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measured output

x(t) = X(t, to, x0)
y = h(x)
} Y(,t—T,2)
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2(t—1T)
t—:T ¢ time
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measured output

x(t) = X(t, to, x0)
y = h(x)
} Y(,t—T,2)
Z(t)i
2(t—1T)
t—:T time

t
Zon(t) «—arg min J0(27 t, }/tt—T) = / H Y(T7 t— T? Z) - y(T)H%)dT
z t—T

X(t) == X(t, t — T, zope(t))
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Conclusion
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State estimation: An optimization problem

(Dynamic & non convex)

/ \

Local minima, Computation time
Singularities avoidance Real-time implementation

heuristics / \

Ideal Continuous Case

Discrete
(Gradient-based)

general setting
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Problem (Uncertainty & noise)-free system

Statement

Example 1
’ x(t)
Singularity

Crossing y(t)

Example 2

X(t, to, Xo)
h(t, x(t))

Example 3

R Uncertain and noisy system

Issues

Differential X(t) = X(t, t07X07th0)

Form
Discrete

Form y(t) = h(t,x(t))+ v(t)

Example 4

ANR-CLPP Constraints

Example 5

Conclusion o x(t) € X(t) CR”

Further o w(t) € W(t) C R™ Uncertainties/Disturbances.

readings
e v(t) € V(t) C R™ Measurement noise
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Definitions and notation (2): Measurements-compatible configurations

Consider
e Time interval [t — T, ¢]
e Measurement profile y/_
o (&,w) € X(t— T) x [RM]l= T

(&, w) is (yf_7)-compatible
ifforalloce[t—T,t]:

® w(o) € W(o),

® X(o,t— T,&w) € X(o),

(3] yLFfT(O—) - Y(O’, t— T,€,W) €
V(o).
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Definitions and notation (2): Measurements-compatible configurations

Consider
e Time interval [t — T, ¢]
e Measurement profile y/_
o (&w) eX(t—T) x [R™]E T

(&, w) is (yf_7)-compatible
ifforalloce[t—T,t]:

® w(o) € W(o),

® X(o,t— T,&w) € X(o),

(3] yLFfT(O—) - Y(O’, t— T,€,W) €
V(o).

Notation

|

(57 W) € C(tv}/tt—T)
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Consider
Oz measurement y}_p(-)
bl e Time interval [t — T, ¢] — output prediction Y(,¢ ~ T,¢, w)
S;t:;:ztl e Measurement proﬁle .ytt— - —— output prediction Y (-,t = T.€,w) = y}_(-)
T

Singulari _ nw[t—T,t] S
o e (&w)eX(t—T)x [R™] ;

Example 2 ()

Example 3 . . i ¥
Real-Time (§,w) is (v;_1)-compatible "
Issues

. X(-T

pierencial if for all o € [t — T, t]: -

Form

Di: t

Forri ® w(o) € W(o), V(o)
Example 4
ANR-CLPP (2] X(U, t— T7 £7 W) € X(J)'
Example 5 ) }’tth(O') _ Y(a, t— T, €’ W) c t—T ‘ ¢ Time
Conclusion

V(o).

Further ( )
readings

Notation

| (6 w) € C(t,vé 1)
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Definitions and notation (2): Measurements-compatible configurations

Consider o
measurement v]/th .
e Time interval [t - T? t] —— output prediction Y(-,t = T,¢,w)
° Measurement proﬁle y:_T —— output prediction Y(-.[fl'.f.w)f_u,’ir(-)
T
o (L,w)EX(t—T) x [R”w][t*Tvt] —_—
x()
(&, w) is (y{_+)-compatible X()
if foralloe[t—T,t]: M=)
® w(o) € W(o), ﬁ V(o)
® X(o,t— T,&w) € X(o),
® y,_r(0)—Y(o,t — T, &, w) € t-T { ¢ Time
V(o).
(& w) € C(t, yi_7) if the
Notation corresponding trajectory

|

® meets the constraints
(6. w) € C(t, vt _7) |

® explains the measurements
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The finite horizon observation problem

The finite horizon observation problem

Choose a finite T > 0 and use at each t, the available information:

@ System equations
@® Past measurements y;_r,
©® Constraints and

@ Some additional exogenous knowledge.

in order to produce an estimation X(t) of the current state x(t).
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The finite horizon observation problem

The finite horizon observation problem

Choose a finite T > 0 and use at each t, the available information:

@ System equations
@® Past measurements y;_r,
©® Constraints and

@ Some additional exogenous knowledge.

in order to produce an estimation X(t) of the current state x(t).

Find (&, w) —  X(t)=X(t,t = T,&w)
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The finite horizon observation problem

The finite horizon observation problem

Choose a finite T > 0 and use at each t, the available information:

@ System equations
® Past measurements ytt,T,
©® Constraints and

@ Some additional exogenous knowledge.

in order to produce an estimation X(t) of the current state x(t).

