (tx + 7)) WAK (1)
k>0

— /OO K'(OTWK'(t +7)dt . (18)
0

Finally, for all T € [—7ar, 7], @ holds

AU'(1) == > AK"(t, — )WAK(t).  (19)

k>0

and the quantity - c7(_ry, 1)) AU ()| is finite.

PROOF. The difference equation (16) is a straightfor-
ward consequence of (5) and the use of Fubini’s theorem.

The expression of the derivative (17) can be directly
obtained from (14) in the sense of distribution, using the
Jump rule [15, 38]. Observe that the well-posedness of
the sum and integral in (17) follows from the exponential
stability of K, AK and K’.

From (17), one can observe that U’ is continuous at any 7
such that when ¢, — 7 ¢ Zx for all k € N. The proof of [3,
Lemma 5] can then be directly adjusted to conclude that
Z((—7ar,7ar)) is countable and that >

|AU(r.)]| is finite.

Te€Z((—=Tm,T™))

Besides, using the change of variable s = t + 7, it follows
that the integral in (17) can be rewritten as

/OO(K(S —7) — Ko)"WK'(s)ds.

The second-order derivative (18) follows, taking a time-
derivative and using the Jump rule. Besides, observe that
Lemma 6 ensures that [° K'(t)"WK'(t+7)dt in (18) is
well-defined. Finally, the expression of AU’ in Eq. (19)
follows from its definition (15) and (17), as AK' is null
almost everywhere. ]

In the sequel, when necessary, we will identify U’ and
U" with their right-continuous extensions. We now recall
some valuable properties of the delay Lyapunov matrix
derivative’s jump discontinuities.

Lemma 9 (see Lemma 5 in [35]) Assume (4) is ex-
ponentially stable. The matriz function AU’ (1) satisfies

e the Symmetry property
AU’ (=) = [AU' ()], (20)

e the Dynamic property

AU/(r) = { 22/[:1 AU’ (1 — 1) Ak, 7> 0,

Z,ivil ATAU' (1 + 1), 7 <0,
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o the Generalized algebraic property for all T > 0

WAK(T Z ATAU' (14 1 — 75) A

i,j=1

— AU'(7). (22)

Finally, in addition, the second-order derivative of the
Lyapunov matrix satisfies the following properties.

Lemma 10 Assume (4) is exponentially stable and con-
sider the associated Lyapunov matriz defined in (14). The
second-order derivative U" of the Lyapunov matriz ver-
ifies the symmetry property, i.e., for all =ty < 7 < T

U'(=7) =U""(r) (23)

and, for all T € [0, 7as], satisfies

M 0
U'(r) = ZU”(T—Ti)Ai—F/_ U (1 + &)F(&)d¢
+ Z AU (1.)F (1. — 7). (24)

T €L((T—TMm,T))

PROOF. Let us consider (18) to compute U’ (—7) and
observe that, with the change of variable s =t — 7,

K'(s+7)TWK'(s)ds,

/ K'(O)TWK'(t — 7)dt =
0 —T
(25)
Besides, if 7 > 0, K'(s) = 0 for s € [-7,0] and, if
7 <0,K'(s+7) =0=0for s € [-7,0]. This leads
o (23). Finally, Eq. (24) follows from taking a second-
order derivative of (16), and from the Jump rule. O

4 Lyapunov-Krasovskii functionals and Proof of
Theorem 2

We can now provide the proof of Theorem 2. Inspired
by [36], where the Lyapunov functional candidate is ob-
tained following a converse Lyapunov approach, we di-
rectly define the functional of interest based on Cauchy
formula (7) for the homogeneous case. We then prove it
satisfies suitable properties for ISS, by explicitly com-
puting its time-derivative along the system trajectories.

4.1 Lyapunov-Krasovkii functionals

Following [35], we introduce the functional v (¢) defined
for all p € CP¥ by

™

vo(p) = a1(p) + az(p) + 2a3(y) , (26)

where

> / |/ }@)TA?

DyDEU(—0 — 7j + € + 1) Ajp(0)ddE , (27)

/_m A 1 /_m / POTFE) (25)

Dy, D+( (&1 + &+ 01 — 02)) F(&2)p(02)d02dE2d01 dE

=3[ [ [ ora ®

DDSUO + 7 + € — ) F(&)p(p)dudéds

where we have denoted D(;" the Dini derivative with re-
spect to the variable §. We emphasize that the defini-
tion of this functional requires system (4) to be expo-
nentially stable, for the Lyapunov matrix U introduced
in Lemma 7 to be well-defined. We now prove that vg
has interesting properties for constructing a Lyapunov
functional.

Lemma 11 If system (4) is exponentially stable, then
there exists ay > 0, such that the functional vy defined
in (26) satisfies, for all ¢ € CP*

TM

0 < vo(p) < nllglZs - (30)

PROOF. Define Y(t,p) as the solution of (4) with
the initial data ¢ (to avoid any confusion with the so-
lution to the inhomogeneous equation, denoted as X).
Define ¥(p fo YT(t, o)WY (t,p)dt, which is well-
defined smce Y exponentlally converges to zero. Replac-
ing Y with Cauchy’s formula (7), using Fubini’s the-
orem and the definition of the Lyapunov matrix (14),
one obtains ¥(p) = vo(¢). Thus vo(p) > 0, as W is
definite positive. Consider N € N and define g(N) =

STV T (4, Q)WY (¢, @)dt. We have

) < Wl Z 1Y (v + (k + V)7, ) | 2dv
—TM
N 1
< Wiy Rze’z’\(’”l)TM\|<PH%3M ;

k=0

where the constants R and A are defined in (3). This
implies the expected result by taking N — oo. O

Lemma 12 Assume that system (4) is exponentially
stable. Consider the functional vy defined in (26) and
Xy the solution of the initial value problem (1)~(2).
Then, fort > 0, we have

Dtug(Xpy) = —XT(WX(t)
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—2XT (AU (0)f(t) + fT (AU (0)f(t)

M
2> Y XT(t+re—m)ATAU (1) (1)

=1 1.€Z((0,73))

2T /AU 7)F

T €ZL((£,0) " T ™

27 (1) / L U(r)F(€)

M
_22/0 XT(t 4+ 7 — ) AU (1)dr f() . (31)

X({t+&—1.)de

X(t+ € —7)drde

PROOF. The proof is given in Appendix A. m|

Notice that when f is equal to zero, we obtain
DFug(Xp) = —XT(t)WX(t) < 0, which is the homo-
geneous case obtained in [35] for a Linear Difference
Equation (F' = 0).

However, vg is not a strict Lyapunov and is only upper-
bounded by the Lo-norm of the system state, according
to Lemma 11, but not lower-bounded a priori. Hence, to
obtain these two properties, we follow the approach of [3]
and first introduce the intermediate functional vg(p) =
vo(e %), where p > 0, and the difference one (p) =

o(p) — vo(p)-

Lemma 13 Assume that equation (4) is exponentially
stable, and consider Xy the solution of (1). Then there
exists K1, Ko, K3, K4 > 0,a,a,a > 0 a sequence of pos-
itive coefficient dy such that Z >0 q converges, an in-

creasing sequence of delays Tq wzth 7'0 = 0, independent
from p, such that for alle,e’ >0, t >0

D* (u(Xpg) < ~XTOWX (@) + (£ + 5 +a) |70

+ (KL= e P™) + Kpe) > dg| X(E=T)IIP  (32)
q>0

+ (K3(1 — e P™) + K45/)|\X[t]||2L3M — pto(Xpy) -

PROOF. The proof is given in Appendix B. O

Let us now modify 7y to obtain an exponential decay,
by removing the pointwise terms in || Xp[|? and || X (¢ —
7,)||? in the derivative. Consider a sequence of positive
coefficient by such that the series ) | -, by converges, and
two positive coefficients b, b’ > 0. For all ¢ € C?", define
the functional v; as

1 () = ol +Zb/ loo(w) |2 du + b

>1 Tq —TM

0

0 0

lolerdusy [ [ p@lPerduds. (@3
—TM S

Lemma 14 For all ¢ € C?", vi(¢) > 0. Assume the

system (4) is exzponentially stable and let X1y be the so-

lution of (1). There exist p,b,V, (by)qen,€,e" > 0 such

that

a a .
D*oy(Xpy) < = pur(Xpg) + (£ + 5 +a) £
—be "™ || X (t — Tag)||2. (34)

PROOF. Since 7(p) > 0 it follows that v1 (¢) > 0. We
can then take the time derivative of (33), which leads to

Dy (Xpy) < DYoo(Xpg) + D by X (1)
q>1

=2 _ba < T X (=) +p

q>1

—Tq

0
I X (t+ u)||26'°“du>

0 0

+ | X (@2 = pb / IX(t -+ u)|2e du

—TM S

=X g R+ VX — b X (= )