Find (¢, w) —  X(t) = X(t,t — T,&,w)

The set of candidate estimates X(t):

Qt:{X(tvt_ T,S,W) | (ﬁ,W)EC(t,ytt,-,—)}.
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Sl Q = {X(t, t—T.6w) | (& w)eC(t y,_f_T)}.
Problem
Statement

Example 1

Singularity e Either Q, = {x(t)}, for instance because

Crossing
Example 2
Example 3

e W= {0}, V={0} and

Real-Time
Issues
Differential e The system has no indistinguishable states
Form

Discrete
Form

Example 4

ANR-CLPP
Example 5

t
Conelusion / HY(U7 t— T7 X(l)) - Y(U7 t— T7 X(2))||2d0' > a(HX(l) - X(2)||)
t—T

Further
readings

for all t > 0 and all (xV,x®) e X(t — T) x X(t — T).
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The need for additional knowledge

Qt:{x(tvt_ T7£’W) | (f?w)ec(t’ytt—T)}'

Or Q; # {x(t)}, and a selection must be made by solving

P(t) min_ ®(&) + J(t,6,w)  — (£(t), W(t))

(&,w)eQ:

e Estimation: %(t) = X(t,t — T,£(t), W(t))

o ®(&) is the cost to go
(summary of the past measurement related information)

o In the sequel ®(&) + J(t, &, w) is shortly denoted by J(t, &, w)
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Temporal Parametrization (1)

Solve P(t) (é‘zlr)]ier]c(t)_/(t,f,w)

In many textbooks, the following parametrization is suggested for w:

pu = {W(kT)HEN™ € W(ko) x -+ x W(ko + N —1) C R™™

e Decision variable (¢, pw) of dimension n+ N - n,,
e Too rich spectral content increasing uselessly €

e High sensitivity to the knowledge of W(-).

Unrealistically too many possible interpretations of the measurements
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Solve P(t) (E“T‘isr&t)J(t,f,w)

Example 1
Singularity Use a reduced dimensional parametrization

Crossing

Example 2

Example 3 W(t) = W(t, pw) i pw €P.

Real-Time

L SR min JEEWER) =g ) — ) Aule)

Discrete
Form

Example 4 &(t) = X(t, t — T,E(t), W(-, pu(t)))
ANR-CLPP
Example 5

Conclusion

Further .
readings o X = (XT7 pJ)T e R"xR™ New uncertainty-free

. extended state estimation problem.
® p, = 0
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Statement & R R
Example 1 (Observ) % = f(X)+ K(%,y)
Singularity )
Cosne  Try to show asymptotic convergence of
Example 2 P
Bampes € XX governed by
Real-Ti i
\szies o X = f(X)
Differential .
Form é = f(x)—f(x—e)— K(x—e, h(x))

Discrete
Form

Example 4 Very Hard Task

ANR-CLPP )
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Analytic vs optimization based observer

Analytic observers

Optimization based observers

Try

(System) X = f(x); y = h(x)
(Observ) % = f(&) + K(&,y)

to show asymptotic convergence of

e = x — X governed by

X

= f(x)
= f(x)—f(x—e) — K(x — e, h(x))

Very Hard Task

Need for structural properties
Coordinate transformation
Constructive assumptions

Observability # Existence of
observer

Rely on the implication

{Jt.6) =0} = {X(t,t = T,€) = x(t)
X(t)

+ No need to study the dynamic of e

+ No need for structural
assumptions

+ Observability < Observer

+ Handling constraints on the state

Potential problems

- Global convergence ?

- Computation time ?
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Differential .
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Form
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Example 5 e Unknown dynamics

Conclusion

e High gain observers need
Further . e . .
readings tremendous simplifications to give
rather poor performance

Coll. Nida Sheibat-Othman & Sami Othman
(LAGEP,Lyon)
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Example: terpolymerization reactors (The mathematical model)
N; = Q; — Rei

i=1,2,3
Re, = u[MF|(ko1i PY + koai PY + kpsiPY)

«O)>r «Fr <

it
-

DA



Nonlinear
Moving-
Horizon

Observers

Mazen
Alamir

Outline

Problem
Statement

Example 1
Singularity
Crossing

Example 2
Example 3
Real-Time
Issues

Differential
Form

Discrete
Form

Example 4

ANR-CLPP
Example 5

Conclusion

Further
readings

Example: terpolymerization reactors (The mathematical model)

N; = Q: — Rpi i=1,2,3
Re, = u[M]1(kp1i PY + kp2i Py + kp3iP3)
where
PP=— % pp=— O g propr
a+ B+ a+B+y
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Example: terpolymerization reactors (The mathematical model)

N; = Qi — Rpi =123
Re, = u[MF1(kp1i PY + kp2i Py + kp3iP3)

where
pP—_— o . opp__ P . opp_y_pr_pp
a+pB+vy a+pB+vy
in which
P P P P
a [My (ko1 kp3i [My ] + ko1 kps2[Ma ] + kps1kps[Ms])

@
I

(M2 ] (Kpr2kosi [MY] + kpr2kosa[M3 ] + kpikos2[M£])
v o= M) (keskor [ME] + ko1 koos[M3 ] + kpiskoas[M£])
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Further !
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(Phase II)

(Phase III)
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Example: terpolymerization reactors (The mathematical model)

N; = Q: — Rpi i=123
Re, = M) (kpti P + kpai P + kp3i PY)

e 4 plays a crucial role

e The dynamic of y is unknown
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The dynamic of y is unknown
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Statemant . l4+d 0 0
1+do 0 - f(x,u)

Example 1 N

Singularity 0 0 1+ds

Crossing

Example 2 o =0

Examplels

Real-Time y = (1+v) hx)
lssues

Differential
Form

Il
o

E{‘\)ﬁ(r:nrete e The state x := (Nl N2 Ns :“') € Ri

Example 4 o
ANR-CLPP e The uncertainties
Example 5

Conclusion dl(k) - dmax : ri(k)
Further l/(k) Vmax * ru(k)

readings

e r; and v randomly chosen in [—1, +1]
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Simulation results

N;: True (solid) N, True (solid) N, True (solid)
vs estimated (dotted) i

vs estimated (dotted) vs estimated (dotted)
8 8

X ) -
0 1000 2000 3000 0 1000 2000 3000 ¢ 1000 2000 3000

)
Time (s) Time (s) Time (s)
0’ M . The outputs , Ehe uncertainty vector &
1 0.1
0.8
2.5 0.08
0.6
0.06
0.4
2 . oo “"‘M‘
/ I o
off 002 { \ ’ “h

5 0.2
0 1000 2000 3000 0 1000 2000 3000 0 1000 2000 3000

Time (s) Time (s) Time (s)

Figure: Observer behavior under model uncertainty given by (1)-(1) with dmax = 10%
and no measurement noise (Vmax = 0). The observation horizon is N = 10 and the
number of trials for the singularity crossing scheme is Ny,s = 4. Initial state of the
observer is X(0) = diag(0.8,1.3,1.3) - x(0) and pops(0) = 0.8tmodel-
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Crossing

Example 2
Example 3

(0 1000 2000 3000 0 1000 2000 3000 0 1000 2000 3000
Real-Time Time (5) Time (5 Time ()
Issues
Differential 10° n The outputs The uncertainty vector 3
Form 3.5 12 01

Discrete
Form

0.8

Example 4

| 0.6
ANR-CLPP 250

Example 5 04

0.2

Conclusion

Further s s
reedhiEs o w0 2000 300 o w0 2000 3000 o mqu_ 2000 3000
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Figure: Observer behavior under model uncertainty given by (1)-(1) with

dmax = 10% and in the presence of measurement noise (Vmax = 0.01). The
observation horizon is N = 15 and the number of trials for the singularity crossing
scheme is Nyjas = 4. probs(0) = 0.81umodes. Note that concerning the output, only the
true output and the estimated one are shown, measurement norse is not presented




Nonlinear Experimental results: Nyias = 10
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Alamir 08
" 2
Outline 2 y
Problem 2
Statement s 05
Example 1 0.4 *
H 1
5 * !
Singularity 03
05 (R
Crossing . 0.5 b 0.2
Example 2 e \
0.1
Example 3 0 20 40 60 80 100 120 0 50 100 0 50 100
Time (min) Time (min) Time (min)
Real-Time
Issues The outputs Computation time (sec)
Differential ! 5
Form
Discrete 0.8 4
Form
Example 4 0.6 3
10
ANR-CLPP
04 2
Example 5 5 i
Conclusion F i 0.2 1
Y S O
Further o
readings 0 20 40 60 80 100 120 0 50 100 0 50 100
Time (min) Time (min) Time (min)

Figure: Experimental validation with Ny, = 10 and tolerance threshold ¢ = 10~3.
The same scenario is depicted on figure 6 where Ny, = 1 is used. The computation
time is given in seconds.
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Forthcoming issues

Global convergence ?

e No generic and definitive solution ...!
e Heuristics for singularities avoidance
v
Computation time ?
o Differential form of optimization based observer
e Real-Time iterations / Optimal choice of updating period
v
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. / k
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ypi( ),Jrkl d exp( P)
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Light produced by the bioluminescence:

1 is the growth rate

pmS
“(5):k5+s L=y -uS) P

I
—X
| + ki




Nonlinear
Moving- . .
Horizon Evolution of the cost function Ui}i4:0

Observers

Mazen
Alamir

Outline

)

Problem
Statement

t
t—

Example 1
Singularity
Crossing

Example 2
Example 3

J(z,,2,0.0),ty

Real-Time

Issues
Differential
Form

Discrete
Form

SamHe e L L L L L L L L
ANR-CLPP 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

Example 5 Z]

Conclusion Evolution of ®(for i in {1,....5]

Further

readings e T =10
o x(t— T) = (0.08,2,0.1)
e n=x(t—-T), zz=x3(t—T)




Nonlinear
Moving-
Horizon

Observers

Mazen
Alamir

Outline

Problem
Statement

Example 1
Singularity
Crossing
Example 2
Example 3
Real-Time
Issues

Differential
Form

Discrete
Form

Example 4

ANR-CLPP
Example 5

Conclusion

Further
readings

Evolution of the cost functions Ui}i4=0

)

t
t=

J(@,,3,0.),y,

_ I I I I
0 0.01 0.02  0.03 0.04

e T =15
o x(t— T) = (0.05,3,0.1)
o 7, = Xz(t — T), z3 = X3(t — T)