0
- pb/ X (¢ + )| 2e” du. (35)

Let us choose b, b/, e,&’,p > 0 and (bg)g>1 € RiN such
that

dg(K1(1 — e P™) 4 Kge) — bye "™ <0, Vg > 1,

do(K1(1— e P™) + Kye) —w+ > b+ bmy +b<0,
q=>1
K3(1 —e P™) + Kye' —ble P™ <0,

where w > 0 is the smallest eigenvalue of W. As these
inequalities hold for p = ¢ = ¢’ = 0, and any b,b’ > 0
and any (by)g>1 € R%" such that > g>1bq < 00 which
are small enough to satisfy > -, by +V'7a +b < w, by
continuity, these conditions are always feasible. Injecting
the result of Lemma 13 into equation (35) leads to the
expected result. O

In addition, the presence of a modified Ly norm in (33)
allows to obtain the desired lower bound.

Lemma 15 Assume (4) is exponentially stable. There
exist g, o, > 0 such that, for all p € CPY

T™

allells <un(@) <oulells . (30)

PROOF. The upper bound can be achieved pretty eas-
ily using Lemma 11 and noticing that 7(¢) = vo(eZ ¢).
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The proof of the left-hand side inequality is adjusted

from[36]. We define the functional o(¢) such that o(p) =

v1(p) — aullp]|2, . We define Y; as the solution of (4)
™

with the initial data ¢. We obtain from equation (34)

Do (V) < — por(Yy) —be "™ |[Y (¢ — 7ar) %, (37)
since f = 0 for solutions of the homogeneous equation.
Thus, we have

Do(Yy) < —be” "™ |V (t — map)|?
—oYT)Y () = YT (t — )Y (t — 701

Choosing 0 < ay < be™™  we obtain D*T)(Yt) < 0.

Integrating between 0 and T, we have v(Yr) < © )

The exponential stability of YT allows taking T' —

We can conclude that vy () > agll¢l2, . O.
™™

4.2 Proof of Theorem 2

We can now finalize the proof of Theorem 2.

The proof that (1) implies (2) follows from the fact that
the exponential ISS of (1) implies that the homogeneous
equation (4) is exponentially stable. Hence, one can con-
sider the functional v; as defined in (33), and apply Lem-
mas 14 and 15. Let us now prove the converse statement
and assume that (2) holds. From (2)(a), using the com-
parison principle, one obtains

t
o1(Xpy) < e Phon (X°) + / 00| £ ()| 2d
0

Using (2)(b), we thus have

t
Qy o v
1Xll72, < e |IX°l|Z +*/e”‘ NI w)IPdv
™ Qyp ™ ay Jo

Qy o
< e MIXOYT  +—— sup ||f(s)]]*.
Qy ™ POy osefo,t]

Taking the square root we obtain the expected result

with R =, /¢¥, A=p/2andy = /2. O

pog

5 Conclusion

This paper focused on investigating the Input-to-State
Stability (ISS) of Linear Integral Difference Equations,
which are a type of difference equations with pointwise
and distributed delays. We established that the ISS of
these systems is equivalent to the existence of an ISS
Lyapunov functional. Drawing from recent literature on
necessary conditions for the exponential stability of dif-
ference equations, we introduced a quadratic Lyapunov

functional that includes the derivative of the delay Lya-
punov matrix. The analysis relied on the properties of
the fundamental matrix and the delay Lyapunov matrix.

Future works should focus on extending the proposed
ISS-Lyapunov analysis to hyperbolic PDEs of balance
laws, as it has been shown in [4] that such systems can
be expressed as IDEs. For such PDEs, it would then be
possible to improve the previous Lyapunov conditions
obtained in [7, 8, 21] and derive less conservative Lya-
punov functionals, that do not necessarily require the
sufficient-only dissipativity condition outlined in [7]. The
development of explicit Lyapunov functions would have
significant implications for control strategies for PDEs.
It would open up the possibility of combining classi-
cal backstepping controllers with event-triggered control
mechanisms, thereby expanding on the results of [14, 13].

Furthermore, such generic ISS-Lyapunov functionals
could be employed to evaluate the existence of robust-
ness margins. For example, similar to the work done
for time delay systems, a Lyapunov functional could
demonstrate robustness in the presence of stochastic
uncertainties or stochastic delays [24, 5].