I
0.05

=

I
0.06

I I
0.07  0.08




Nonlinear
Moving-
Horizon

Observers

Mazen
Alamir

Outline

Problem
Statement

Example 1
Singularity
Crossing
Example 2
Example 3
Real-Time
Issues

Differential
Form

Discrete
Form

Example 4

ANR-CLPP
Example 5

Conclusion

Further
readings

B

t
t

J((z,.3.0.1),t

Evolution of the cost functions Uu}i4:0

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1



Nonlinear
Moving-
Horizon

Observers

Mazen
Alamir

Outline

Problem
Statement

Example 1
Singularity
Crossing
Example 2
Example 3
Real-Time
Issues

Differential
Form

Discrete
Form

Example 4

ANR-CLPP
Example 5

Conclusion

Further
readings

AT)

t
t

J((z,.3.0.1),t

Evolution of the cost functions UI}4

1=0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08



Nonlinear
Moving-
Horizon

Observers

Mazen

Alamir Evolution of the cost functions Uu}ito

Outline

Problem
Statement

Example 1

Singularity
Crossing

B

t
t

Example 2
Example 3

Real-Time
Issues

Differential
Form

J((z,.3.0.1),t

Discrete

—
Form

Example 4
ANR-CLPP —

Example 5

Conclusion

0 0.01 002 003 004 005 006 007 008 0.09 0.1
Further zZ
readings 1



Nonlinear
Moving-
Horizon

Observers

Mazen
Alamir

Outline

Problem
Statement

Example 1
Singularity
Crossing
Example 2
Example 3
Real-Time
Issues

Differential
Form

Discrete
Form

Example 4

ANR-CLPP
Example 5

Conclusion

Further
readings

AT)

t
t

J((z,.3.0.1),t

Evolution of the cost functions UI}4

1=0

0.01

0.02

0.0

0.04 0.05 0.06 0.07 0.08



Nonlinear
Moving-
Horizon

Observers

Mazen
Alamir

Outline

Problem
Statement

Example 1
Singularity
Crossing
Example 2
Example 3
Real-Time
Issues

Differential
Form

Discrete
Form

Example 4

ANR-CLPP
Example 5

Conclusion

Further
readings

B

t
t

J((z,.3.0.1),t

Evolution of the cost functions Uu}i4:0

0 0.01 0.02 0.0 0.04 0.05 0.06 0.07 0.08 0.09 0.1



Example 2: Parameter estimation

X1 = —pixe
X2 = (1 + p2)X1 + (1 — Xf)Xz
y = xx+tx+v

«O)>r «Fr <

it
-

DA



Example 2: Parameter estimation

X1 = —pixe
Xo = (1+p2)X1+(1—Xf)X2
y = xx+tx+v
1 ()
()

«O)>r «Fr <

it
-

DA



Nonlinear
Moving-
Horizon

Observers

Mazen
Alamir

Outline

Problem
Statement

Example 1
Singularity
Crossing

Example 2
Example 3
Real-Time
Issues

Differential
Form

Discrete
Form

Example 4

ANR-CLPP
Example 5

Conclusion

Further
readings

Example 2: Parameter estimation

- ~Jo(p)
).<1 —p1X2 P
o = (1+p)a+(l-x)x .
y X1+ xe+v .
sz
| ()
()




Nonlinear
Moving-
Horizon

Observers

Mazen
Alamir

Outline

Problem
Statement

Example 1
Singularity
Crossing

Example 2
Example 3
Real-Time
Issues

Differential
Form

Discrete
Form

Example 4

ANR-CLPP
Example 5

Conclusion

Further
readings

Example 2: Parameter estimation

X1 = —pixe
X2 = (1 -+ pz)Xl -+ (1 - X12)X2
y = Xx1it+tx+v
1 ()
()

2Q



Nonlinear
Moving-
Horizon

Observers

Mazen
Alamir

Outline

Problem
Statement

Example 1
Singularity
Crossing

Example 2
Example 3
Real-Time
Issues

Differential
Form

Discrete
Form

Example 4

ANR-CLPP
Example 5

Conclusion

Further
readings

Example 2: Parameter estimation

- ~Jo(p)
).<1 —p1X2 P
o = (1+p)a+(l-x)x .
y X1+ xe+v .
sz
| ()
()




Nonlinear
Moving-
Horizon

Observers

Mazen
Alamir

Outline

Problem
Statement

Example 1
Singularity
Crossing

Example 2
Example 3
Real-Time
Issues

Differential
Form

Discrete
Form

Example 4

ANR-CLPP
Example 5

Conclusion

Further
readings

Example 2: Parameter estimation

X1 —pix2
X2 = (1+p2)X1+(1 7X12)X2
y xX1+x+v
) ()
()

~Jo(p)




Nonlinear Example 2: Parameter estimation
Moving-
Horizon
Observers

Mazen
Alamir

Outline o ~Jo(p)

Problem .