A  Proof of Lemma 12

The proof of this lemma involves lengthy algebraic ma-
nipulations on the Dini derivative of the functional v
along the system trajectories.

We start our analysis by observing that vy involves the
derivative of U’, which should be understood in the
sense of distributions. Hence, the Jump rule [15, 38] for-
mulates this distribution as the sum of Dirac distribu-
tions and the distribution associated with U”. Conse-
quently, applying this rule, changes of variable (respec-
tively, 7 ={+1; —1;— 0 foray, 7 = 61 — &1 + & — 6, for
ag and 7 = 0 + 7, + £ — p for as) and Fubini’s theorem,
vp can be rewritten as

3 2
vol(e) =D > al(e), (A1)
i=1j=1
in which,
>/ S (OAT AU (r,)
i,j=1 Tir.€ E+7—177-] E+7i)
x Ajo(r; ;i — T+ g)deg, (A.2)

SIS 10

TE€EZ((— §1+52+917 £1+61))

xFT (&) AU’ (1e)F (&) p(—€1 + & + 01 — Tc)4916(51§2§§1 ;
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0 0
/ S L)
k=1""TM =Tk 1 cT((0+T1+E,0+T))
X ATAU (1) F(€)@(0 + T + € — 70)dAdE,  (A.4)

are terms encompassing the discontinuities of U’ and

E+Ti
a3y / | ot
X(pTZ—TJ—T+ded§, (A.5)

&1+01
/ / / [ e
—7Tam J—Tm S 51+E2+91

&)p(—&1 + & + 01 — 7)dTdbdEadéy ,(A

/ / /GJH—’C
Ty J =T JO+T+E

x F g) (0 + 7% + € — 7)drdbde . (A.7)

U//( )

ATU//( )

are terms corresponding to the standard derivative U”.
For the sake of clauri‘cy7 we W111 examine separately the
Dini derivatives of a and a? first, then a} and a3 and
finally a} and a3 in the sequel.

A.1  Dini derivative of al and a?

First, applying the computations given in [3][Lemma §]
with A(t) = f(t) + [7 F(E)X(t + &)dE, one gets

>

Tal(Xpy) = —XT()WX(t) — 2XT () AU’ (0)h(t)

M:

> XT(t+ 1 — ) AT AU (1o)h(t)
=1 1.€Z((0,7;))

+ h()TAU(0)h(2) . (A.8)

Second, let us introduce

| A ifEe T, mi1),i>1
A:€e[-mu,0] — {A1 otherwise

(A.9)
Li(0,7,61,&) = XT(0)A(&)"U" (1) (A.10)

x A(L)X(0—&+&—7).
One can then apply Lemma 16 (given below in Ap-
pendix C) with £ = L? (using the symmetry property of

U" to prove (C.5)) and in particular (C.7) to conclude
that

D+a%(X[t])

Ti—Tj
-2 Z </ Li(t+7—7 +7j,7,—7,—7)dT
1<ig<M N =T

_/ L?(t+T_TiaTa _Tiv_Tj)dT) . (All)
0
A.2  Dini derivative of a} and a3
Let us now focus on a3 and a3 and introduce
L%(G,T, 51752) = (AIQ)

XT(O)F(&)TAU (T)F (&)X (0 — &1+ & — 1),
L§(97T7 51752) = (Alg)
XTOF (@)U (1) F(&)X(0 — & +& —7),
to apply Lemma 16 with, respectively, £ = L} (using the
symmetry property of AU’ to prove (C.5)) and £ = L3

(using the symmetry property of U” to prove (C.5)).
More precisely, (C.8) yields

0 0
D+aé(X[t]):/_ /; (Lé(t+§la07§17€2> (A14)

—2 Z Lyt +7c+ & — 2,7, 61, &2)
Te€L((§2,62—&1))

+2 >

Lyt + &, 7e, &, fz))dfld& )
Tc€Z((€2,0))

as [V [0 Li(t.& — €1.61,&)dE1dEs = 0 due to the

fact that AU is zero almost everywhere as Z((—7ar, Tar))
is countable from Lemma 8. Besides, (C.6) yields

DVa2 :_2/ / / L2t+r+§1 &,
—TM —TM 2

T, gth)dT— / L2(t+7—+€157— 51762)d7)d£2d§1
0
(A.15)
Let us focus on the first term in (A.15) which, using the

change of variable 7/ = 7 — & and applying Fubini’s
theorem, can be rewritten as

0 & 0
- / XT(t 4+ &) FT(€) /
—7nm 40 -™
F(fg)dng (t) drd§y ,

U//(T + §2)

and, using the dynamic property of U” (24), can then
be reformulated as

0 —-&
/ XT(t+r+e)FT(6) Y. AU(R)
—mm /0 Te€I((T—Ta1.7))
0 3!
x F(1e — 1) X (t)drdé; — / XTt4+74+8&)

—7nm YO
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M

FT(&)(U"(r) = > U"(r — 1) A) X (t)drdé; .

i=1
Therefore, we obtain

0

D*a3(Xy) = 2 / [ xTere e @)

Y AU F(r. — &)X (1)dEadés

Te€L((E2—Tm,€2)

0 —&1
—2/ XT(t4+74+&)FT(&)

—7m JO

&1
U" (1 — 1) A) X (t)drdéy + 2/ /_ / X(t
T+ &)FT (&)U (T)F (&)X (t + &)drdéadsy , (A.16)

"(r) -y

i=1

which, applying again Fubini’s theorem and a change of
variables on the first integral, can finally be rewritten as

D aQ(X[t] —2 /
—Tm

XT(t + Te + fl

(A7)
‘QEZ((&,& 1))

— &)FT (&) AU’ (1) F (&) X (t)déadé

0 =&
i / XT(t+7+&)FT(€)(U" (7)
—TM 0

0 —&1
—Z:U”T—TZ X (t)drdé + 2 / /
—7tm J—7m JO

X(f + 7+ &)FT(E)U" (1) F(&2) X (¢t + &2)drdadé, .

A.3  Dini derivative of a and a3
Let us define
Ly(0,7,61,6) = XT(0)A(&1)T AU’ (1) F (&)
XxXO—-& +&—1), (A.18)
= XT(0)AG)TU"(1)F (&)
XX(97§1+527T),

L% (67 Ty, =Tk, g)

(A.19)
Applying (C.4), with £ = L}, yields
D+aé X[t]

M
Z L§(t +Te— Tk — 677—67 _Tkag)

/ ("'CGI((§7§+TI¢))

- Z Lé(t_Tkmi_Tkag)+Lé(tu€+7—k7_7_k7€)
T €Z((§,0))

>

T €Z((§+Tk,Tk))

Lé(t,’]’c, _Tkaé-) - Lﬁ(t + 513 07 _Tk7£)

- Z Lzl),(t+7'c—7'k,7'c,—7'k,§)>d§, (A.20)
T €Z((0,71))

in which f LA(t, € + 11, — T3, €)dE = 0 as the inte-
grand is null almost everywhere. Applying the change of

variable 7/ = 7. — 7, and equation (21), the fourth term
of (A.20) rewrites

s /
—TM

Then, applying Eq. (1) to substitute the terms
il X (E=m) by X(8)— [0, F(OX(t+€)de—£(2)

> XTWAU (r) F(OX(t+ & — m)de .

T.€ZL((£,0))

in the second and sixth terms of (A.20), we finally obtain

M .0
Draix) =Y. [ S XT(t - £)
k=1Y"T™ TcE€EL((&,7k+E))
0

ALAU' (o) F (€)X (t)d€ — (XT(t+&)F

—TM

/_ S AUGF@)X(E+ & — m)dea)

M 7. €Z((£1,0))

+Z/ > XT(t+ 7 — )AL AU (1) F ()

M 1. €Z((0,7k))

T (&)dé

X(t+€)de + XT(t)AU'(0) ’ FX

—TM
0 0

- XT(t—&-fl)FT(&)d&AU/(O)/ F(&2)

—TM —TM
0

FE)X(t+&)d¢

(t +&)d¢

X(t+ @) — 1 0A00) |

o —TM
o[ AUERPOXE €.
™ 1 cZ((£,0))
(A.21)

Let us now focus on a?. Applying (C.3), with £ = L2,
yields

D+a§(X[t]) =
M 0 E+Tr

_Z/ (/ Lit+71—1p — &7, —Th, E2)dT
k=17-"m \J¢

0 Tk
_/ Lg(t_Tk7T7 _ka7§)d7—+/ L%(t7
3 3

+Tk

Tk
_ / Lg(t + T — Tk, T, —Tk,f)d7>d§,
0

Ty =Tk, g)dT
(A.22)

Using simple changes of variables, the symmetry prop-
erty of U”, and substituting the terms Ziw:l Ap X (t—71)
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by X(t)— [° F(€)X(t+&)dé — f(t) in the second term
of equation (A.22), we finally obtain
(A.23)