Statement X1 = —p1X2

Example 1 ) s
Singularity oo = (14 p2)x+(1—x0)x
Crossing

Example 2 y = x1+x+v

Example 3

Real-Time

Issues

Differential
Form

Discrete
Form

Example 4

ANR-CLPP
Example 5

Conclusion

Further
readings




Nonlinear . H f
Vi Example 2: Parameter estimation
Horizon

Observers

Mazen
Alamir

Outline

Problem X1 = —pixe

Statement . 2
Example 1 X2 = (1 + P2)X1 + (1 — X1 )X2
Singularity y = xi4+x+v

Crossing

Example 2

Example 3

Real-Time

Issues

Differential
Form

Discrete
Form

Example 4

ANR-CLPP
Example 5

i Algorithm 1 Algorithm 2
L Prl(p™) > 4002025 Conv.to L

2 Prl(p™9) > 400] > (025" Conv. to {y'}
3 Prlhp™ ) > 400] > (055 Conv. to {p'}

Conclusion

Further
readings

u]
o)
I

i
it




Rz Exemple 3: Back to ter-polymerization (Simulation results)
Moving-
Horizon
Observers

Mazen N, True (solid) N, True (solid) N True (solid)
Alamir Estimation with N, =4 (dotted) Estimation with N_ =4 (dotted) Estimation with N,

Estimation with Nmﬂh:1 (dashed) Estimation with Nm

11524 (dotted)
=1 (dashed) Estimation with N =1 (dashed)

. als
Outline

=1

Problem
Statement

trials

Example 1

Singularity
Crossing

s =

=

Example 2
Example 3

0 1000 2000 3000 0 1000 2000 3000 0 1000 2000 3000
Real-Time Time (s) Time (s) Time (s)
Issues
Differential
Form

Discrete

The outputs ‘The uncertainty vector &
Form 7

Example 4

ANR-CLPP
Example 5

Conclusion

Further
readings

15 0
jU 1000 2000 3000 0 1000 2000 3000 1000
Time (5) Time (5) Time (5)

Figure: Comparison between the observer behavior when ny =1 and ny = 4 under
the scenario depicted on figure 2. Note how the singularity cross mechanism enables
to avoid drops in the estimation quality when the observer encounters a singular
cit11atinn  Thic cronarin 11coc a +alarance « — 10—8 fAr Fhe Ahtirmivatinm cithrofine



Nonlinear Example 3: Back to ter-polymerization (Experimental results: ny, = 10)
Moving-
Horizogn
Observers

Mazen N
Alamir - 1 2 5

Outline

Problem
Statement

05

Example 1 0.4 *

Singularity
Crossing 05 PR 05

03 {

0.2

Example 2 NEERE Y

Example 3 0 20 40 60 80 100 120 0 50 100 0 50 100
Time (min) Time (min) Time (min)

0.1

Real-Time
Issues

Differential
Form

The outputs Computation time (sec)

Discrete
Form

Example 4 08

10

ANR-CLPP

04
Example 5

Conclusion F i 0.2

Y S [

Further
readings 0 20 40 60 80 100 120 0 50 100 « 50 100
Time (min) Time (min) Time (min)

Figure: Experimental validation with ny = 10 and tolerance threshold ¢ = 1073, The
same scenario is depicted on figure 6 where ny = 1 is used. The computation time is
given in seconds.



Nonlinear Example 3: Back to ter-polymerization (Experimental results: ny, = 1)
Moving-
Horizogn
Observers

Mazen
Alamir

Outline
Problem
Statement

Example 1

Singularity
Crossing

Example 2 o * e
Example 3 0 50 100 0 50 100 0 50 100

PP, Time (min) Time (min) Time (min)

Issues

Differential
Form

w1 ()rn v The outputs Computation time (sec)

Discrete
Form 15

Example 4
ANR-CLPP

Example 5
0.5

Conclusion

b LY

50 50 100 0 50 100
Time (min) Time (min) Time (min)

Further
readings

Figure: Experimental validation with n, = 1 and tolerance threshold e = 1073, The
same scenario is depicted on figure 5 where ny = 10 is used. The computation time
is given in seconds.



Nonlinear
Moving-
Horizon

Observers

Mazen
Alamir

Outline

Problem
Statement

Example 1
Singularity
Crossing
Example 2
Example 3
Real-Time
Issues

Differential
Form

Discrete
Form

Example 4

ANR-CLPP
Example 5

Conclusion

Further
readings

e The

Discussion

scheme holds regardless the optimizer S

Gradient-based iteration

SQP

multiple shooting

non smooth (simplex, powell’s, etc.)



Nonlinear
Moving-
Horizon

Observers

Mazen
Alamir

Outline

Problem
Statement

Example 1
Singularity
Crossing
Example 2
Example 3
Real-Time
Issues

Differential
Form

Discrete
Form

Example 4

ANR-CLPP
Example 5

Conclusion

Further
readings

Discussion

e The scheme holds regardless the optimizer S

Gradient-based iteration

SQP

multiple shooting

non smooth (simplex, powell’s, etc.)

o Easily usable in a parallel architecture
[parallel (29, J;) path-solvers exploration]



Nonlinear

Moving-
Horizon
Observers Discussion
Mazen
Alamir
Outline
Problem e The scheme holds regardless the optimizer S
Statement
E I . . .
et e Gradient-based iteration
Singularity e SQP
Crossing . .
Example 2 e multiple shooting
Example 3 e non smooth (simplex, powell’s, etc.)
Real-Time
Issues
Differential
o o Easily usable in a parallel architecture
iscrete
Form © . - i
S [parallel (2™, J;) path-solvers exploration]
ANR-CLPP
SELEDE e = a multiple initial guess scheme
Conclusion , . .
L [It's the cost function that changes not the present solution]
urther

readings



Nonlinear
Moving-
Horizon

Observers

Mazen
Alamir

Outline

Problem
Statement

Example 1
Singularity
Crossing
Example 2
Example 3
Real-Time
Issues

Differential
Form

Discrete
Form

Example 4
ANR-CLPP
Example 5

Conclusion

Further
readings

Discussion

The scheme holds regardless the optimizer S

Gradient-based iteration

SQP

multiple shooting

non smooth (simplex, powell’s, etc.)

Easily usable in a parallel architecture
[parallel (29, J;) path-solvers exploration]

# a multiple initial guess scheme
[It's the cost function that changes not the present solution]

Price: Loose optimality that is loosely defined
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Analytic vs optimization based observer

Analytic observers

Optimization based observers

Try

(System) X = f(x); y = h(x)
(Observ) % = f(&) + K(&,y)

to show asymptotic convergence of

e = x — X governed by

X

= f(x)
= f(x)—f(x—e) — K(x — e, h(x))

Very Hard Task

Need for structural properties
Coordinate transformation
Constructive assumptions

Observability # Existence of
observer

Rely on the implication

{Jt.6) =0} = {X(t,t = T,€) = x(t)
X(t)

+ No need to study the dynamic of e

+ No need for structural
assumptions

+ Observability < Observer

+ Handling constraints on the state

Potential problems

- Global convergence ?

- Computation time ?
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Distributing the optimization over the system real-life time

Present time

Tterations
{wl‘s = S(E[’]]

j/‘f‘” =prediction based on ¢(ty—1)
KUSIE S

oyt ey t

Initial Guess £

° f(tk) =arg min [J(tk,f)]

§EX(tk—n)
o é(tk) = SNmaX(€(0)> tk>ytt:,N)

o €O = X(ti_n, tien_1,E(tk—1))

= Implicit updating rule

E(te) = F(t, E(ti-1), yer_,)
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Distributing the optimization

Present time
—
N
Past //
Tterations :
€)= g(¢li)

oyt ey 3

Initial Guess £

. é(tk) =arg min [J(tk,f)}

EEX(tk—n)
° é(tk) = SNmaX(€(0)> tk>ytt:,N)

o O = X(tk—n, tkafth(tkfl))

over the system real-life time

= Implicit updating rule

E(te) = F(t, E(ti-1), yer_,)

!

Is there a differential form of this
updating rule ?

d ¢
& (6) = F(t.6.vim)
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o £(t) = SNmax (¢, tis Yer o) observers

o O = X(tk—n, tkafth(tkfl))
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f(t— T,&(t)) + c(t,&(t))
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Example 3
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~
N
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Real-Time
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Differential
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Discrete e The correction term

Form
JeT(t,€)
[ Jell? 4

Example 4

L (t.8) =1 [~ 88 (o] - [1+ 60,6 V]

Conclusion

Further

readings e Post-Stabilization technique — improve (Sampling period)/Precision ratio

® [M. Alamir Optimization Based Nonlinear Observer Revisited ... Int. J. of Control 1999]
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Differential Form of Moving-Horizon Observers: Outline

For system of the form x = f(t, x):

Uniform Global Regularity Assumption

.

pAN
=

a2
Il

f(t— T.&(t £ E(t There is a K-function T : Ry — R4 such
( &(1) + C( & )) that the following inequality holds:
X(ta t— T7 §(t))

[ Je (£, €)1 > T(J(t,€))
for all (t,£) @

x>
~
~
—
I

e The correction term

"
o(6) =1 [ 7l [ 1AL (6 ()] = [1+ 66, )]V

e Post-Stabilization technique — improve (Sampling period)/Precision ratio

® [M. Alamir Optimization Based Nonlinear Observer Revisited ... Int. J. of Control 1999]
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Convergence result

If the following conditions hold:
@® The maps are continuously differentiable
® The system is uniformly observable
® The uniform regularity assumption is satisfied

then for any a priori fixed desired precision 7 > 0 on the state estimation error,
there is a sufficiently high ratio v/e such that the dynamic system given by:

£(t) F(t— T,&(t) + c(t,&(1))
x(t) = X(t,t—T,&(t)

where the correction term c(t,£) is given by:

clt,J) = o[ 2D [ AL 16, (6] = [1+ (e, (0] V7]

leads to an estimation error that is asymptotically lower than 7. V)
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The Post Stabilization Technique

fc(t7 f(t), Jf(t))
X(t,t— T,&(t))
0 (Ideally)

x>
~ o~ o~
~— 4 o+
Z — —
Il
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The Post Stabilization Technique

fe(t,&(t), Je(t))
X(t,t — T,&(t))
0 (Ideally)

x>
~ o~ —~
~— 4 o+
Z — —
Il

Bad News: The computation of the r.h.s of the observer equation is expensive.
[Integration of a differential system of order n(n + 1)]

— For a given sampling period, need for lower order integration methods
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Further — There are techniques (Ascher, Num. Alg. 1997) to accurately integrate with
e lower order methods
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J(t,6) =0
é(tk~+1)

(s
£(t) E(trr1)

tr trt t

@ Integrate over [tx, txt+1] starting from the initial condition (tx, &(tx))

£(t) = fo(t,€(t), Je (1))

to obtain &(txs1)

t € [th, tesa]
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J(t, &) =0
é(fkﬂ/)

N

tr trt t

@ Integrate over [tx, txt+1] starting from the initial condition (tx, &(tx))

§(t) = fe(t, &(t), Je(t)) 5t € [th, tara]
to obtain 5(t}<+1)

@® Correct the rough approximation 5(tk+1) by projection

= £ _ Je (tis, €(tis1)) .y -
) = e (| Je (ts1, E(tarn)) |12 + v (B2, £(tir))

to obtain the update &(tx41)
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Convergence analysis

Regardless the order of the integration scheme, one has

lim J(e(1)) = O()

@ Integrate over [tx, txt+1] starting from the initial condition (tx, &(tx))

§(t) = fo(t, &(t), Je(t)) 5t € [th, tara]
to obtain 5(t}<+1)

@® Correct the rough approximation 5(tk+1) by projection

= £ _ Je (tis, €(tis1)) .y -
) = e (| Je (ts1, E(tarn)) |12 + v (B2, £(tir))

to obtain the update &(tx41)
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The benefit from the post-stabilization technique

X1

X2

7s = 0.1
Almost no need for
Post-stabilization step

X2

—sin(x1) — 0.2x1 cos(x1x2)

X1+ X2

X (dotted) vs estimated x . (solid)

x, (dotted) vs estimated X, (solid)

5 10 15 20
Time

estimation error on x;

5 10 15
Time

estimation error on x,,

nation with post-stabilization.
m evolution

ation without post-stabilization

Time
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The benefit from the post-stabilization technique

5(1 = X2

X2 —sin(x1) — 0.2x1 cos(x1x2)

y = x1+x

X (dotted) vs estimated x . (solid) x, (dotted) vs estimated x,, (solid)

7s = 0.4
Post-stabilization is % 3 i e % ; 0 R

Time Time

mandatory to keep estimation error on estimation error on x,

precision under high ) ’
2 orwith potsbiizaion 2

sampling period.

Time © Time
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Moving-Horizon Observers with Distributed Optimization

The system

x(t) = X(t,to, %),
y(t) h(t, x(t)),

Measurement acquisition period 75,
Updating period 7, = N, - 7,
Updating instants t, = k - 7,
Observation horizon T = N - 7,

Cost function at instant tx: J(tx, )
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&(tk)

L
h(te — T, §(tk)) g

Ta

tet1

Q
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Moving-Horizon Observers with Distributed Optimization

T=N-r, Ta
g
§(tr)
%a n
- vl
S(")(fmf(ﬁk)ﬁl;ff,r) =&(tr)
tp — 1T tr tht1

During the interval [tx, tt1], perform n iterations of some iterative process S:

&t = 5 (8, €(8), vy

u]
o)
I
i
it
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Moving-Horizon Observers with Distributed Optimization

T=N-1, i
Ether) = X‘tk‘+l ‘T, %k i?(‘k))‘
g
&(tk)
Tu
&tk
=
SOt E(tr), yik ) = E(tk)
tpy — T (78 tri1

During the interval [tx, tkt1], perform n iterations of some iterative process S:
E(tx) =S (tk,g(tk),yf[,T)
Using £(t«), update the value of &(tx41) according to

E(tirt) = X(tier — Toti — T,E(1))



Nonlinear
Moving-
Horizon

Observers

Mazen
Alamir

Outline

Problem
Statement

Example 1
Singularity
Crossing

Example 2
Example 3
Real-Time
Issues

Differential
Form

Discrete
Form

Example 4

ANR-CLPP
Example 5

Conclusion

Further
readings

Two opposite processes

The updating mechanism involves two opposite effects on J(tx, {(tk)):

@ A decreasing effect from the n-iterations of the optimization process

® An increasing effect from the open loop prediction over 7, = Nr,.