M 0 E+Tr -
D+a§(X[t])=—Z/ / X(t+17—1 =)
—TM

ATU"(r) F(€) X (t)drdé + / / XT (U (r)

F(X(t+ &+ 7)drdg — //M/ 6lXT (t+&)

FT (&)U (1) F(6) X (t + & + 7)drdéads; — / /
—TM O
M

M
XT(t+7+OFT(€)D U"(r — m) ApX (t)drdé + )

k=1

0 Tk
/ / XT(t+7 — 1) ATU" (1)F(6) X (t + €)drde

0 0
—fT U'(T)F (&)X — 7)drd€ .
51w [ [ UTeR@X g -

A.4  Final computation of D vy

Gathering Eq. (A.8), (A.11), (A.14), (A.17), (A.21),
(A.23), one obtains

Dtug(Xpy) = —XT(WX(t) (A.24)

i,j=1
0
-2 XT(t — ) ATU" (1) A; X (t — 7 — T)dT:|

~2 Z > XT(t+ 7 — 1 — AL AU (7)
™ TceZ((ﬁ Tr+E))

d§—22/_m/£+rk (t+7—7 — &)

x ALU"(T)F(§)X (t)drdg — 2XT (t) AU (0) f ()

+ T ®)AU’ +22/ / XT(t+1—7)

—TM

x AU (r)F (&)X (t + &)drdg

M
2> > XT(t 41— ) AT AU (o) £(1)

i=1 7.€Z((0,7:))

2471 / S AU(R)FOX (+€ - o)de

T €Z((£,0))

—2fT(t)[ /5 U (F)F(E)X(t + € — 7)drde .

M Ti—T;
— Z [2/ XT(t+7—m+1)ATU" (1) A; X (t)dr
1,

Applying the change of variable 7/ = 7 + 7}, the second
term of Eq. (A.24) rewrites as

—QZ/ XT(t+ 71— 1) ATU" (1 — 1) A; X (t)dr

3,j=1

Besides, applying the change of variable 7/ = —7 and
using the symmetry property of U”, the third term of
Eq. (A.24) can be reformulated as

2 Z / XT(t — ) ATU (1) A; X (t 47 — 7).
4,j=1
Furthermore, applying the change of variable 7/ = 7 —¢,

and the dynamic property (24) of U”, the fifth term of
Eq. (A.24) rewrites

—22/ XTt—i—T—TkATU” ZU”T—TZ

A — > AU (7o) F (1 — 7)] X (¢ )dT.

Tc€L((T—7M,T))

Finally, using equation (1), the sixth term of Eq. (A.24)
rewrites

QZ/ XT(t 4+ 7 —7)ATU" (1) ZAZ
l)]dT—ZZ/O XT(t 47— 7o) ATU (7)dr £(£).

Substituting these terms, the desired result (31) follows,
with a final use of Fubini’s theorem.

B Proof of Lemma 13

As the proof of this result involves computations which
are very similar to the ones presented in the proof of
Lemma 12, we will only give a sketch.

In order to reformulate 7y and 7g, let us first define, for
i€{1,2,3} and j € {1,2},

L0 (1,0,7,61,6) = LIt + 0,7, &1, &)e5 20-T-E1+€)
(B.1)

L (t 9 i 61’52) (t 0 ™ 51’52) Lz(t+077—7£17£2)3
(B.2)

in which L7 have been defined in (A.10), (A.12), (A.13), (A.18)
and (A.19), respectively, and L2(0, 7, &1, &) = X T (1) AT (&)
AU (T)A(§2) X (0 — & + & — 7).

11
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We first rewrite 99 and 7 into three terms

Vg = a1 + ag + 2a3, Vg = ay + as + 2ag (B3)
and, from the Jump Rule, rewrite each a@; and a; into
two terms as, for any i € {1, 2,3},

(B.4)

where a}, dé are terms encompassing the discontinuities
of U’ and a2, a? are terms corresponding to the standard
derivative U”, which can be written as

M 0 _
= _Z / Z L%(tagaTm_Th_Tj)dg;
4,5=1" " 1 €(E4+Ti—Tj,E+Ts)
(B.5)
0 0 0
-/ [ ] (B.6)
—Ttm J—=Tm Y€1
Z Ly(t, 01, 7c, &1, &2)db1dEadEy
TE€L((— §1+€2+91, &1+01))
Z / / (B.7)
—Tm J =T
Z Li(t,0,7c, —i, €)d6dE,  (B.8)
TrGI((9+7k+§ 9+Tk))
€+T’r -
d%( / / t fa T, —Ti, Tj)defa
i,j=1 5+TL*TJ
(B.9)
0 0 0
*/ / / (B.10)
—7tm J—Tm S

&1+61

/§1+§2+91

L3(t, 01,7, &1, &) drdf dEodE,

O+7r
= 72/ / / L2(t,0, 70, —73, )drdAdE
—TM —Tk

0+7+€
(B.11)

and similar formulas for the functions @’ but with ZZ in
liewof L? (i=1,2,3,7=1,2).

In the following, we first focus on the Dini derivative of
U9 in Subsection B.1 and, from it, we obtain the desired
inequality on the one of 7y in Subsection B.2

B.1  Dini derivative of ¥y

Observe that, for i =1,2,3 and j = 1,2,

J 7 )
aaL (t 0 7, 51762) 8815 (t7077—7 51762) - pf’f (ta§77-) .
(B.12)

12

Hence, taking the time derivative of @i, one obtains

>

1<i,j<M

- Y L

TCEI((_Tj ,0))

D+di(X[t]):— (—i%(t—Ti,O,—Ti,—Tj)

— Tiy Tey —Tiy 77])

+ Z i%(t’]’c, —Tiy 77__7)
T€Z((Ti—75,7:))
- Z f&(tJrchTi,TC,—Ti,ij)

T €Z((0,74))
> LYt + 70 —

Te€L((—75,7i—175))

+I~&(t,n 77'7;,773')7

+ Ti+Tjach_Ti7_Tj>>

-7 pay (Xp) - (B.13)

Using Young’s and Cauchy Schwarz’s inequalities, we
have

>

Te€Z((0,7:))

< AP IX =)l D

Te€Z((0,7:))

f&(t + Te = TiyTe, —Ti, —Tj) < (1 —e7F7M)

AT (F) N1 X (t+ 7 — 72)

1—e PTM
< S (mxe- )P

D

T €Z((0,7:))

+ 1A IAU’(TC)IIIX(t+Tc—Ti)2)

where K = [AIP 3, cz((—ryy ) AU (70)]| (which is
well defined due to Lemma 8) and ||A|| = maxi<;<ar || A4
Performing analogous computations to deal with the
other terms of equation (B.13), we can define a sequence
of coefficients d such that the series 3 -, d converges
and an increasing sequence of delays 7, W1th 7o = 0 such
that

DYa}(Xy) < K{(1—e ™) dg[IX(t — 7
q>0

~ pal (Xp). (B.14)

for a certain K{ > 0, with all parameters independent
of p.

From similar computations for @2, one concludes that
there exists a constant K7 > 0 such that

D ay(Xp) < Ki(1— e P™) (Zd X (t — 7,2

q>0

+ ||X[t]||2L3M) = par (Xpy) - (B.15)
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Similar computations for @i, a3,a; and a3 give the ex-
istence of a positive sequence (d,) such that the series
> 4>0 dq converges, an increasing sequence of delay 7,

satisfying 7o = 0 and a constant K3 > 0 such that

3(1— e Pm™) (Zd X (t — 7)1

q>0

D UO(X[t])

+ [ X1y %3M> = pto(Xpy) - (B.16)

B.2 Dini derivative of vy — Conclusion of the proof of
Lemma 13

By definition, we have DT7(Xy) = Dt oo(Xp) +
Dt uo(Xpy) in which the expression of DT v (Xp) is
given in Lemma 12 and D* (X[ ) satisfies the inequal-
ity (B.16).

Besides, observe that, for any e,¢/ > 0, Cauchy-
Schwarz’s and Young’s inequalities yield
(B.17)

XT(6)AU'(0)f(t) < %IlX(t)H2 + %IIAU’(O)IQIIf(t)IIQ,
FEOAU0)f(t) < |AUOIF @), (B.18)

X7t + e = )| A AT ()£ @)

(B.19)

S

+elAIPY S Y IXT (T = m)PIAT ()17,

=1 7.((0,73))

0
217 () /_ > AU'(r)F

TMr cT((£,0))

X(t+&—7e)dg

(B.20)

Qo
< 2 £ + <1 Xig 32, IFIE

T €Z((—7n,0))
2fT / / U//
*TM

||f O + &1 XglZ2 IFIZNT" lloo,
2 /
k=

(6%}
Sf,ll FOI + X7z, MIAIPNT oo,

X(t+&—r)drdé (B.21)

+ 7 — Tk)A{UN(T)de(t) (B.22)

M
where o Y oict ZTC((O’E)) AU (7o)l = TM
Yoret(empmy AU (T, as = 7mar [ fM 1o (r
and oy = M [ U (7)]|dr.
T™

13

> AU (@)

Gathering (B.16), (B.17), (B.18), (B.19), (B.20), (B.21),
and (B.22) finally gives the desired result.