J(t,€)

J(

t, &(t))

n iterations

T Ete))

J(trt1, E(trs1))

n iterations

of §

J(tt2,€(trt2))
—

173

trt1

th+2  Time
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re— map aefr : N — [0, 1] such that for all t and &, one has:
Example 1

Sty (6,89t €,vE ) < aer(n) - I(£,€)

Example 2

STLEDE where a(-) is a decreasing function such that «(0) = 1. Q

Real-Time
Issues
Differential
Form J(t,8)

Discrete
Form

Example 4

ANR-CLPP

(b E(tx))
Example 5 -

n iterations

Conclusion of S

J(tes1, €(tks1))

Further

I(ths2, E(tr2))
-
readings

J (s €(L))

ty trt1 tk+2  Time

u]
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Assumption: Open-loop behavior of the cost function

When using open-loop prediction, the only inequality one can guarantee is given

by:

S+ X(t+7- Tt = T,6) < [Ut.6)] - 0(r)

(1)

J(1,6)

(1 (t0))

n iterations
of &

J(trt1, €(tr+1))

n iterations

sz, E(tes2))
—

T )

tr trt tk+2  Time

it
N
yel
?
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Moving-Horizon Observers with Distributed Optimization

A rather qualitative result

Under the assumptions above, the convergence of the distributed in time op-
timization based observer is guaranteed provided that the following inequality

holds:
NuTa

Titer

w(N,) = W(E( )) I(Nurs) < 1

Moreover, the convergence time is given by:

t (V) =~

© T,

3N,
{\ log(w(/vu))|]
where

v\ T, is the measurement acquisition period

v' Ny75 is the updating period

V' Titer is the time necessary to perform one iteration of the process S

(2)

[ )

4
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° aeff'(o) =1

Conclusion

Further .
readings e 3 /" assumes high model

discrepancy
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s LN/,

1.3 400
1.2F 1 3501 1
1k

3001 i : H E

1

2500 E
0ol E

2000 R
0.8 1

1500 R
o7k ]

1001 R
0.6 g
o 1 sol H H H 1
0.4 «

> o G s 10 > “ s 8 10
~N N

Figure: Evolutions of the stability indicator o(N,) and the settling time t,(N,) vs

the number
B-712=0.3

of iterations N, used to update the state estimation. D =3, d =1,
and 75/Tjter = 5. Under these conditions, stability cannot be guaranteed

when more that 9 iterations are used. The optimal choice (in term of settling time) is
the one where only one iteration is used to perform the updating.
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wmNY LN /T,

Figure: Evolutions of the stability indicator o(N,) and the settling time t,(N,) vs
the number of iterations N, used to update the state estimation. D =50, d = 2,

B - 7a=0.05and 7,/7iter = 5. Under these conditions, while stability seems
guaranteed regardless the number of iterations used to perform the updating, the use
of 3 iterations gives the best result in term of settling time.
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EEnpia® On-line identification of the problem parameters ?
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roadings =- On-line adaptation of the updating rate ?
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ANR-Blanc: Capteurs Logiciels Plug & Play

Partners: Gipsa-lab (Grenoble) / GEPEA (Nantes) / LAGEP (Lyon)

Fast Prototyping of Robust NL Observers
User Friendly (you need just to know your process)
Help to detect bad conditioned problems

Laboratory scale moderate size processes

Freely available for French Universities (Late 2010)
http://www.mazenalamir.fr/ANR_CLPP/




Nonlinear
Moving-
Horizon

Observers

Mazen
Alamir

Outline

Problem
Statement

Example 1
Singularity
Crossing

Example 2

Example 3
Real-Time
Issues

Differential
Form

Discrete
Form

Example 4

ANR-CLPP
Example 5

Conclusion

Further
readings

Example: Micro-Wave Tempering

Physics —

O B(T, Tu u el (T),4(T))
ot —_——

77
Discretization —

x=f(x,u,p) (x,p)eR” x]0,1]°

TR0 TPoist= 125 Teoat=2s TPona=37s
B | o o
204 o L .l
et
) a2 Teoat7s o TPomuEes
T 100 ToosE 1125 st 125 T 1375

o 150 s 25 s 15 s 1875

Evolution of the model parameters

20 40 60 80

] = =
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O B(T, Tu u el (T),4(T))
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Discretization —

x=f(x,u,p) (x,p)eR” x]0,1]°

Evolution of the model parameters
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General Conclusion

e The progress in MHO « progress of optimization tools

e MHO-related problem is NOT ONLY an optimization problem

Promising direction:

Combine Analytic and Optimization Based Observers

(Let the MHO concentrate on the structure-free part of the problem)
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Non smooth behaviors can be parameterized
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Definition of the phase Il: Existence of monomer droplets

1_ P
N1d1 + Nabz 4 N3ds — %U >0 (4)
P
where (1)
1 —
0 = MWi(— + P7y  i=1,2,3 5
(Pf Pi,hdh ) ®)
and ,
MW; N,

o = _— 6
; pish (©)



Nonlinear
Moving-
Horizon

Observers

Mazen
Alamir

Outline

Problem
Statement

Example 1
Singularity
Crossing
Example 2
Example 3
Real-Time
Issues

Differential
Form

Discrete
Form

Example 4

ANR-CLPP
Example 5

Conclusion

Further
readings

Estimated States (blue) vs true states (black)
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Predicted Output (blue) vs Measured Output (black)
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Bad Conditioning

of the Photo-Bio-reactor Problem
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