C Intermediate results

Lemma 16 Consider £ : (0,7,&1,&) € [—7Tar, +00) X
[—7ar, Tar] X [=7ar, 0] — R and define, for (t,£1,&) €
R, x x[—7pr, 03,

o= [ [

0
J(t7£17€2) = /g Z ‘C(t+977—67§17§2)d97

U r €Z((04+€2—E€1,0—&1))

t + 97 T, gla §2)d7d9 )

(C.1)

(C.2)

in which I(to,t1) is the set of discontinuities of the
derivative U’ of the Lyapunov matriz defined in Section
3.2. Then, it holds,

&2—&1
D+I(t7£17€2):/ ‘C(t+T+§1_§2aTa§17§2)dT

0 =&

L(t+ 61,760, &)dr + / Lt 7,61, E)dr
13

&2

—&1
—/ LOE+T+E,7,81,8)dr
0

DY J(t, &, &) = Z L+ 7+ & — &2, 7,61, 62)
T€Z((§2,€2—€1))

L"(t =+ 6177-061562) + E(ta 52
T €Z((£2,0))

>

Te€L((§2—&1,—

2—&1
(C.3)

- 51761552)

ﬁ(taTmfth) -
€1))

E(t + gla 0551762)

- Z E(t+TC+§1)TC7£17§2); (0.4)
T €Z((0,—&1))
» Besides, if L is such that, for all (0, 7,&1,&2),
£(9+£2 _51 - T, _Ta€27£1) :£(07T7£17§2)a (05)

then, it holds

D+ ( /_ OTM /_ OTM I(t,51,£2>d§1d£2>
- / L

— E(t+7+§1,T fl,fz)dT)dgldfza (C.6)

0

DY > It T, —T)

1<ij<M

( +T+€1 _§2a7—a§17€2)d7—
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=2 Z < Lt+T—7i+7),7, —T5, —7;)dT
1<4,j<M T

_/ £<t+T_TiaTa _Tia_Tj)dT)7 (C?)
0

0 0
D+ ( J(t@l,gg)dsldgg)

—TM

0 0
:/ / (2 Z E(t+TC+£1_§27T57£17§2)

Te€Z((£2,62—61))
+ L(t, & —&1,61,8) — L(E+£1,0,61,&2)

Z ‘C(t+£177-ca€17£2))d£1d§2. (08)

T.€Z((§2,0))

-2

Proof: Applying Fubini’s theorem, it holds

&2—& pr+H&—&2
I(t,&1,62) = / / L(t+0,7,81,8)dodr
&2 1
0 0
+/ ﬂ(t—‘re,T,gl,fg)deT
2—&1 v &

—& 0
+/ / ﬁ(t + 977—7 51762)d0d7—, (CQ)
0 T+&1

and, similarly,

Tet81—&2
J(ta€17£2) = Z / E(t+977—07§1a§2)d9
T €L((£2,€2—6€1)) 7 °F
0
L(t+0,& —&1,&,62)d0 (C.10)
&1
0
+ Z E(t+07Tc7§1a£2)d9

re€T((€2—61,0)) V€1

0
+/ E(t+070a§1552)d0

0
+ Z / ‘C(t+077_ca§1a£2)d0'
Te€T((0,—€1)) Y TeTEL

Taking a time-derivative and integrating with respect to
6, one obtains (C.3) and (C.4), respectively.

Then, let us integrate twice (C.3) to obtain (C.6). One
obtains four terms, in which the third and second ones
can be rewritten as the first and fourth ones, respec-
tively, using the change of variable 7/ = —7, the prop-
erty (C.5) of £, the change of variable (£],&5) = (&2, &1)
and Fubini’s theorem. This gives (C.6). The exact
same arguments applied to (C.3) lead to (C.8). Equa-
tion (C.7) also follows from very similar lines, with

(€1,&2) = (=7, —75).
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